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Results of a self-consistent field calculation using the Slater method are given for Cu*. Wave functions, 
energies, total radial charge density, 2(2/+-1)-(1—Z,.) functions for the 3 and 3d electrons, and the 2Z,(r) 
functions are listed. The corresponding results for the Hartree-Fock method, and in some cases the Hartree 
method, are given for comparison of the various calculations. The method of integrating the radial wave 
equation and a method for shortening the self-consistent calculation are included. 


INTRODUCTION 


HE quantum-mechanical many-body problem as 
treated by the Hartree method! is, for many 
purposes, somewhat oversimplified. The more accurate 
Hartree-Fock method,? which correctly includes the 
Pauli principle within the framework of the one-elec- 
tron approximation, is so complicated to carry out that 
it has found only a rather restricted use. Slater* has 
shown that a considerable simplification of the Fock 
equations can be achieved if one uses an average ex- 
change charge density and from this computes an 
average exchange potential energy. The purpose of this 
work was to examine the accuracy of Slater’s method 
by applying it to Cut which has been investigated by 
both the Hartree‘ and the Hartree-Fock method.° 
The average exchange charge density as given by 
Slater for an atomic system containing an equal number 
of electrons of each spin is 


—e> > ;* (x1) Un* (x2) Un (x1) Uj(x2) 
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where u; are orthonormal one-electron functions and 
the x, refer to spatial and spin coordinates. In terms of 
this function the Fock equations are 

Uy*(x2)U4 (x2) 


a 
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= Ewu,(x), (2) 


where H, is the kinetic energy and the electrostatic 
energy coming from the electron-nucleus interaction of 
an electron at X;. The result of the averaging has been 
to reduce the Fock equations to the eigenvalue type and 
to make the exchange term the same for all electrons. 
It is to be remembered that the Slater method only 
applies when the total many electron wave function is 
written as a single determinant. 

The For equations are still rather complicated to 
apply, even using the averaged exchange term. In order 
to further simplify the application of these equations, 
Slater has used a free electron gas model to calculate 
the average exchange energy. When this is done, we are 
enabled to write the Fock equations in the case in which 
there are an equal number of electrons of each spin, as 


Uy” (x2) U4 (x2) 
Hyu,(x,)+ ¥ ef 3 dx, 
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Taste I. Trial eigenvalues for P2,(r) for Cu* and its 
corresponding behavior for large r. 


E (at. unit Behavior* 

Wave function went negative at r =0.890, slope 0.418 
Wave function went negative at r =0.960, slope 0.246 
Wave function went negative at r = 1.020, slope 0.174 
Wave function had minimum at r =1.120, min 0.008956 
Wave function went negative at r = 1.080, slope 0.108 
Wave function had minimum at r =1.240, min 0,003677 


69.489 
—69.494 
69.495 
—69,496 
69.4955 
69.4957 


* The correct wave function should approach zero through positive 
values and become zero at about r =1.30. 


For the case of unbalanced spins only slight modifica- 
tions of the averaging procedure are required if we use 
a single determinant as the total wave function. In this 
case the Fock equations can be expressed as 


; N Uy* (x2)Ue (x2) 
Hyu,(x) [> ef —— -dX2 


k=1 T\2 
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= Eu,(x), (4) 


where V/V represents the fraction of electrons of a 
given spin at a radius r from the nucleus. 

The local electron density >> ,u,*(~)ux(x) can be re- 
lated through Poisson’s equation to the potential set 
up by the nucleus and all of the electrons. Denoting this 
potential by 2Z,/r, we can express the averaged ex- 


change energy as 

6; 3 4" dZ,)! 

4g! 
r\327? dr? 


in atomic units. It is often very useful to write the 
2Z,(r) function and the exchange energy in terms of the 
radial wave functions P,i(r) where tni(x)=[Pailr)/r] 
-¥i,m(@, ¢). Assuming a spherically symmetric charge 
distribution, one finds for 2Z,(r) the expression 


2Z,,(r)=2Z—2 ¥ 2(2i+1) 
nl 
. » Pi? 
x| f Patdr't+r f —ar'|, (6) 
0 r r 


where Z is the atomic number. For the exchange poten- 
tial energy times r we have 
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The radial wave equation may be written as 
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This equation leads to the definition of a new function 
W(r), which is W(r)=2Z,(r)+<(r). In the actual calcu- 
lations it was decided to use W(r) to determine the 
degree of self-consistency. 


METHOD OF SOLUTION 


Having obtained the radial equation to be solved, let 
us investigate the method of its solution. This equation 
must be integrated numerically with trial values of the 
energy E,:. Because of the fact that it often requires 
ten or more guesses of E,,, before a satisfactory value is 
found, a rapid and accurate integration method is 
highly desirable. In customary methods of numerical 
integration, one makes an estimate of a forward point, 
or a number of forward points, and then proceeds to 
improve these points by some sort of iterative scheme. 
These approaches are cumbersome to use on automatic 
equipment, especially I.B.M. machines, because of the 
complex machine programs required and the consequent 
reduction of the speed of solution. The Noumeroy 
method® appears to be the answer to many of these 
difficulties. The essence of this method is to make a 
change of dependent variable so that one may find 
advance points with no iteration required but still have 
a very small truncation error. 

Let the radial one-electron Schrédinger equation be 
written as 

@P/dr=g(r)- P(r), (9) 
where g(r) is 
g(r) = —LE+W(r)/r—U(l+1)/?r"]. (10) 
We now expand P about the point r=r, in a Taylor’s 
series : 
h? h’ ht 
Prgi=PathPa +—Px + lr oi tia “at (1 1) 


where / is 7,4: —7n. Differentiating twice, one finds the 
expansion for d’P/dr* to be 

eo 
Pay’ = Pa’ +hPy’+—P."+—P + ere (12) 
2! 3! 
Let us define a new dependent variable y(r) as 
(13) 
We can write the Taylor’s series expansion of y(r) 
about 7, as 


yn(r) = Pa(r) —(H?/12) P(r). 


Sh? hs 
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*B. Noumerov, Publ. Observ. Astrophys. Cent. Russie Il 
(Moscu, 1923); Monthly Not. Roy. Astron. Soc. 84, 592 (1924). 
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To obtain y,_: one merely changes the sign of /# in the 
above expression. Thus the second difference in y at 
r, is 

&y,= Vn+ es 2yntVn—1 = hP,”" — (h® /240)P,**. 
Therefore, if one neglects the sixth and higher order 
terms, we find the very simple relationship 


ey.=P,”. 


(15) 


(16) 


Combining the definition of y(r) with the original dif- 
ferential equation, we see that y,(r) can be written 


yn=P,—(WP/12)P,"=P,(1—gyh*/12). (17) 
We can also express the second difference in y as 
Fyn = PP,!'= Ms.P., 
which leads to the final expression 
hg, 
6*y,= | |. 
1—g,h?/12 


If we define u,, as 


gn? 12 


4,= at 
1—(g,h?/12) 


(20) 


our final form is 


(21) 


Py n=12Unyn. 


The simplicity of solution of this equation is immedi- 
ately apparent. The truncation error is controlled by 
the term (h°/240)P¥', so that by keeping / small this 
source of error can be readily controlled without using 
so small an / that the length of calculation becomes 
troublesome. In this work on Cut, # was taken as 0.005 
from the origin to r=0.800. The interval was 0.010 
between r=0.800 and 0.900; 0.020 between r=0.900 
and 1.400; 0.040 between r=1.400 and 2.440; 0.080 
between r= 2.44 and 2.60; 0.160 between r= 2.60 and 
4.20; 0.320 for all larger values of r. 

By choosing the intervals in the above manner the 
range of h=0.005 covered the values of r in which all 
wave functions passed through their maxima and 
minima. The 3d wave function had the outermost 
maximum of all wave functions, and this occurred at 
approximately r=0.480. Therefore, larger intervals 
were used in the range of r in which all functions were 
approaching zero with relatively small slopes. 

TasBLe II. Radial charge due to the 2p wave function 
corresponding to an eigenvalue of —69.4957. 


f. *P 2dr 
° 


0.996929 
0.999496 
0.800 0.999856 
0.900 0.999989 
1, 0.999998 
1. 1.000000 





r (at. units) 


0.600 
0.700 











ENERGY 


LEVELS FOR Cut 


TaBLe III. Comparison of initial and calculated W(r) 
functions for the first and second cycles. 





wm 


58.000 
42.246 
24.206 
10.649 
4.727 
3.008 


First cycle 


we) 


58.000 
42.353 
24.459 
10.877 
4.779 
3.002 
Second cycle 


r we 


0.000 
0.090 
0.300 
0.700 
1.400 
2.600 








The radial equation was integrated outward by the 
Noumerov method on the I.B.M. 602-A calculating 
punch computer’ with trial values of the energy until 
a “best” eigenvalue was found. The exact eigenvalue 
will be the one for which the wave function goes to 
zero with zero slope for sufficiently large r. As the exact 
eigenvalue is never realized in practice, one must select 
some standard for an acceptable energy. The criterion 
used in this work was that the wave function should 
go through zero at large r with a slope of not more than 
+0.05. As an example of the kind of results obtained, 
Table I gives some trial eigenvalues for the 2p wave 
function of Cut and the behavior of the wave function 
at large r. The value 69.4957 was selected as the final 
value of the energy. The charge within a sphere of 
radius r corresponding to this wave function are shown 
in Table II. The purpose of determining an energy 
value to so many figures is only to insure that the corre- 
sponding charge density will behave smoothly in the 
region where the wave function is going to zero. 

Having determined all wave functions and energies, 
one proceeds to recompute the common potential 
W(r)/r and the 2Z, function. If the initial and final 
W(r) functions do not agree to within some standard set 
for the calculation, another cycle must be undertaken. 
One cannot use the W(r) resulting from previous cycle 
as the initial function for the next cycle, because the 
self-consistent procedure is not necessarily convergent. 
Let us denote the initial W(r) for the first cycle as 
W®, This function was obtained from the results of 
Hartree and Hartree’s work on Cu* as calculated with 
exchange.® The final W(r) as found from the wave func- 
tions resulting from the first cycle is denoted by W. 
The initial data for the second cycle will be labeled 
W®), and this function was selected intermediate be- 
tween W and W™ as follows: 


W®= WO+3(W —-wWw), 


The method of selection of W® used here was merely 
a rough guess made with the hope of attaining a rapid 
convergence. It turned out that the factor ? was rather 
poor and should have been about 0.40. The function 
resulting from the second cycle W® is shown in 
Table III. It is clear that the self-consistent process is 
diverging at the end of the second cycle. One would 


™N. A. Lindburger, Proc. Endicott Forum on Sci. Comp. 
(1948) (unpublished). 











GEORGE W. 


INITIAL W(r) 








CALCULATED wir) 


Fic. 1. The graphical estimation of a new W(r) function. 


expect that W“ would lie between W® and W® if 
the method were converging. 

The following approach was used to correct this 
divergent character. One can make a plot having the 
initial value of W(r) for some given r along the ordinate. 
The derived value of W(r) for that cycle at the same r 
is plotted along the abscissa. Using the results of the 
first and second cycles, two points at each value of r 
can be obtained: 


(xo, ye) = (W®, W®), 
(x, yi) = (W®, W®), 


A line is drawn connecting these points. The intersec- 
tion of this line with the 45° line determines the new 
estimate of W(r) at the given value of r. The function so 
obtained will be denoted by W“, and it was used as 
the initial data for the third cycle. This method is 
illustrated in Fig. 1. The intersection can be obtained 
analytically as 


wo {wWe— Wm} ai WO Wom— WwW} 


wa ~— 
{WO-—Ww} —{We-W} 


(22) 


Tasxe IV. A comparison of the initial and final W(r) 
functions for the second and third cycles. 


we 
53.989 
41.282 
31.599 
27.332 
23.805 
20.003 
16.396 
12.364 
10.406 
8.246 
6.187 
4.987 


we) 


53.841 
41.108 
31.252 
26.917 
23.351 
19.557 
15.906 
11.903 
9.989 
7.938 
5.963 
4.849 


w®) 


53.969 
41.639 
32.265 
28.171 
24.794 
21.180 
17.660 
13.667 
11.675 

9.459 

7.213 

5.901 


0.14 
0.12 
0.06 
0.00 
—0.07 
ee —0.11 
4.820 
3.116 3.754 
2.666 3.178 


Second cycle 


3.994 pn 
—0.11 
—0.06 


—0.63 3.159 
—0.51 2.708 
Third cycle 
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The function W“ was calculated by applying this 
relation at each point r2,=19+2nh, and Lagrangian 
interpolation was used to find the values at renyi=?o 
+(2n+1)h. 

The result of this method was most satisfactory in 
that the function W“ as derived from the third cycle 
was in very close agreement with W“, The degree of 
self-consistency achieved in the third cycle was within 
the standards set by Hartree. The success of the 
graphical interpolation is evident from the results 
shown in Table IV. 


RESULTS 


The final results of the third cycle of calculations are 
shown in Tables V through XV. Included in these data 
are the normalized radial wave functions Pri(r) as 
found by the Hartree-Fock method® and the Slater 
approximation for Cu*. The total radial charge density 
is given for the Hartree,‘ Hartree-Fock, and Slater 


Tasie V. The 1s radial wave function P;, as determined by 
the Hartree-Fock method and by the Slater approximation. 


Hartree 
r Fock 

0.000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 


Hartree- 

Slater r Fock 
1.211 
0.809 
0.530 
0.344 
0.221 
0.141 
0.089 
0.056 
0.036 
0.023 


Slater 


1.206 
0.804 
0.526 
0.340 
0.217 
0.137 
0.086 
0.054 
0.033 
0.020 


0.000 0.000 
1.328 1.327 
2.299 2.294 
2.985 2.980 
3.445 3.438 
3.729 3.721 
3.876 3.867 
3.918 3.909 
3.881 3.871 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.260 
0.280 
0.300 
3.636 
3.281 
2.880 
2.479 
2.103 
1.762 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


3.645 
3.290 
2.890 
2.488 
2.110 
1.769 


0.350 
0.400 
0.450 
0.500 
0.550 
0.600 


0.007 
0.002 
0.001 
0.000 
0.000 
0.000 


0.004 
0.000 
0.000 
0.000 
0.000 


methods. In order to see the differences between the 
Slater and Hartree-Fock solutions to Cu* in more 
detail, a table is included showing the charge outside 
a sphere of radius r due to the 3p and 3d electrons, as 
found by both methods. The inner electrons of Cut 
behave so much like Hartree-Fock electrons that similar 
tables are not given for them. A table is included show- 
ing the electronic energies as determined by the Har- 
tree, Hartree-Fock, and Slater methods. This is accom- 
panied by a table of uncertainties in the energies found 
in this work. Finally a table is given, showing the 
2Z,(r) function resulting from the third cycle and as 
derived from the Hartree-Fock work on Cut. 


DISCUSSION 


Let us inquire about the degree of self-consistency 
achieved in the work on Cu*. The criterion for self- 
consistency that Hartree and many others have em- 
ployed is to demand that the initial and calculated 
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radial charge functions Z,,(r), which are given as 
Jo’Pni(r)*dr, must agree to within a certain tolerance. 
This is usually of the order of 0.02/2(2/+1). Because 
of the methods used to find a new estimate of W(r) 
for each cycle, initial Z,,(r) functions were not avail- 
able to compare with those functions obtained at the 
end of the cycle in the present calculation. It is possible 
however, to deduce approximately the deviations in the 
Z,1(r) functions from the differences between the initial 
and final W(r) functions. If the relation 


2(21+1)Z ail) tinat = 2(21+-1)Z nilr) initia +d 


is assumed for all r and ml, where d is the deviation 
averaged over all n/ and over all r for a cycle, then one 
can readily show that 


2Z »(7) tinai = 2Z p(7) initiat —@ >. ni2. (23) 


TaBLe VI. The 2s radial wave function P2, as determined by the 
Hartree-Fock method and wd the Slater apnea. 





Hartree 
r Fock Slater r Fock Slater 


0.000 : . 0.200 —2., 168 =% 170 
0.005 . . 0.220 —2.134 —2.134 
0.010 ; , 0.240 —2.050 —2.049 
0.015 . . 0.260 —1.932 —1,930 
0.020 013 0.280 —1.795 —1.791 
0.025 x 0.300 —1.646 —1.642 
0.030 OS 
0.035 d 0.359 —1.270 —1.267 
0.040 92 0.400 —0.940 —0.936 
0.450 -—0.674 —0.672 
0.050 . : 0.500 —0474 —0.472 
0.060 Lj . 0.550 —0.328 —0.326 
0.070 .05 i 0.600 --0.225 -—0.222 
0.080 
0.090 : . 0.700 —0.104 —0.100 
0.100 : . 0.800 —0.048 —0.044 
0.900 -—-0.022 —0.018 
9.120 d ‘ 1.000 —0.011 —0.006 
0.140 77 . 1.100 —0.004 —0.001 
0.160 ' : 1.200 —0,002 0.000 
0.180 = K ; 1.300 —0.001 





For Cut this becomes 
2Z »(7) tinal = 2Z (7) initiat — 12d. (24) 


W(r) is given as 
W(r)=22,+3(7), (25) 


and we shall neglect the deviation in z(r) in a cycle. 
Then the deviation in 2Z, will be regarded as the same 
as that in W(r), although it is probably less. If we set 
12d equal to the maximum difference in the third cycle, 
which from Table IV is seen to be —0.15, then the 
maximum value of the averaged d is —0.0125. This 
value of d is of the same order of magnitude as that 
used by Hartree which is usually d=0.02. 

One can get a better physical picture of the signifi- 
cance of this degree of consistency by computing the 
initial W(r)/r function for the fourth cycle and taking 
the difference between this function, denoted as 
W(r)/r, and the final potential of the third cycle 
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TABLE VII. The 2 radial wave function, P:,, as determined by 


Miartee-Fock method and by the Slater approximation. 








Hartree- 
Fock 


Hartree- 
Fock 


oc 





0.000 
0.016 
0.061 
0.128 
0.213 
0.310 
0.416 


1,934 
1.808 
1.670 
1.528 
1.386 


1.055 
0.778 


0.528 


W (r)/r as a perturbing potential. This has been done 
and the average value has been computed with respect 
to the 3d wave function. The 3d function was selected 
because it is the most sensitive of all the wave functions 
of Cut and because the 3d eigenvalue incurred the 
largest changes from one cycle to another. The average 
value of the difference over the 3d wave function was 
found td be about 0.05. Therefore, it may be estimated 
that the 3d eigenvalue reported should not differ from 


TABLE VIII. The 3s radial wave function, P3,, as determined by 
Hartree-Fock method and by the Slater sthesivesisce ions 


Hartree Hartree- 
. Slater Fock 


0.438 
0.757 





—0.370 


—0.544 
—0.651 
— 0.692 
—0.677 
—0.614 
—0.515 
—0.390 
—0.247 
—0.094 

0.062 
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Tasie IX. The 3p radial wave function Ps, as determined by the 
Hartree-Fock method and by the Slater approximation. 


Hartree 
Fock 


Hartree- 
Fock Slater 


Slater r 
—0.837 
~1.024 
—1.149 
—1,221 
— 1.250 


—0.804 
—0.993 
— 1.123 
— 1.200 
— 1,235 


0.000 
0.006 
0.023 
0.047 
0.078 
0.114 
0.153 
0.196 
0.239 


0.400 
0.450 
0.500 
0.550 
0.600 


0.000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 


0.000 
0.006 
0.022 
0.047 
0.078 
0.113 
*0.152 
0.193 
0.234 


—1.216 
— 1.109 
—0.992 
~0.831 
—0.697 
~0.577 
—0.474 
—0.386 


—1.212 
-1.115 
—0.986 
0.848 
—0.717 
—0.598 
—0.494 
—0,.405 


0.700 
0.800 
0.900 
1.000 
1.100 
1,200 
1.300 
1.400 


0.325 
0.406 
0.478 
0.540 
0.589 
0.625 


0.317 
0.395 
0.465 
0.524 
0.572 
0.601 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 —0.269 

0.176 
—0.114 
—0.073 
~—0.047 

0.030 
—0.019 
—0.012 
— 0,007 
— 0,004 
—0.002 
—0.001 


~—0.252 
0.162 
—0.103 
0.065 
—0.041 
0.026 
0.018 
— 0.008 
0.005 
—0.003 
0.001 


1.600 
1.800 
2.000 
2.200 
2.400 
2.600 
2.800 
3.000 
3.200 
3.400 
3.600 
3.800 
4.000 


0.659 
0.646 
0.592 
0.508 
0.399 
0.274 
0.139 
0.001 
0.140 
0.276 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.260 
0.280 
0.300 


0.642 
0.632 
0.583 
0.503 
0.400 
0.281 
0.152 
0.018 
0.116 
0.249 
—0.586 


0.350 0.554 


“ABLE X. The 3d radial wave function P;, as determined by the 
Hartree-Fock method and by the Slater approximation. 


Hartree 


Hartree 
Fock Fock 


Slater r Slater 


0.000 0.600 =-0..991 1.032 
0.000 
0.000 
0.001 
0.002 
0.003 
0.006 
0.008 


0.012 


0.000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 


0,000 
0.000 
0.000 
0.001 
0.002 
0.003 
0.005 
0.008 
0.011 


0.978 
0.937 
0.882 
0.821 
0.759 
0.698 
0.639 
0.585 


1.004 
0.949 
0.882 
0.811 
0.740 
0.673 
0.610 
0.552 


0.700 
0.800 
0.900 
1.000 
1.100 
1.200 
1.300 
1.400 
0.022 
0.035 
0.050 
0.069 
0.090 
0.114 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


0.019 
0.030 
0.044 
0.061 
0,080 
0.101 


0.488 
0.406 
0.337 
0.279 
0.231 
0.191 
0.158 
0.130 
0.107 
0.088 
0.072 
0.059 
0.049 


0.450 
0.367 
0.298 
0.242 
0.197 
0.160 
0.130 
0.105 
0.085 
0.068 
0.055 
0.044 
0.035 


1.600 
1.800 
2.000 
2.200 
2.400 
2.600 
2.800 
3.000 
3.200 
3.400 
3.600 
3.800 
4.000 


0.168 
0.228 
0.292 
0.359 
0.425 
0.491 
0.554 
0.614 
0.670 
0.723 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.260 
0.280 
0.300 


0.149 
0.203 
0.261 

0.321 

0.382 
0.442 
0.501 
0.557 
0.610 
0.660 


0.029 
0.018 
0.010 
0.006 


0.019 
0.008 
0.002 
0.000 


4.500 
5.000 
5.500 
0.834 6.000 
0.918 
0.977 
1.013 
1,030 


0.770 
0.855 
0.917 
0.958 
0.981 


0.350 
0.400 
0.450 
0.500 
0.550 


0.002 
0.001 


0.000 
0.000 


7.000 
8.000 
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the actual value corresponding to the Slater method by 
more than 0.05. 

By considering the differences between the initial 
function W(r)® for the second cycle and the initial 
function W(r)“ for the third cycle, and the differences 
in the energies found for these cycles, one can make 
rough estimates of the uncertainties in the energies 
reported for the third cycle. The W®, W“™ difference is 
of the same nature as the W“, W difference, but is 
approximately ten times as large. Therefore, one might 
expect a change in the energies corresponding to a 
fourth cycle to be about one-tenth of the change in the 
eigenvalues from the second to third cycle. For ex- 
ample, the 3d energy for the second cycle was —0.855 
and for the third cycle it was — 1.353, a change of about 
0.50. According to the above, one might expect the 
change in the 3d energy for a fourth cycle to be about 
one-tenth of this difference or about 0.05 which is just 
what the perturbation arguments have indicated. In 
Table XIV are given the electronic energies and their 
corresponding uncertainties so determined. These un- 
certainties are to be interpreted as follows: The actual 
energy of a given level as determined by the Slater 
method will be more positive than the reported value 
by approximately the stated uncertainty. 

Let us now examine the behavior of the common 
potential W(r)/r which results from the free electron 
gas model of the exchange charge density. This quantity 
is given as 


W(r)/r=[2Zp+2(r) ]/r 


22 2 | , » PS 
=——~)> 2(2/+1) f Patdrtr f —~'| 
r nl | Q r’ 


r 


6; 3 . 
+ EFemes 2 2(2/+ DrP.| ’ (26) 


r 327? nl 


where Z is the atomic number. For large r, W(r)/r 
approaches 2C/r, where C is the net charge on the atom 
or ion being considered. This implies that an electron 
located outside the charge cloud of a singly ionized 
atom would move in a potential field of 2/r in atomic 
units. This is quite wrong, for such an electron experi- 
ences the field set up by the nuclear charge and n~1 
electrons. Therefore, such an electron moves in a field 
which varies as 4/r. This incorrect behavior arises 
because the exchange term as found by the free electron 
approximation goes to zero at large r. We recall that the 
exchange term not only represents the interaction of an 
electron with its exchange charge density but also cor- 
rects for the fact that an electron does not act on itself. 

In the case of Cut one would expect the incorrect 
behavior of the potential to have the greatest effect on 
the 3d states as they are the most extended. If one ex- 
amines the table of total radial charge density, Table 
XI, it is apparent that very little charge lies outside a 
sphere of radius 1.68. Also the 3d electrons spend 92 
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ercent of the ti insi here of this radius. One Taste XII. The charge outside a sphere of radius r due to 
ith une inskis « sphere of thin radium. Ono So Ghisteane of Cut. Tale to given te 4t)—da),ane eit 


can conclude that almost the entire character of the 3d is fr Pay(r)¥dr. 
wave function will be determined by the physical prop- == ——————_______. 

erties of the ion which depend on values of r less than Hartree- Hartree- 
1.68. The quantity W(r)/r at r= 1.68 is 4.25 and, there ___’ _ Fee - anaettineioame 
fore, only about 8 percent of the time do the outermost a 5.693 5.679 
electrons move in a potential field which is less than 0.010 6. 0.350 5.641 5.620 
4/r. One may surmise, therefore, that the incorrect 0.015 ‘ 0.400 = oo 

. 7 . ° . ‘ S| 5.25 3. 

asymptotic behavior of the total potential function will oo an 4945 4.843 
have only a small effect on the eigenfunctions and corre- 0.030 5. 0.550 4.507 4.419 
sponding eigenvalues. This appears to be borne out by oan ~y 0.600 4.061 3.958 
the results of the calculation. 0.700 3.150 3.033 
0.050 o 0.800 2.331 2.216 
TaBLeE XI. The total radial charge density in atomic units, oa cane. = tan nae 
U(r) = Zni2(2+1) Palr)?, for the Hartree, Hartree-Fock, and the 0.080 5 05 1100 0794 0.725 
Slater methods. 0,000 5. 5.937 1.200 0.535 0.482 
Siac nan anata ‘ ene , 0.100 5. 1.300 0.356 0.317 
1.400 0.235 0.208 








Hartree Hartree- 
r Hartree Fock Slater r Hartree Fock Slater 0.120 


0.000 0.00 0.00 0.00 0.500 19.22 20.89 22.184 ers 


0.008 39 39 39 0.550 20.53 22.17 23.365 ain 
0.010 11.7 a to 0.600 21.16 22.74 23.737 0.200 
0.015 19.7 7 19.7 0.220 $708 
0.020 26.3 3 26.42 0.700 20.45 21.70 22.266 0200 5.608 
0.025 31.0 31.0 31.05 0.800 18.02 18.89 19.053 0260 $697 
0.030 33.7 33.7 33.74 0.900 15.02 15.54 15.422 0.280 5.697 
0.035 34.9 34.9 34.93 1.000 12.17 12.39 12.086 , serps 
0.040 34.8 34.8 34.90 1.100 9.72 9.72 9.307 -- ——————— — 
1.200 7.75 7.57 7.114 
oan 32.7 32. = or re pr is somewhat of an improvement over the Hartree value 
7 22 °3 ys : ¥ ai of —1.195. This result indicates that Slater’s exchange 


0.070 28.1 28.: 28.5 
0.080 27.4 27. 7. 1.600 ; 2.89 2.490 correction has not been a source of large error due to 


3 
0.090 27.9 8. ‘ 1.800 r 1.86 1.531 its incorrect behavior at large r. 
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1.600 0.100 0.085 
1.800 0.042 0.035 
2.000 0.017 0.014 
2.200 0.007 0.005 
2.400 0.003 0.002 
2.600 0.001 0.001 
2.800 0.000 0.000 
3.000 0,000 0.000 


Manunwn 


ee ee) 


> 
SereESSwS 
OAaanm a 
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0.100 29.4 29. 30.. 2.000 ¢ 1.21 0.963 
2.200 ‘ 0.81 0.617 
0.120 34.2 .655 2.400 091 O55 0.399 TasBie XIII. The charge outside a sphere of radius r due to 
0.140 34.20 34.655 2.600 0.67 0.37 0.261 the 3d electrons of Cu. This is given as 10(1—Z 34), and Zza(r) is 
0.140 37. 38.445 2.800 0.50 0.25 0.171 Ji Psalr)*dr. 
0.160 39.; 39.8: .32 3.000 037 O17) O111 _ 
0.180 39.5 73 3.200 0.28) O11 0.072 ches Hart 
Dd < artree artree 
0.200 37.62 38.08. 3.400 0.20 0.08 0.046 r Fock Slater r Fock Slater 
0.220 34.53 35, 3.600 0.15 0.05 0.030 ——_—— _ - 
0.240 30.97 31. 3.800 0.11 0.03 0.019 0.000 10.000 10.000 0.350 9.39 9.27 
0.260 27.4: : 4.000 0.08 0.02 0.012 0.005 10.000 10.000 0400 906 8.88 
0.280 2 93 0.010 10.000 10,000 0.450 8.67 8.43 
0.300 67 22.4! 4.500 0.03 0.00 0.004 0.015 10.000 10,000 0.500 7.94 
5.000 0.01 0.00 0.001 0.020 10.000 10,000 0.550 7.41 
0.350 , 19.106 5.500 0.00 0.00 0,000 0.025 10.000 10.000 0.600 6.88 
0.400 i 18.992 6.000 0.00 0.00 0.000 0.030 10.000 10.000 
0.450 13 20.470 6.500 0.00 0.00 0.000 0.035 10.000 10.000 0.700 
ear 0.040 10.000 10,000 0.800 
ees 0.900 
0.050 10.000 10.000 1.000 
CONCLUSIONS 0.060 10.000 10.000 1.100 
bit ox ; 0.070 10.000 10.000 1.200 
It is evident from the results presented that the Slater 0.080 10.000 10.000 1.300 
method is a rather accurate approximation of the 0.090 10.000 10.000 1.400 
Hartree-Fock solution to Cut. The energies found by 0.100 10.000 10.000 1.600 
the Slater method lie closer to the Hartree than Hartree- 0.120 9.99 9.99 1.800 
Fock values. Only the 1s and 3d levels show much real otas aa 2 Le 
Se ‘" 3 : s _71T a : .160 9.9 97 2. 
difference from the Hartree eigenvalues. 1 he 1s energy 0180 9.96 9.95 2'400 
as found by the Slater method is —649.53, more posi- 0.200 . 9.93 : 2.600 
tive than the Hartree value of —658. This difference is 0.220 = 9.90 ; 2.800 
t Whole d he fail f th ncioe : 0.240 9.86 3 3.000 
most likely due to the al ure of the exchange term to 0.260 9.80 7 3.200 
correct for the interaction of the 1s electrons with 0.280 9.73 67 3.400 
themselves, because the 1s electrons are concentrated 0.300 9.65 - — 
in a region where the charge density due to the other y 


electrons is quite small. The Slater 3d energy of —1.353 
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Taste XIV. The electronic energy levels as determined by 
the Hartree, Slater, and Hartree-Fock methods for Cut together 
with the uncertainties in the values found for the Slater method. 
The unit of energy is the ionization energy of the hydrogen atom, 
@/2ao 


Slater 


— 649.5 
—78.92 
— 69.50 

— 8.822 
—6.279 
—1.353 


Hartree Hartree-Fock 


— 658.4 
— 82.30 
—71.83 
— 10.651 
—7.279 
—1.613 


Uncertainty 
0.1 
0.16 
0.13 
0.03 
0.06 
0.05 


658 
78.45 
69.86 

8.986 
6.078 
1.195 


From the table of total radial charge density one 
notes two points. First, the total radial charge density 
as found by the Slater method is more concentrated 
about the nucleus than the corresponding Hartree- 
Fock density, while the Hartree function is more spread 
out than the Hartree-Fock. Second, the values of this 
quantity found by the Slater method are more accurate 
than the Hartree method for large r. 

4 comparison of the Slater and Hartree-Fock radial 
wave functions for Cut shows that the 1s, 2s, 2p, and 
3s functions are nearly the same. The 3p and 3d wave 
functions are more pulled in by the Slater method, but 
are generally within 5 percent of the Hartree-Fock 
values 

In the case of Cu* the total wave function can be 
written as a single determinant. The Slater approxima- 
tion of the Fock equations only applies when the total 
wave function can be expressed in this manner. The 
simplification of the more general Fock equations and 
the consequences of incorrectly expressing a total wave 
function as a single determinant are questions which 
remain to be investigated. 

\s a general appraisal of the Slater method as applied 
to Cut it can be said that it yields wave functions 
which are an improvement over the Hartree functions. 
The electronic energy levels are about equal to the 
Hartree results with poorer values for the innermost 
electrons and better values for the outermost electrons. 
The purpose of the Slater method is, of course, to make 
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TaBLe XV. The 2Z,(r) function as determined by the Hartree- 
Fock method and as found by the Slater method. The product of 
r times 2Z,(r) is the total electrostatic potential of the atom at a 
distance r from the nucleus. 





Hartree- 
r ‘ock 

0.000 
0.010 
0.020 
0.030 
0.040 
0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


Hartree- 
Fock 


16.00 
14.13 
12.47 
11.01 


Slater 


15.288 
13.412 
11.759 
10.317 


Slater 


58.00 58.000 
55.35  $5.322 
52.92 52.863 
50.75 50.662 
48.80 48.686 
47.02 46.885 
45.38 45.217 
43.84 43.651 
42.38 42.167 
40.99 40.753 
39.66 39.403 


8.007 
6.334 
5.139 
4.270 
3.684 
3.245 
2.935 
2.740 


8.65 
6.91 
5.64 


36.886 
34.597 
32.528 
30.660 
28.970 
27.433 
26.023 
24.719 
23.501 
22.354 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.260 
0.280 
0.300 


37.18 
34.94 
2.409 
2.247 
2.144 
2.088 
2.053 
2.032 
2.021 
2.012 
2.006 
2.004 


mrwn 
Oman 


ooo 
= San 


REPNPPNRNYNNNN 
Nie Net 
= R 


0.350 19.733 
0.400 17.391 


the task of (nding fairly reliable eigenfunctions and 
eigenvalues easier than that of the Hartree-Fock method 
in those cases where such a simplification is applicable. 
In view of the fact that the Slater method requires less 
work than the Hartree method and is a slight improve- 
ment over that method, it appears that the Slater 
method merits thorough consideration when one is in- 
vestigating atomic structure. One can also conclude 
from these results that the Slater method should be of 
considerable use in the investigation of crystal problems. 

The author wishes to express his gratitude to the 
members of the Solid State and Molecular Theory 
Group at Massachusetts Institute of Technology for 
their criticisms and assistance in this work. The author 
wishes also to acknowledge the constant help and advice 
of the director of the group, Professor John C. Slater. 
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The production of #° mesons in the reaction 


rtp’ +p 
is investigated as a function of the incident y-ray energy in the region from 200 Mev to 300 Mev. For the x° 
emitted at approximately 90° laboratory angle, the differential cross section can be represented by 
(dog2/dQ)x/2= C(K — 145)! 920-4 


where K =energy of incident y-ray in Mev. The approximate threshold for the reaction is 145 Mev. 
The ratio of the cross section at 60° laboratory angle to that at 90° laboratory angle, for y-rays between 


250 Mev and 300 Mev, is 1.45+0.25. 


INTRODUCTION 


HE first observation of the production of , 

mesons by high energy y-rays was made by 
Steinberger, Panofsky, and Steller'* at Berkeley. In 
this experiment they detected the x° by observing 
coincidences between the two decay y-rays. The 
measurements they made were the coincidence counting 
rates as a function of the angle between the y-ray 
counters for various angles between the beam direction 
and the plane of the counters. In this way they were able 
to establish the decay of the x° into two y-rays and the 
cross section for their production, which turned out to 
be of the same order as the production cross section for 
charged mesons. It is also possible to obtain some in- 
formation, by this technique, on the energy of the x°, 
since the counting rate as a function of the angle 
between the two counters depends upon the energy 
distribution of the +°’s. They were thus able to con- 
struct a rough picture of the production cross section 
as a function of the primary y-ray energy. The present 
experiment was undertaken in an attempt to obtain 
more directly the information on the excitation function 
for the production of r°’s by y-rays on hydrogen. 

The reaction studied was the following: y+p=r° 
+p’, where y is an incident y-ray, p the target proton, 
and p’ the recoil proton. Since we are dealing with a 
two-body collision, y, 7°, and p’ are coplanar. Thus, 
assuming the direction of the y-ray beam known, there 
are five dynamical variables involved in the collision: 
the energy of the y-ray, the energy and angle of the 7°, 
and the energy and angle of the recoil proton. Since the 
conservation laws provide three relationships among the 
five variables, measuring any two completely specifies 
all of them. In this experiment we choose to measure the 
energy and angle of the recoil proton. 


* Work supported by contract with the ONR. 

t Now at Carnegie Institute of Technology, Pittsburgh, Penn- 
sylvania. 

1 Steinberger, Panofsky, and Steller, Phys. Rev. 78, 494 (1950). 

* Steinberger, Panofsky, and Steller, Phys. Rev. 86, 180 (1952). 


EXPERIMENTAL 
Experimental Arrangemert 


The experimental arrangement is shown schematic- 
ally in Fig. 1. All of the shielding and collimation has 
been omitted for the sake of clarity. The y-ray beam is 
the bremsstrahlung radiation from the 315-Mev Cornell 
synchrotron. The reaction is observed by detecting 
coincidences between the recoil protons and one of the 
decay y-rays from the x° meson. The y-ray counter is a 
telescope of three stilbene crystals arranged as follows: 
As seen from the target there is an anticoincidence 
crystal, converter, and two crystals in coincidence. This 
is identical with the y-ray detector described in refer- 
ences 1 and 2. The proton counter is a cylindrical Nal 
crystal (0.75 in. thick, 1.50 in. in diameter, mounted on 
a 5819 RCA phototube) in which the protons expend all 
of their energy. The pulse height is thus a measure of the 
proton energy. The pulse height was measured in a five- 
channel analyzer. The electronics was arranged so that 
the proton pulse height was measured only when a 
coincidence between the y-ray and proton counters was 
registered. 

The target used was a 0.23-g/cm? slab of polyethylene 
(CH:),. The carbon background was determined using 
a carbon target whose stopping power for protons was 
equal to that of the polyethylene target. 


C0 ) 


Cc y Oy counter 
Pb converte 
err | 


Polyethylene torget| ‘) Proton counter 
| Cu collmator, 2, Nol crystal 
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fo synch. torget 


Fic. 1. Experimental arrangement. 
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2. Recoil proton angle vs proton energy for various 
y-tay energies. 
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Choice of Angles for the Proton 
and y-Ray Detectors 


Figure 2 shows a graph of the energy of the recoil 
proton vs laboratory angle for various y-ray energies. 
It is seen that the protons are confined to angles less 
than 60° to the beam direction for all energies up to 315 
Mev. In this experiment measurements were made with 
the proton counter set at 30° and 45° to thes beam*direc- 
tion.’ By observing all protons with energy, {greater than 
20 Mev, we were able to detect protons arising from 
y-rays in the interval 200 Mev-315 Mev at 30°, and 
250 Mev-315 Mev at 45°. The lower limit of 20 Mev for 
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3. Relation between the recoil proton angle and the meson 
angle in the laboratory system for various y-ray energies 


Fic 


* In principle, the technique is useful for measuring the angular 
distribution of the protons (and hence the x°’s). In practice, how- 
ever, difficulties are encountered in the very forward angles 
because of electron pile up and at angles greater than 50° because 
here the proton energies become small and the range of y-ray en 
ergies available is reduced (see Fig. 2). 


AND 


M. STEARNS 
the proton energy was determined primarily by the 
desire to keep the chance coincidences down to a few 
percent. There are, however, several other reasons 
which make it undesirable to decrease this energy 
substantially. First, the target is about 15 Mev thick so 
that the resolution becomes bad very rapidly for proton 
energies below 15 Mev. Second, the double-valued 
character of the E, vs 6 curve (Fig. 2) make the inter- 
pretation ambiguous for low energy proton recoils. 
The direction in which the y-ray counter is placed is 
dictated by the position of the proton counter. Consider 
a m° meson with velocity 8. The probability per stera- 
dian, p(@), of one of the decay y-rays emerging at an 
angle ¢ with respect ot the 7° is 


b(p) = 2(1— 6) /[44(1—B cos@)?]. 


This has clearly amaximum for ¢=0. Thus, for maximum 
detection efficiency, the y-ray detector should be placed 
in the direction in which the 7° is traveling. In Fig. 3 is* 


| 





Counting Rote 
5 "] 








1 





as é 75 9 05 
Converter Thickness (Pb gm/cm®) 


Fic. 4. The curve shows the relative efficiency of the y-ray 
counter as a function of converter thickness for 170-Mev y-rays. 
The absolute efficiency is obtained by fitting the thin converter 
data to a curve of form 1—e~**, where u«=absorption coefficient 
for 170-Mev y-rays on Pb. 


shown the angle of the r° in the laboratory as a function 
of the proton laboratory angle for various y-ray ener- 
gies. The case shown is for the proton counter set as 30° 
with an aperture of +3°. One sees that the 2° angle 
varies only very slowly with y-ray energy for a fixed 
proton angle; and for the proton at 30°, the 7° emerges 
at close to 90°. With the proton at 45°, the 2° angle is 
approximately 60° for all y-ray energies between 250 
Mev and 315 Mev 

The energy scale for the proton pulses was deter- 
mined in a manner similar to that described by Keck.‘ 
This method consists essentially in measuring the maxi- 
mum size pulses protons are able to produce in the 
crystal. These protons have a range just equal to the 
thickness of the crystal, and consequently their energy 
can be determined from the range-energy relations. This 
was checked by observing the photopeak of the ThC” 
2.6-Mev y-ray. The two results agreed to within ten 
percent. The calibration provided by the protons was 


‘J. C. Keck, Phys. Rev. 85, 410 (1952). 
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used, since it does not involve the large extrapolation 
from 2.6 Mev to the energy region used in the experi- 
ment (20 Mev to 70 Mev). 

The efficiency of the y-ray detector is of considerable 
importance, particularly for obtaining the absolute 
cross section. Because of the Doppler shift, the y-ray 
energies vary from about 150 Mev to 200 Mev. The 
variation of the pair production cross section over this 
energy range is about 5 percent. The efficiency is there- 
for approximately constant over this region. To get the 
absolute efficiency, the telescope was calibrated using 
the 170-Mev y-ray available at this laboratory.5* 
Figure 4 shows the counting rate at this energy as a 
function of converter thickness. Interpolating the results 
of DeWire ef al.,’ we obtain an absorption coefficient 
of 0.102 cm?/g for 170-Mev y-rays on lead. The con- 
verter thickness used was 10 g/cm*. From Fig. 4, we 
calculate the efficiency to be 55 percent. A previous 
estimate,® based on the Monte Carlo calculations of 
Wilson’ and related cloud chamber experiments by 
Shapiro’’ gave a result of 65 percent for the efficiency. 
The results quoted in the following sections will use the 
experimental value of 55 percent. 


Auxiliary Experiments 


In this section we shall present the results of several 
auxiliary experiments that were done to check that the 
coincidences observed were the result of photoproduc- 
tion of neutral mesons. 

(a) Table I shows the relative counting rates for the 
polyethylene and carbon targets with and without con- 
verter. One sees that the carbon background is approxi- 
mately 20 percent and is independent of converter." 
The 34 percent residual counting rate with the poly- 
ethylene target and no converter is due largely to the 
carbon background. About } of this rate can be attribu- 
ted to the efficiency of the y-ray detector with zero con- 
verter since the efficiency with zero converter is about 
5 percent due to conversion in the crystals themselves 
(see Fig. 4). 

(b) The maximum proton energy at 30° (Fig. 2), 
corresponding to 315-Mev y-rays, is about 72 Mev; and 
at 45° it is 45 Mev. Furthermore, the maximum back- 
ward angle is about 60°. Figure 5 shows the energy dis- 
tribution of the observed protons at 30°, 45°, and 75°. 
Histograms A and B have arrows indicating the ex- 

5 J. W. Weil and B. D. McDaniel, Phys. Rev. 86, 582 (1952). 

®D. Luckey and J. W. Weil, Phys. Rev. 85, 1060 (1952). 

7 DeWire, Ashkin, and Beach, Phys. Rev. 83, 505 (1951). 

§ A. Silverman and M. Sterns, Phys. Rev. 83, 853 (1951). 

®R. R. Wilson, Phys. Rev. 86, 261 (1952). 

10 A, Shapiro (private communication). 

''C, Greifinger and J. Levinger (private communication) have 
estimated the efficiency per proton in carbon for producing proton- 
photon coincidences that would be detected by the present appara- 
tus. They take into account (1) the probability that both the r° 
and proton escape from nucleus, (2) the effect of initial motion of 
proton, and (3) the effect of the potential well. They estimate the 
efficiency to be 5 percent within a factor of 3. The present experi- 
ment sets an upper limit of approximately 3 percent for this 
efficiency. This low efficiency could also be understood quite 
simply, assuming that several nucleons share the recoil energy. 
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y-RAYS ON 
Taste I. Relative counting rates for the poly and carbon 
targets with and without converter. 





Counting rate 


1.00 
0.00 
0.22+0.02 
0.34+0.07 
0.24+0.06 





Target 


Poly 

No target 

Carbon 

Poly (no converter) 
Carbon (no converter) 


pected proton energy for 310-Mev y-rays at 30° and 
45°. It is clear that the maximum proton energy varies 
as expected as the proton angle ischanged. Furthermore, 
at 75°, an angle forbidden to the recoil proton, the count- 
ing rate is zero. 

(c) The counting rate was observed with the y-ray 
counter rotated 180° about an axis parallel to the beam. 
The efficiency of the y-ray counter is then reduced be- 
cause of two factors: (1) the probability of one of the 
decay y-rays striking the detector is reduced by a factor 
of (1—8/1+8)*&1/30; (2) the energy of the y-ray at 
180° to the x° direction has been greatly reduced. The 
observed rate was 0.02+0.02 of the initial rate. 
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Fic. 5. Histograms showing the number of counts in each energy 
interval. (A) shows results obtained with the proton counter set 
at 30°; (B) at 45°; and (C) at 75°. 
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Fic. 6. Resolution curve of the proton counter for 270-Mev 
y-rays. See text for discussion of various effects involved in deter- 
mination of this curve 


(d) Data were taken with a 40-Mev absorber (one 
that absorbs protons of energy < 40 Mev) placed directly 
in front of the proton counter. The absorber and crystal 
together were 87 Mev thick. It was found that the energy 
spectrum shifted downward relative to that measured 
with no absorber by just the amount expected for pro- 
tons. This also provided acheck on the energy calibration 
of the proton counter. With the absorber in place, only 
protons from y-rays in the region 255-310 Mev were 
detected. In this interval there were 377 counts with ab- 
sorber and 354 counts without absorber for equal inte- 
grated beams. 

To summarize, the results of the experiments de- 
scribed above, provide evidence for the following facts: 


(a) Approximately 80 percent of the coincidences are 
due to the hydrogen content in the polyethylene. 

(b) The counts are due to coincidences between y- 
rays and protons." 

(c) The maximum energy of the protons as a function 


Taste II. Results for the 30° runs. K=y-ray energy; n=ob- 
served No. of counts; (corr) is the No. of counts corrected for 
“spilling over’; I(rel)=relative No. of y-rays in the energy 
interval indicated 


(de /dQ) gg° 


Kay n I 
cm*/steradian 


Mev) Nn (corr) (rel) 


a) Four-channel analysis (no absorber) 


200-230 215 70 63 1.00 
230-255 243 106 97 0.61 
255-279 267 150 164 0.57 
279-310 295 204 206 0.50 


3.2K 10-* 
6.1K 10-% 
9.9X 10-% 
12.3X10-* 


) Three-channel analysis (no absorber) 
200-230 215 70 64 1.00 
230-264 247 151 146 0.95 
264-310 290 309 320 0.85 


3.5X 10-* 
6.5X10-* 
12.4 10° 


Four-channel analysis (no absorber in the two lower energy channels, 
and 40-Mev Cu absorber in the two higher energy channels) 
200-230 215 67 60 1.00 2.9X 10-% 
230-255 24: 103 110 0.65 6.1X10°* 
255-285 7 200 188 0.70 8.9x 10°-* 
285-310 295 177 189 0.39 14.2 10° 


These cannot be Compton scattered protons because the 
angular correlation is wrong. 
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of the proton angle varies as expected for the reaction 
ytp=rtp 

(d) The counting rate as a function of the angle of the 
‘y-ray counter, for fixed proton counter angle, also varies 
as expected for the above reaction. 


ANALYSIS OF DATA 
Resolving Power of the Proton Detector 


The resolving power of the apparatus is determined 
by three principal features. That is, given a monochro- 
matic y-ray beam, there are three factors which contri- 
bute to the spread in the energy measured for the recoil 
proton. They are (a) the angular resolution of the proton 
counter (by far the most important cause of spread), 
(b) the target thickness, and (c) the resolution of the 
Nal crystal. The first effect was calculated taking into 
account the angular aperture of the proton counter and 
the finite size of the beam. The resolution of the NaI 
counter was estimated in two ways. First, from the cur- 
vature in the high energy tail of the integral number- 
bias curve taken during the calibration and, second, 
from the photopeak of the 2.6-Mev ThC” y-ray. The 
result was approximately 15 percent width at half- 
maximum. The results are not sensitive to this number 
since its effect is not large. The net resolving power of 
the proton counter was obtained from the fold of these 
three effects. Figure 6 shows the resolution curve for a 
270 Mev y-ray. The angular aperture of the proton 
counter in all cases was +3°. One sees that the resolu- 
tion curve is quite broad. The major contribution to the 
width, as previously mentioned, is due to the angular 
aperture, but because the counting rate is sufficiently 
small (about one count per minute) it is undesirable to 
reduce the aperture much. The broadness of the 
resolution curve limits the fineness with which one can 
divide the spectrum. For all the analysis the spectrum 
was divided into three or four intervals. The areas 
marked B in Fig. 6 shows the limits of the third interval 
for a four-channel division of the spectrum. It is clear 
that some of the counts “spill over’ into the second 
interval (A) and the fourth interval (C). In the cal- 
culation of the cross sections, the “spilling over’ was 
corrected for. 


Calculation of the Differential Cross Sections 


The formula used for the calculation of the differential 


cross section is 
do 1 An 


dQ,dK PNI AQ, 

where P=probability of detecting one of the y-rays, 
N=number of hydrogen atoms per cm?, 7=number of 
incident y-rays with energy between K and K+dK, 
and An=number of counts observed in this interval. 

The solid angle dQ,- is the meson solid angle. This 
can be caluclated from the known solid angle subtended 
by the proton counter. 
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The probability P for detecting one of the y-rays is 
given by 


2(1—B,-*)e 
~ dr(1— Bye cos)? 


” 


where §,-= velocity of the x°, ¢=angle between direc- 
tion of y-ray counter and velocity vector of the 7°, 
dQ,=the solid angle subtended by the y-ray counter, 
and «=the efficiency of detecting the y-ray which was 
measured to be 0.55. (See section on experimental 
arrangement.) 

The number of y-rays per unit energy interval J is 
different than a pure bremsstrahlung spectrum for two 
reasons: (a) the energy loss in the internal target (40- 
mil wolfram), and (b) the synchrotron beam is spread 
out over 2.5 milliseconds. Rather than try to calculate 
the effect of these corrections, the spectrum was 
measured with a pair spectrometer’ under the conditions 
actually used. The spectrum differed from the brems- 
strahlung spectrum primarily at the upper end where 
the beam spread has its maximum effect. 


RESULTS 


The results for the 30° runs are shown in Table II. 
The column headings are as follows: K=energy of 
y-ray ; n= observed number of counts; (corr) is number 
of counts corrected for the “spilling over’? from one 
channel into another because of the finite resolution; 
(rel) = relative number of y-rays in the energy interval 
indicated. Table II(a) is a four-channel analysis of the 
data taken with no absorber. Table II(b) is a three- 
channel analysis of the same data. Table II(c) is a mix- 
ture of these same data and data taken with the 40- 
Mev Cu absorber which could only be taken for incident 
y-ray energies greater than 255 Mev. The Cu absorber 
data appear exclusively in the two higher energy 
channels of Table II(c), while the two lower energy 
channels use the same raw data used in Table II(a), 
normalized, however, to the number of monitor readings 
taken with the Cu absorber and to slightly different 
channel widths. The differential cross sections for 
neutral meson production at 95°+10° in the labor- 
atory system are plotted in Fig. 7. The indicated 
errors are estimated instrumental errors as well as 
statistical errors. The high energy point is most un- 
certain because it involves the spectrum of the beam at 
the end point and the precise upper limit to the beam 
energy. The absolute cross section is estimated to have 
an error of about 30 percent arising primarily from 
uncertainties in measuring the integrated beam and in 
measuring the efficiency of the y-ray detector. Figure 8 
shows the log of the cross section vs the log of the energy 
above threshold (145 Mev) for the combined absorber 
and no absorber data. 

Fitting the data with a straight line, one finds a slope 
equal to 1.9 as determined by a least squares calculation. 
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Fic. 7. Differential cross section for x° production 
vs photon energy. 


Thus, the cross section can be written as 
(dog /dQ)gg°= C(K — 145)! 944, 


where K=energy of the incident y-ray. 
The data taken with the proton counter at 45° in- 


volved y-rays in the energy interval 255 Mev to 310 


Mev. No attempt was made to obtain an excitation 
function in this region since at most one could obtain 
only two points. It is clear from the raw data [Fig. 
5(b)] that the results are qualitatively similar to 
that at 30° for the same y-ray interval. The ratio of 
the average cross section for y-rays in the relevant 
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Fic. 8. Log of differential cross section for +° pnts vs log 
of photon energy. Assuming a straight line fit to the data, the slope 
of the line is 1.90.4 as determined by a least squares calculation. 
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interval has been calculated. The corresponding meson 
angles in the laboratory system are 95° and 60°. The 
ratio of the cross sections at these two angles are 


(da/dQy«) 6 
—————= 1.45+0.25. 
(da/dQys) 95° 


The corresponding ratio and angles in the center-of-mass 
system are 
(da/dQ ye) 75 


(de /dQ—)r10 


+0.2. 
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The results of the excitation function and the absolute 
cross sections are in reasonable agreement with the 
results of Panofsky, Steinberger, and Steller.2 They do 
not quote results on the angular distribution for a hydro- 
gen target so that no comparison can be made. 

The authors wish to express their gratitude to Pro- 
fessor J. W. DeWire for measuring the spectrum of the 
spread out beam, to Professor B. D. McDaniel for his 
assistance in measuring the efficiency of the y-ray 
counter, and finally to Professor R. R. Wilson for his 
continued interest and guidance throughout the course 
of the experiment. 
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Production of «° Mesons in Hydrogen and Deuterium by High Energy +-Rays* 
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The angular distribution of the x°’s and the dependence of the cross sections on the energy of the y-rays 


have been studied for the reactions 


y+-P-5°-+P, 

y+P—9°+D(P,N). 
For the first reaction, the angular distribution in the center-of-mass system has the form a+6 sin?6, with 
a/b~1, and the cross section is proportional to approximately the square of the excess energy of the y-rays 
above the threshold; op/on=2 at all energies and angles. 


INTRODUCTION 


REVIOUS investigations of w° production by y- 

rays have used detection techniques involving coin- 
cidence measurements between two of the products of 
the reaction, i.e., coincidences either between the two 
decay y-rays' or between one of the decay y-rays and 
the recoiling nucleon.2 The difficulties involved in the 
latter technique for angular distribution measurements 
have been discussed in the preceding paper. The mea- 
surement of coincidences between the two decay y-rays 
offers certain advantages for angular distribution 
measurements, but it has the rather serious disadvan- 
tage that the counting rates are quite small. As a 
consequence, the measurements on hydrogen and deu- 
terium, particularly using the usual subtraction tech- 
nique, become difficult to do with any reasonable 
statistical accuracy. We have, consequently, been led 
to investigate the production of 7° mesons on hydrogen 
and deuterium by detecting only one of the decay y-rays 
and thus increasing the counting rates by approximately 
a factor of 50 over the rates obtained by detecting both 
y-rays in coincidence. The increased counting rate is 
purchased at the cost of some loss in angular definition, 


a This ade was supported in part by the ONR 

' Panofsky, Steinberger, and Steller, Phys. Rev. ‘86, 180 (1952). 

A. Silverman and M. Stearns, preceding paper (Phys. Rev. 
88, 1225 (1952) ]. 


since the decay y-ray does not necessarily preserve the 
direction of the r°. However, this disadvantage turns 
out to be not too serious because, as shown later, 
the y-ray angular distribution reproduces quite faith- 
fully the x° distribution for the energies with which we 
are concerned. 


APPARATUS 


The experimental arrangement is shown in Fig. 
The targets used were of cylindrical shape, 2 in. in 
diameter, 2 in. long, and made of H,O, D,O, (CH2)., 
and C. The results for H and D were obtained with the 
subtraction method. The measurements consisted in 
recording the coincidences (B+-C— A) between crystals 
B and C with crystal A in anticoincidence (hereafter 
called threefold coincidences) and coincidences (B+C 
-+D—A) between crystals B, C, and D again with crys- 
tal A in anticoincidence (hereafter called fourfold 
coincidences) at various angles @ and for various maxi- 
mum energies of the bremsstrahlung y-ray beam of the 
Cornell sychrotron. An aluminum absorber 2} in. thick 
was placed between the third and fourth crystal in 
order to make the fourfold coincidences insensitive to 
low energy y-rays. The efficiencies of the threefold and 
fourfold coincidences as a function of y-ray energy for a 
Pb converter 7 g/cm? thick are shown in Fig. 2. They 
were measured for y-ray energies of 190, 140, and 100 
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Mev, using the monochromatic y-ray beam available 
at this laboratory.’ The efficiency of the threefold 
coincidences was also calculated using the Monte Carlo 
method of Wilson.‘ The experimental results are con- 
sistently lower by about 10 percent than the calculated 
ones. This is at least in part due to the fact that in the 
calculations the scattering was neglected. The efficien- 
cies used in the analysis of the results are shown by the 
dotted curves in Fig. 2. 

The evidence that the coincidences recorded were due 
to y-rays arising from the decay of neutral mesons 
consists of the following observations: 


(a) The dependence of the coincidence rates on the 
thickness and the material of the converters indicates 
that more than 90 percent of all counts were due to 
y-rays. 

(b) The counting rates decreased by more thana factor 
of 100 as the maximum beam energy was reduced from 
310 Mev to 150 Mev. 

(c) Assuming that all the counts arise from decay of 
x° mesons, one obtains a cross section for x° production 
on hydrogen of 1.5 10~*8 cm’, which is in good agree- 
ment with previous results.'? 

(d) The excitation function (see Fig. 4) measured on 
hydrogen is in reasonable agreement with previous 
results for x° production by y-rays.” 

(e) The y-rays responsible for the fourfold coincidences 
have energies greater than about 80 Mev, the approxi- 
mate threshold for this detector (see Fig. 2). 


We believe that the above evidence is sufficient to 
establish that most of the coincidences recorded were 
due to decay y-rays from neutral mesons. As far as we 
know, the only other process that could give rise to 
-rays scattered by H and D with properties similar to 
the ones listed before is Compton scattering. We have 
tried to measure the Compton scattering cross section of 
hydrogen at the 7° threshold (150 Mev) and at 90° from 
the beam, and we found do/dQ2< 10-" cm? steradian“. 
Thus, unless the cross section increases very rapidly 
with y-ray energy so as to become several hundred 
times larger than the Thompson cross section, this 
process will contribute no appreciable background to 
our measurements.°® 


3 J. W. Weil and B. D. McDaniel, Phys. Rev. 86, 582 (1952). 
A note describing these and other measurements performed in this 
laboratory on the efficiency of various y-ray detectors will be 
published soon. 

4R. R. Wilson, Phys. Rev. 86, 261 (1952). 

5It is, of course, possible that the Compton scattering has a 
resonance at some energy corresponding to a nucleon isobar level, 
and so its cross section is a very steep function of the energy. 
However, even in this case, the y-ray emission must compete with 
meson emission and one would expect the meson widths to be 
larger than the y-width approximately in the ratio of the mesic to 
the electric coupling constants. 
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DISCUSSION OF THE RESULTS 
1. Hydrogen 


Before analyzing the experimental data, it is neces- 
sary to discuss the relation between the ° angular 
distribution and the angular distribution of their decay 
y-rays. Let us suppose that, for a primary y-ray of 
energy w, the cross section in the center-of-mass system 
for the reaction 


y+ P—r°+ ) of 
is given by the expression 
do, /dQ= A+B cos’é, 


where @ represents the angle in the center-of-mass 
system at which the x° is emitted. Let Z and 6 be the 
energy and the angle in the laboratory system of a 
decay y-ray arising from the disintegration of the 2°. 
If N(E,0)dEdQ is the intensity of the decey y-rays with 
energy E and angle @ in the intervals dE and dQ, then 
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Fic. 2. Efficiency »(£) of the threefold and fourfold coincidences 
as a function of the energy E of the y-rays. The solid line describes 
the results obtained with the Monte Carlo method. The circles 
represent the measured efficiencies. The dotted lines correspond 
to the expressions, 


ne(E) -oai[1 -ew(-77*)| 


/ T 
v 
20 40 








F 
0 120 40 0 WO 200 2 
E (Mev) 





and 


E-81 
np(E) =0.4of 1 -exp(- er ay |; 


used in the calculation. 
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Fic. 3. Intensity /(@) of threefold and fourfold coincidences as a 
function of the angle @ in the laboratory system. The curves show 
the expected /(@) for various angular distributions of the x° in the 
center-of-mass system, for the reaction y+ P—~2°+P. (Energy of 
the y-rays = 280 Mev.) The curves have been normalized to unity 
at 0°. The ordinates of the experimental points have been multi- 
plied by a constant in order to give the best fit to the 2+3 sin*@ 
distribution 


one can show that V(6,E) is given by® 


V (0, I | a+ 
Gy-(1—B, cos6) 


272(1— ~Be cos6)? 


1 ut 3 cos@ Be 1 
foal SE) 
B 2qve (a — B, cos0)F 1—£. cos@ 3 


where 
M =mass of the nucleon, 


u=mass of the meson, 
~ 22 Mo+ Tou 


B.=w/(wtM), 
_ 1 (1—£.)}. 


The intensity of the y-rays observed at the angle 6 is 
therefore given by 
Emax 
1(6)= N(6, E)n(E)dE, 
Emin 


é 
+min >= = (1—§)———__—_—_- 
2y-(1— 8. cos@) 


“max > = (1+8)—— cag 
2y7-(1—8: cosé) 


® We are indebted to Dr. A. Borsellino for the derivation of this 
formula. 
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are, respectively, the minimum and the maximum 
energy of the photons emitted at 0, and n(Z) represents 
the efficiency of the detector for recording y-rays of 
energy £; the expressions used for n(£) are those given 
in the caption of Fig. 2. The solid curves in Fig. 3 are 
the calculated 7(@) for both the threefold and fourfold 
coincidences for w= 280 Mev and for the following 2° 
angular distributions: 


do, /dQ= 


=sin’6, 


constant, 


=cos’6, 
=2+3 sin0. 


The value of 280 Mev chosen for the energy of the pri- 
mary y-ray represents the “average’’ y-ray energy 
involved in this experiment.’ It is perhaps worth while 
observing that the results do not depend critically on 
the value of w, since a variation in w affects them 
primarily through the value of the velocity of the r° in 
the center-of-mass system (8), and this velocity varies 
slowly with w. 

The results for the threefold coincidences are essen- 
tially independent of the efficiency factor n(£), since 
n(E) is nearly constant over a large part of the relevant 
spectrum. One sees that, as stated in the introduction, 
the angular distribution of the decay y-rays is quite 
similar to that of the x° for the case calculated, where 
B=0.807. Actually the two distributions become iden- 
tical for B=1. 

The experimental results for the angular distribution 
measurements are shown in Fig. 3. They are consistent 
with an angular distribution of the 7°’s in the center- 
of-mass system of the following type: 


do, /d2=a+b sin’, with a/b™1. 


In particular, the distribution 2+3 sin’6 fits the data 
quite well. This result was predicted by Brueckner and 
Watson® for a meson-nucleon state angular momen- 
tum J = 3 with isotopic spin J= 3 or }. The same model 
gives quite good agreement with the experimental 


TABLE I. Ratios op/ox and o¢/en of the cross sections in deuterium 
carbon, and ayerogen, for poosuctin of x°’s by y-rays. 


Maximum 

energy of 
primary 
y-rays 
(Mev) 


(lab system) oc /oH 


70° 
90° 
120° 
135° 
150° 
90° 
90° 


1.76+0.20 
2.0340.17 
1.91+0.09 


1.53+0.17 


2.11+0.20 
1.88+0.37 


11.0+1.2 
10.0+0.7 
9.5+0.5 
9.2+1.0 
9.041.6 
11.141.4 
14.4+1.3 
21.6+3.0 





7 By “average” y-ray energy we mean an energy such that half 
of the coincidences are due to y-rays with energies lower than it. 
® K. A. Bruekner and K. M. Watson, Phys. Rev. 86, 923 (1952). 
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excitation function and the ratio of the x* to x° cross 
sections. 

Kaplon® and Francis and Marshak,'® using psuedo- 
scalar theory in the weak coupling approximation in- 
cluding a Pauli term to describe the nucleon magnetic 
moment, obtained results for the r+/x° cross section 
ratio and for the excitation function which are in fair 
agreement with the experiments. However, their cal- 
culated angular distribution seems to be in definite con- 
tradiction with the above results. 

Figure 4 shows the results for the yield of r°’s as a 
function of the maximum energy of the bremsstrahlung 
beam. The solid curves are the expected yields under 
the assumption that o,.=K(w—wo)", where wo is the 
threshold energy. The different curves are calculated 
for n=1, 2, and 3. 

One sees that, for hydrogen, n is about 2.5. This re- 
sult is in fair agreement with the result of reference 2 
in which n= 1.9+0.4. 


2. Deuterium 


In column 3 of Table I are given the ratios of the 
deuterium to hydrogen cross sections for various 
energies and angles. Within the accuracy of the measure- 
ments, op~2en independent of energy and angle. This 
result indicates that neutron and proton cross sections 
are quite similar and consequently that the strengths 
of the x° coupling to the proton and to the neutron are 
not very different. However, a quantitative measure of 
this coupling is not obtainable from the ratio op/cn. 
The 7° production cross section from deuterium cannot 
be considered as the simple sum of the cross sections 
from the proton and the neutron since interference 
effects can be present. On the other hand, the fact that 
the experimental ratio op/on is found to be largely in- 
dependent of energy and angle, leads one to infer that 
the interference does not contribute much at the ener- 
gies where our measurements were performed. 


3. Carbon 


During the course of obtaining the results for hydro- 
gen, the subtraction process provided some information 
on carbon. The yield curve for carbon is shown in Fig. 4. 
The production of 2°’s by y-rays on carbon appears to 
be a more slowly varying function of the y-ray energy 
than for hydrogen. If the cross section versus y-ray 
energy curve for hydrogen at energies above 300 Mev 
is less steep than for smaller energies, then the motion 
of the nucleons in carbon would tend to produce the 


°M. F. Kaplon, Phys. Rev. 83, 712 (1951). 
10 N. C. Francis and R. F. Marshak, Phys. Rev. 85, 496 (1952). 


MESONS IN H AND D 





®Hydrogen 
®Carbon 


Relative Yieid 











' A iL i 
240260 280 300 320 340 
“max (Mev) 


4 
0 200 220 


Fic. 4. Excitation curves for H and C deduced from the coinci- 
cences observed at 90° from the beam and assuming a distribution 
of the xs in the center-of-mass system proportional to 2+3 
sin?@. The calculated curves, referred to a constant energy content 
in the y-ray beam, are obtained from the expression 


[(w — wy)” w dw. 
0 


F K 
yield= - 
@maxY @ 


The curves and the experimental points are normalized at $10 
Mev. 


observed effect. Another possible explanation involves 
the existence of charge exchange reactions in the 
carbon nucleus, according to the following schemes: 


y+N—2-+P, a+ P-9°+N 
and 

y¥+P4rt+N, xt++N—2°+ P. 
However, since the energy dependence of the charge 
exchange reactions is not well known, and the effect 
of the motion of the nucleons is difficult to evaluate, a 
definite conclusion as to whether this explanation is 
adequate cannot be made. 

In the last column of Table I are shown the ratios 
of the carbon to hydrogen cross sections at various 
energies and angles. 

We are grateful to Professor A. Borsellino for the 
calculation of the angular distribution, to Professor B. 
D. McDaniel for his participation in making the 
efficiency measurements, and to Professor R. R. Wilson 
for making available to us some of the results of his 
Monte Carlo calculations. 
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Hall Effect in Zinc Crystals at Low Temperatures* 


Joun K. Locan f anp Jutes A. Marcus 
Department of Physics, Northwestern University, Evanston, Illinois 
(Received September 3, 1952) 


An experimental study has been made of the Hall effect in single crystals of zinc. For each crystal, one 
component of the Hall field was measured for a fixed crystallographic orientation of the current density, but 
for various orientations of the magnetic field in the plane perpendicular to the current density. At 77°K, the 
Hall field is a linear function of magnetic field which can be characterized by two coefficients. The first 
coefficient, for the interaction between the magnetic field component parallel to the hexagonal axis and 
current density component in the hexagonal plane, has a value of about 2X 10~" ohm cm/gauss. The second 
coefficient measures the interaction between the magnetic field component in the hexagonal plane and the 
current density component perpendicular to this field component. Its value is about 0.2 10~* ohm cm/gauss 
At 20.4°K, the Hall field is nonlinear with magnetic field. For some orientations, the measured component of 
the Hall field increased with increasing magnetic field. In other cases, the opposite behavior was observed. 
Between 5 and 10 kilogauss, the Hall effect is of the same order of magnitude at 20.4°K as at 77°K. No 


correlation was apparent between Hall effect and either susceptibility or magnetoresistance. 





I. INTRODUCTION 


TUDIES of the magnetic susceptibility and mag- 
netoresistance have indicated that at low tempera- 
tures the electronic structure of zinc may be noticeably 
affected by an applied magnetic field of a few thousand 
gauss.'~® If the de Haas-van Alphen effect and the 
irregularity in magnetoresistance can be attributed to 
the variation with magnetic field of the density of states 
near the Fermi energy, then it might be expected that 
the dependence of Hall effect upon magnetic field would 
be related to the susceptibility or magnetoresistance. 
There is experimental evidence that this may be true 
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Fic. 1. Schematic ar- 
rangement of crystal X, 
Dewar D, and magnet 
P. Current leads are 
indicated by the heavier 
lines, potential leads, 
by the lighter. 
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1 J. A. Marcus, Phys. Rev. 76, 413 (1949). 

? L. Mackinnon, Proc. Phys. Soc. (London) B62, 170 (1949). 

* Lazarev, Nakhimovich, and Parfenova, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 9, 1169, 1182 (1939). 

‘Lazarev, Nakhimovich, and Parfenova, Compt. rend. acad. 
sci. U.R.S.S. 24, 855 (1939). 

§ N. M. Nachimovich, J. Phys. (U.S.S.R.) 6, 111 (1942), 


for bismuth.*’ To examine this possibility further an 
experimental study has been made of the Hall effect in 
zinc single crystals. 

In discussing galvano-magnetic effects in anisotropic 
media, it is necessary to adopt clear definitions to dis- 
tinguish between the Hall effect and the magnetic 
change of resistance. For most isotropic substances at 
room temperature, the relation between electric field 
E and current density J can be written 


E= pJ+RBxXJ, (1) 


where p is the resistivity, and R the Hall coefficient 
characteristic of the material. If the magnetic field B 
is zero, the electric field is parallel to the current density. 
The effect of the magnetic field is to add to the ohmic 
field pJ, a Hall field RBXJ, perpendicular to both 
magnetic field and current density. 

In defining the Hall field for cases to which Eq. (1) 
does not apply, some, but not all, of the properties of 
RBXJ can be retained. A choice must be made of the 
most “characteristic”? properties. Thus, the Hall field 
might be defined as E(B) — E(B=0). With this conven- 
tion, the Hall field is not necessarily perpendicular to 
either B or J, nor does it necessarily change sign if B is 
changed to —B. Most conventions agree that the Hall 
field vanishes if B=0. 

We have chosen to define the ohmic field as 3{ E(B) 
+E(—B)] and the Hall field as }{E(B)—E(—B)]. 
Thus, the Hall field reverses its direction on reversing 
the magnetic field, while the ohmic field does not. 
Neither field changes its magnitude in this process. If 
B=0, the Hall field is zero. These properties are mathe- 
matical consequences of our definition. They are also 
properties of the Hall field of Eq. (1). 

Another definition which is sometimes used is based on 
the special experimental situation in which two poten- 
tial probes are attached to a conductor so as to be on an 
equipotential surface in the absence of a magnetic field. 


6 A. N. Gerritsen and W. J. de Haas, Physica 7, 802 (1940). 
7 Gerritsen, de Haas, and van der Star, Physica 9, 241 (1942). 
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If a magnetic field is turned on along the direction per- 
pendicular to the current direction and the line between 
the potential contacts, any potential difference between 
the probes is called a Hall voltage. For an anisotropic 
substance in which the ohmic field is a noticeable func- 
tion of magnetic field strength, this convention may lead 
to a discussion of the “quadratic” Hall effect which 
does not reverse sign on reversing the magnetic field. 
On the basis of our definitions, such a quadratic effect 
would be considered as magnetoresistance rather than 
Hall effect. 

The justification of our choice is based on a calcula- 
tion by Casimir,’ in which it is shown that, for the 
general case of an anisotropic material, if the vectors 
are resolved into components in any convenient rec- 
tangular coordinate system, 


E;=> jpisJ + (XJ), (2) 


where the p,; are functions of B such that p,,(B) 
= pi)(—B), while r(B)=—r(—B). The vector r is 
called the Hall vector. It is seen from Eq. (2) that the 
Hall field is perpendicular to J. 

In the derivation of Eq. (2), Casimir omits the inter- 
action of thermal current and temperature gradient 
with electric current and potential gradient. Because of 
this interaction, the Hall effect and magnetoresistive 
effect depend upon the thermal boundary conditions. 
A number of experimental investigations have shown 
that, for metals, when the magnetic field is perpendic- 
ular to the elctric current, the electric field component 
parallel to the current density is not changed by rever- 
sing the magnetic field.® This fact has been confirmed on 
our sample B (20.4°K, 8000 gauss) to within an experi- 
mental accuracy of about 0.2 percent. In making these 
measurements, the magnet was rotated through 360°, 
taking data every 15°. As a result, we consider that 
under experimental conditions the Hall field, defined in 
this way, is perpendicular to the current density, and 
can be described by a Hall vector in the manner of Eq. 
(2), without specifying in detail the thermal current or 
temperature gradient. It is this physical property, 
which is indicated by both calculation and experiment, 
that makes our definition seem the most appropriate. 


II. EXPERIMENTAL TECHNIQUES 


The crystals used in these experiments were grown 
under vacuum by the Bridgman technique from New 
Jersey Zinc Company S. P. Zinc.!° They were 0.030 inch 
by 0.21 inch in cross section, and from 1 to 2 inches in 
length. The glass forms used were prepared by shrinking 
Pyrex glass tubing onto a stainless steel mandrel. Prior 
to making each form, the mandrel was coated with soot 
in a candle flame and dipped in a solvent such as CCl, to 
compact the coating. Since the purpose of the soot is to 

* H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

® See, for example, H. B. G. Casimir and A. N. Gerritsen, 
Physica 8, 1107 (1941); D. Shoenberg, Proc. Cambridge Phil. Soc. 


31, 271 (1935). 
10 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 60, 305 (1925). 
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Fic. 2. Electric circuit. Voltage bd was measured by a Rubicon 
Type D microvolt potentiometer. 


prevent the glass from sticking to the steel, this process 
was repeated, if necessary, to thoroughly coat the man- 
drel. The mandrel was then sealed into a length of glass 
tubing at a reduced pressure and the glass shrunk into 
the steel by heating in a gas-compressed air flame. 
When cool, the mandrel usually could be removed easily 
from the rectangular section. 

Prior to use, each crystal was lightly etched and the 
orientation of the crystal axes determined relative to its 
geometric shape. Each crystal was mounted in a plastic 
holder so as to minimize bending of the sample but allow 
for thermal expansion. To one edge, two potential leads 
of 0.003-inch copper wire were spot welded. These leads 
were about 5 mm apart. A third potential lead was 
welded to the opposite edge, approximately halfway 
between the other two. Current leads were soldered to 
the ends of the sample. 

The relation of the crystal, Dewar, and magnet is 
given schematically in Fig. 1. The magnet could be 
rotated about an axis in the plane of the figure so as to 
change the direction of the magnetic field. The axis of 
the Dewar and the current through the crystal were 
parallel to this axis of rotation. Four-inch pole pieces 
and a gap of one inch were used. The magnet was cali- 
brated with a search coil and ballistic galvanometer 
which had been standardized in fields determined by a 
proton resonance fluxmeter. The magnet calibration 
was accurate to about 100 gauss. Magnet current was 
supplied by storage batteries. Both the magnet and 
control resistors were water-cooled. 

The electric circuit is given in Fig. 2. The current 
through the sample was provided by a storage battery 
and monitored by an ammeter. For most measurements, 
this was 3 amp. 

Voltages were measured with a Rubicon Type D 
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Fic. 3. Laboratory coordinate system. 


microvolt potentiometer, using a Leeds and Northrup 
galvanometer (sensitivity 0.05 uv/mm at one meters 
For convenience an auxiliary lens was used to project 
the image of the illuminator hairline on a screen. This 
system provided a magnification of four or five so that 
galvanometer deflections corresponding to 0.01 yv 
could be easily observed. 

For crystals A and B, measurements were made to 
0.01 wv. The final measurements on these crystals were 
reproducible to about this voltage. For crystal C the 
potentiometer was read to 0.002 uv because of the small- 
ness of the emf’s. After fitting a sinusoidal curve to the 
data at 77°K for this crystal, the rms deviation of ob- 
servations from the curve was 6.5X10-* wv compared 
with a peak-to-peak amplitude of 0.121 uv. To obtain 
this accuracy, it was necessary to insulate the potentio- 
meter circuit carefully, particularly the potentiometer 
battery and the observer. 
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Fic. 4. Crystal A. r, as a function of magnet azimuth at 20.4°K. 
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The noise level in the system varied greatly from ex- 
periment to experiment, ranging from about 0.005 uv to 
0.05 wv. During the last experiments it was discovered 
that an erratic resistor contact in the magnet control 
circuit was responsible for the worst of the noise. 

The potential difference between any pair of points 
a, b, c, d could be measured by use of a Leeds and 
Northrup thermocouple switch enclosed in a sheet 
metal box. Whatever extraneous voltage this switch 
introduced caused no trouble, although the switch 
position was not changed during a series of measure- 
ments. For Hall effect measurements, the voltage bd 
was measured. The other voltages were measured prin- 
cipally when changing samples. In the magnetoresist- 
ance measurements referred to earlier, the voltage ac 
was observed. 

The input selector switch of the potentiometer was 
connected as a reversing switch, so that voltages of 
either polarity could be measured. Thermal emf’s in 
this switch were less than 0.005 yv usually. 

In principle, only two potential leads on opposite 
sides of the crystal are necessary in determining the 
Hall field. By measurements in fields of B and —B, the 
observed voltages can be separated into an ohmic 


TABLE I. Hall coefficients at 77°K. 


R: X10" 
ohm-cm /gauss 


Ri X10" 
ohm-cm /gauss 


Crystal A 
Crystal B 
Crystal C 
Noskov 


0.21 
0.19 
0.16 
0.19 


potential difference and a Hall voltage. For greatest 
accuracy, the zero field voltage should be comparable 
with or less than the Hall voltage. In practice, it is 
difficult to make such an adjustment of the potential 
leads. Consequently the circuit of Fig. 2 was used. A 
copper slide wire S of 60 ohms was connected between 
potential leads A and C, and the contact adjusted to 
make the voltage bd small in the absence of a magnetic 
field. 

To correct for thermal emf’s in the potential leads, 
voltage bd was measured for the same value of current 
flowing in both senses through the crystal. The voltage 
due to the current was assumed to be one-half the alge- 
braic difference of the measured values. Results ob- 
tained by this analysis were consistent for large varia- 
tions in the thermal voltages. 

Before taking data, the magnet current was usually 
set at a predetermined value and allowed to stabilize. 
Only minor adjustments in the control resistors were 
then necessary. For the most part, measurements were 
made for magnet orientations spaced at 15° intervals, 
the magnet being rotated continuously in one direction 
throughout 360°. Data for magnet settings 180° apart 





HALL EFFECT IN Zn 
were then combined so as to eliminate thermal emf’s and 
ohmic potential difference. 

The ohmic voltage was not analyzed, nor were 
magnetoresistance data consistently taken. 


Ill, ANALYSIS OF MEASUREMENTS 


Kohler has investigated the limitations imposed by 
crystal symmetry upon the Hall coefficients R,,, for 
the case in which the Hall vector can be written 
m= >. nRmnBn." If, for zinc, we take the 3 direction 
along the hexagonal axis and the 1 and 2 directions along 
mutually perpendicular lines in the hexagonal plane, the 
Hall vector components are 


ri=R2Bi, r2= R2B2, 


For analysis of our experimental data, it is convenient 
to introduce the coordinate system of Fig. 3. The z axis 
is chosen parallel to the current density. The yz plane 
is taken parallel to the broad surface of the crystal. It is 
assumed that the potential contacts on the crystal edges 
lie in this plane so that the y component of the Hall field 
is determined b:y measurement. If the spherical coordi- 
nates of the hexagonal axis are a andy{, the y component 


%3> R,B;. (3) 


Taste II. Coordinates of one and (2110] a axes. 


Crystal A 90° 
Crystal B 32° 
Cc ese j 8.5° 


of the Hall field is 


Fy=—J{(Rea?+(Rob2+RibY)a? |B, 
+[(Ri— R2)az*bib2 |By+[(Ri- R2)ara2b2 |B}, (4) 


where a,= cosa, d2=sina, b;=cos8, b.=sing. If B.=0, 
F, is a sinusoidal function of ¢, the azimuth of the 
magnetic field. Knowing values of F, for ¢=0° and 
¢= 90°, it is possible to determine both R,; and R:». 

If the Hall field is not linear with magnetic field, the 
effect can be characterized more directly by giving the 
Hall vector as a function of @ and of the magnetic field 
strength rather than in terms of field dependent Hall 
“coefficients.” In these experiments, only r, was 
determined. 


IV. RESULTS 


To analyze the data at 77°K, a sinusoidal curve was 
fitted to the data by the method of least squares” and 
F, calculated for ¢=0° and ¢=90°. These values of 
Hall field were then used to evaluate R; and R; on the 
basis of Eq. (4). The results are given in Table I. The 
extreme values observed by Noskov" are also indicated. 

1M. Kohler, Ann. Physik 20, 878 (1934). 


"This procedure was adopted for convenience. We do not 


otherwise —~ its use. 
13M. M. Noskov, J. Exptl. Theoret. Phys. (U.S.S.R.) 8, 717 
(1938). 


CRYSTALS AT LOW 


TEMPERATURES 





50 


40 


30 








j _ | 
-45° 45° 
ae Angie 


Fic. 5. Crystal A. r, as a function of magnet 
azimuth at 8200 gauss. 
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Measured values of a and 8 are listed in Table II. 
Similar spherical coordinates, a’ and 6’, for the [2110] 
axis are also tabulated. 

For crystal C, the calculation of ‘R; was strongly 
dependent upon F,(¢=90°). If the value used were in 
error by a factor of — 20, the value of R; would be about 
2X10-" ohm-cm/gauss. Such a change in F,(¢@=90°) 
would decrease R, to 0.17 10-" ohm-cm/gauss. It is 
not unreasonable that F ,(@=90°) might be in error by 
so large a factor. Assuming values of 2X 10-" and 0.2 
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Fic. 6. Crystal C. r, as a function of magnet azimuth at 20.4°K. 
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= —22°, 20.4°K. The points at 8200 gauss and 10,200 gauss are 
fromthe rotation diagrams of Fig. 6. 
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Fic. 8. Crystal A. Voltage bd as a function of magnetic field 
strength. ¢=0°. 


10-2 ohm-cm/gauss for the Hall coefficients, the Hall 
potential difference across the thickness of this crystal 
for ¢=90° can be estimated as about thirty times the 
potential difference across the width of the crystal. 
Accordingly, the discrepancy in this value of R, can be 
explained by assuming that the potential contacts did 
not lie in the ys plane. 

Values of r, at liquid hydrogen temperatures are 
given in Figs. 4 through 7. For crystal A, the data at 
20.4°K are symmetric about ¢=0°. The curve at 14°K 
has been drawn accordingly. 

For crystal B, plots of r, vs @ at 20.4°K, 8200 and 
10,200 gauss, are nonsinusoidal and somewhat skewed. 
They do not exhibit as pronounced a variation with 
field as those for either crystal A or C. Data taken at 
14°K indicate a pronounced temperature dependence. 
Because of poor temperature control, these data were 
not sufficiently reproducible to be quantitatively signi- 
ficant. 

Of the rotation data on crystal C little can be said 
other than that the Hall vector is nonlinear with 
magnetic field. The reproducibility of the data is in- 
dicated by the sets of points at 83°. In Fig. 7, the points 
at 8200 and 10,200 gauss were taken from the rotation 
data of Fig. 6. 

A set of measurements were made on crystal A for 
¢=0°, T=20.4°K, to look for a relationship between 
the Hall effect and de Haas-van Alphen effect, i.e., the 
field dependence of magnetic susceptibility."* The ob- 
served voltages, corrected for thermal emf’s, are plotted 
in Fig. 8. Since corresponding measurements were not 
made at ¢= 180°, it is not possible to separate the ob- 
served voltage into ohmic potential and Hall emf. From 
Fig. 4 the ohmic potential can be estimated as about 5 
percent of the observed voltage. The results of Lazarev, 
Nakhimovich, and Parfenova’ for a crystal of similar 
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orientation indicate that AR/Ry-o increases nearly 
linearly with magnetic field by about 14 percent per 
kilogauss. As a consequence, it is unlikely that there 
are any oscillations in r, for this orientation of crystal 
A in excess of 2 percent of r.. 

For comparison, corresponding measurements are 
given for 77°K. For a fixed field strength, the difference 
in voltage between these two sets of data is almost 
exactly equal to the ohmic potential difference in the 
measurements at 77°K. 

Lazarev, Nakhimovich, and Parfenova*‘ have re- 
ported magnetoresistance measurements on a single 
crystal of zinc for which, in terms of our coordinate 
system, a=88°, B=0°. The magnetic field was in the 
xy plane. At 4.2°K, they observed an anomaly in the 
resistance for fields between 8000 and 10,000 gauss at 
o=0°. For ¢=5°, the anomaly was no longer observed, 
nor was it evident at 20.4°K, ¢=0°. Since crystals of 
several orientations were examined in their experiments 
and no further anomaly reported, the inference is that 
no other anomaly was evident in the data. 

Gerritsen and de Haas,* and Gerritsen, de Haas, and 
van der Star’ have studied the Hall effect in bismuth 
crystals and observed a qualitative correlation with the 
de Haas-van Aiphen effect. No such correlation is 
apparent for the case of zinc. On the contrary, with the 
magnetic field parallel to the hexagonal axis, the Hall 
vector seems to be linear with magnetic field, whereas 
the susceptibility oscillates. When the magnetic field 
is perpendicular to the hexagonal axis, the susceptibility 
is not strongly dependent on magnetic field, while the 
Hall vector is nonlinear. 

During this research Borovik™ reported measure- 
ments on Hall effect on one zinc crystal for ¢=0° and 
various field strengths. Since his sample was of different 
crystallographic orientation than any of ours, no direct 
comparison is possible. There does not seem to be any 
discrepancy between his results and ours. 

In summary, these experiments show that at 20°K, 
the Hall effect is of the same order of magnitude as at 
77°K. While the Hall vector for the latter case is a 
linear vector function of magnetic field, for the former 
it is not. The nature of this nonlinearity depends upon 
the crystallographic orientation of the magnetic field. 
Finally, no relationship was observed between Hall 
effect and either magnetoresistance or de Haas-van 
Alphen effect. Further experiments are planned in 
which a more systematic investigation will be made of 
both Hall effect and magnetoresistance. 


4 E. S. Borovik, Doklady Akad. Nauk S.S.S.R. 70, 601 (1950). 
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Production of Charged =-Mesons in H, D, C, Cu, and Pb by 381-Mev Protons* 
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The differential cross section for the production of charged x-mesons at 90° from a 381-Mev proton beam 
has been measured in H, D, C, Cu, and Pb. Nuclear emulsions, imbedded in a tapered copper absorber, 
placed 90° below the internal circulating proton beam of the Nevis cyclotron detected mesons of both signs, 
from 0 to 125 Mev. The beam was monitored by means of the C" activity produced in the target to determine 
the absolute cross section. The hydrogen and deuterium results were obtained by subtracting the carbon 
cross section from polyethylene and deuterated paraffin, respectively. Assuming the reaction in H is 
p+p—x*+d with a cos*@ angular distribution, the total cross section for H at 381 Mev is calculated from 
the 90° value to be (7.3+:2.3) X 10-** cm*. The spectra for heavy nuclei are calculated with the assumptions 
that meson production occurs through nucleon-nucleon collisions and that the meson receives the maximum 
available energy in the c.m. system. Good agreement with the experimental results is found for matrix ele- 
ments proportional to meson momentum. The * production cross section increases with a dependence 
slower than A!, whereas the #~ increases approximately as A!. This asymmetry is also found in the large 


a /x 


ratio of 10 in carbon and about 25 in deuterium. 





I, INTRODUCTION 


FUNDAMENTAL experiment related to under- 

standing the role of m-mesons in nuclear forces is 
the study of meson production in various targets 
bombarded by a beam of high energy protons. The 
Berkeley group,' using the 184-inch synchrocyclotron, 
has investigated the production process in hydrogen as 
a function of meson emission angle at 340-Mev proton 
energy. They have also measured the 90° production 
cross section for carbon? and lead* at the same proton 
energy. Using the 385-Mev Columbia Nevis cyclotron 
we have extended this study of meson production to 
higher energies and to include additional elements. The 
elements investigated were hydrogen, deuterium, 
carbon, copper, and lead. 

The hydrogen reaction involves the elementary 
nucleon-nucleon collision p+p—-rt+(n+p) or (d). 
The next simplest nucleus, deuterium, is very loosely 
bound, and the two nucleons are expected to interact 
independently with the incident proton. The nucleon- 
nucleon reactions in deuterium leading to charged meson 
production are 


(a) ptport+pt+n or 
(6) ptn—rt+n+n; 
(c) ptn—w-+pt+p. 


The deuterium production cross section compared to 
the hydrogen cross section gives a measure of the rela- 
tive magnitudes of the (p-m) and (p-p) interactions 


* This research was supported jointly by the ONR and AEC. 
Publication was assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University, New York, New York. 

+ Now at Duke University, Durham, North Carolina. 

t Now at Hughes Research and Development Laboratories, 
Culver City, California. 

1 F. Cartwright, Ph.D. thesis, University of California Radiation 
Laboratory Report UCRL-1278, 1951 (unpublished) ; V. Peterson, 
Phys. Rev. 80, 136 (1950); Peterson, Iloff, and Sherman, Phys. 
Rev. 81, 647 (1951). 

2C. Richman and H. A. Wilcox, Phys. Rev. 78, 496 (1950). 

3M. Weissbluth, University of California Radiation Laboratory 
Report UCRL-568, 1950 (unpublished). 


ptport+d; 


entering into x* meson production (reactions a and 6). 
A comparison of the x~ and the w+ cross section in 
deuterium will yield information about the relative 
magnitudes of the (p-) interaction entering into re- 
action (c) and the (p-m) and (p-p) interactions or re- 
actions (a) and (b). The use of carbon, copper, and lead 
targets allows an investigation of meson production as 
a function of target atomic weight. 


II, EXPERIMENTAL ARRANGEMENT 


The mesons were produced by bombarding the target 
material to be studied with the internal circulating 
proton beam of the Nevis cyclotron. Charged mesons 
produced in the downward direction, at 90° to the beam, 
were detected in a nuclear emulsion imbedded in a 
tapered copper absorber placed 2} in. below the target. 

The geometry of the experimental arrangement in 
relation to the cyclotron is shown in Fig. 1. The target 
holder, target, absorber block, and photographic plate 
were all mounted on a probe, the details of which are 
shown in Fig. 2. This arrangement enabled the target 
and plate to be changed after each exposure by with- 
drawing the probe through a vacuum lock. The position 
of the probe was such that the target was at a radius 
of 73.5 in., corresponding to a beam energy of 381 Mev, 
as determined from the magnetic field strength. 

Ilford C-2 200-micron nuclear emulsions were chosen 
as detectors to make possible positive identification of 
mesons in regions of high background. The characteristic 
small-angle scattering and rapid grain density variation 
of a slow meson in the C-2 emulsion make the identi- 
fication relatively simple for a trained observer, even 
with an extremely high background. The C-2 sensitivity 
was chosen because it has a maximum cutoff of about 
10 Mev for -mesons and 65 Mev for protons, thus 
eliminating high energy proton tracks from the back- 
ground. 

The nuclear emulsion technique has the important 
advantage of permitting a determination of the sign of 
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the charge and the type of meson detected, as well as 
the direction of incidence. Consequently, a separation 
of the r+ and #~ mesons can be made. 

The nuclear emulsions were imbedded inside a copper 
absorber block inclined at 10 degrees to the direction of 
the impinging mesons. Mesons of different energies 
traverse successively greater distances of absorber 
before they come to rest in the emulsion. Thus, the 
position of a meson ending in the plate is a measure of 
the distance it has traveled in the absorber, and hence 
of its energy. This method gives an energy detection 
interval from 0 to 125 Mev on one photographic plate, 
enabling a complete positive and negative spectrum to 
be obtained from a single exposure. 

An experiment of this nature requires rectilinear 
trajectories from target to detector for mesons of all 
energies. To achieve this in a cyclotron, where the 
strong magnetic field causes mesons to travel in helical 
orbits whose radii of curvature vary with meson energy, 
the detector is placed directly below the target. In this 
position, mesons traveling straight down (90° from the 
proton beam) are moving parallel to the magnetic field 
lines and are unaffected by the field. To shield against 
unwanted helical trajectories, which correspond to 
other angles of emission from the target, a large shield- 
ing block of copper (14 in.X14 in.X5 in.) was placed 
around the absorber. The shielding block limits the 
meson trajectories arriving at the absorber plate to a 
bundle of mesons, containing all energies produced in 
the reaction, which travel in straight-line paths from 
the target to the plate. 

The angular resolution of the apparatus was +5°, 
so that the measurements included mesons emitted at 
(90°+-5°) from the proton beam. 

In the initial exposures, the target was in a vertical 
position and supported from above, as shown in Fig. 2. 
The vertical geometry has the advantage of utilizing 
the entire proton flux and giving relatively low back- 
ground in the plates. The background tracks were 
almost exclusively limited to protons originating in the 
target or recoil protons due to neutrons emitted from 
the target. 

The internal proton beam has a mean vertical am- 
plitude between } in. and } in. Hence, mesons formed 
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at the upper edge of the target had to traverse approxi- 
mately } in. to 4 in. of target material before they could 
arrive at the detector. For light elements, this is not a 
serious energy resolution factor at high meson energies 
(above about 30 Mev), and does not appreciably affect 
the spectrum of an element like carbon. However, for 
hydrogen where the maximum energy of the mesons 
emitted at 90° in the laboratory system is 24 Mev, this 
effect considerably distorts the spectrum. 

In order to improve the energy resolution, successive 
exposures were made with a target (thin in vertical 
dimensions) placed radially as shown in Fig. 1. In 
order to define the proton beam energy, a copper 
“clipper” was placed } in. radially behind the target 
but displaced 90° in azimuth from the target, so that 
the neutrons emitted by the clipper could not strike 
the emulsion. However, this method introduced a 
severe, randomly oriented, proton background which 
obscured the low energy meson regions, making this 
technique unsuitable for hydrogen. The deuterium, 
copper, and lead spectra, which extend to much higher 
meson energies, were successfully obtained with this 
arrangement. 


Ill. DETERMINATION OF CROSS SECTIONS 


Let NV be the number of mesons of energy E, detected 
in the corresponding region S of nuclear emulsion. Then, 
if (d’o)/dwdE) is the differential cross section for meson 
production per target nucleus per unit solid angle and 
per unit energy interval at an energy E and an angle @, 
it can readily be shown that 


d’a A N r? 


pg mapas. eer”. Spo eengr rr aa (1) 
dwdE Ipld S t{dE/dR]x 
where /=number of protons striking target, d= thick- 
ness of target, ‘= thickness of emulsion, L= Avogadro’s 
number, p=density of target material, A=atomic 
weight of target, S=area of emulsion in which NV 
mesons are found, [dE/dR]zg=rate of energy loss in 
emulsion at energy E of creation, and r=distance from 
target to region S in emulsion. 

Now, the yield Y of C" (in targets in which carbon is 
present) via the reaction C"(p,pn)C" is given by 


Y=o,(Ipld/A), (2) 


where g,, the cross section for this reaction, has been 
studied at Berkeley as a function of incident proton 
energy. Thus we may eliminate various parameters in 
Eq. (1), such as J, the number of protons incident upon 
the target, by a knowledge of Y, which may be obtained 
from an absolute monitoring of the positron decay of 
the C", as described below; thus, we obtain 


d*a 
—_ = —x—-x ————_.. 
dudE Y S tdE/dR]x 
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The evaluation of each of the terms involved in Eq. 
(3) is discussed below. 

The C™ cross section ¢, at 381 Mev was found by 
extrapolating the known linear behavior at lower 
energies‘ to 381 Mev. The cross section value used was 
0.036+0.003 barn. 

The number of C" atoms formed in the target is 
inferred from the C" positron annihilation radiation 
measured by inserting the target or monitoring foil 
(for the case of noncarbon containing targets) shortly 
after exposure, in a lead shield containing an end- 
windowed Geiger tube separated from the target by 
} in. thick aluminum converter. Calibration of geometry 
and counter efficiency was made with the aid of a 
solution of Cu™ whose §-activity was compared to that 
of a RaD+E source calibrated by the Bureau of 
Standards. From the decay scheme of Cu® and its 
branching ratio,® the number of positron decays per 
unit volume of solution was computed. 

A known volume of this Cu® solution was coated over 
a polyethylene target, approximating the activity dis- 
tribution in a bombarded target ; and from the number 
of positron annihilation counts observed, the absolute 
calibration of the monitoring system was obtained. 

The monitored counting rate, which was always 
consistent with the known 20.5-minute half-life of C", 
was extrapolated back to the time the cyclotron was 
turned off and corrected for the short exposure time, 
leading to evaluation of the parameter Y. 

The ratio V/S, the number of mesons per unit emul- 
sion area ending in a region of the emulsion r cm from 
the target, was obtained by the usual meson scanning 
procedure. For this process a binocular microscope 
having a precision stage motion from which the position 
on the plate could be determined to within 0.01 cm 
was employed. High resolution oil immersion objec- 
tives were used. 

The number of x* and w~ mesons ending in the C-2 
emulsion is derived using the well-known phenomeno- 
logical classification of meson endings into 7, p, 1, 
and true o-stars. The number of x*+ mesons is given 
directly by the number of 2—y events plus the number of 
a, mesons, which are interpreted principally as mu 
events in which the u-meson leaves the emulsion before 
traversing its full 600-4 range. The number of x~, or 
star-producing mesons, must be corrected for the zero 
prong stars which would otherwise be classified as 
p-mesons. The number of ~ mesons is given by 1.37 
times the number of observed o-stars.® 

The x* mesons were highly collimated, with less 
than 1 percent coming from directions other than that 
of the target. 

In order to improve statistics and at the same time 
check on observer detection efficiency, plates were 
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exposed in “sandwich.” In all cases, results from 
separate plates scanned by different observers agreed 
within the statistical limits. As a further check, scanned 
plates were interchanged between two observers, and 
the areas were independently rescanned. 

From the mean coordinates of the scanned region, 
the range of the m-mesons in the absorber was computed. 
The energy of the mesons was determined from avail- 
able range-energy tables.’ 

The number of mesons observed in the plates in an 
energy interval dE and a solid angle interval dw differs 
from the number of mesons produced in this energy 
and angular interval for several reasons. The largest 
correction is due to mesons being lost through inter- 
action with the nuclei of the copper absorber block. 
Recent experimental evidence has shown that the 
a+ meson interaction cross section is geometrical.* The 
interaction mean free path used for copper was 11.7 
cm. This gives a correction of almost 50 percent for a 
100-Mev meson. 

Small angle Coulomb scattering in the absorber will 
cause mesons that would normally arrive at the plate 
to be scattered out. However, since the experiment is 
carried out with “poor geometry,”’ to the first approxi- 
mation, as many mesons scatter into the plate as would 
scatter out. 

The third correction is due to -mesons decaying in 
flight before they reach the emulsion. The correction is 
complicated by the fact that the mesons spend part of 
their time-of-flight in the copper, where they con- 
tinuously lose energy and thus change their velocity. 
Since the absorber is only 2.5 in. from the target, the 
correction is very small (~2 percent) and can be 
neglected in view of the known meson mean lives. 
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Fic. 2. Plan of probe head, containing nuclear emulsion and 
shielding material, which is inserted into the cyclotron. 
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Fic. 3. Energy resolution of the apparatus vs meson energy. 
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The thickness of the emulsion after development was 
measured microscopically to within 1 micron. To correct 
for the shrinkage of the emulsion, a shrinkage factor 
was determined by measuring the emulsion thicknesses 
of test plates before development with a strain gauge 
and measuring them after development with a micro- 
scope. The thickness before development was measured 
to within 5 percent. 

The rate of meson energy loss in emulsion, [dE/dR ]z, 
was calculated from an experimental range-energy 
curve for protons in Ilford C-2 emulsion,’ and it was 
converted to mesons by using a ratio (Mp)/(M,)=6.65. 
The resulting analytic range-energy relation used was 
R=41.8E'™, with E in Mev and R in microns. 


IV. ENERGY RESOLUTION 


The energy resolution in this experiment can be 
divided into the energy spread of the bombarding 
proton beam and the energy resolution of the detector. 

Since the proton beam is an internal circulating 
beam, it is subject to energy degradation due to radial 
oscillations of the ions and multiple traversals of the 


targets. 

The energy resolutions of the apparatus can be 
divided into two separate effects: (1) The finite vertical 
amplitude of the proton beam of the cyclotron which 
is between } in. and } in., so that mesons formed at the 
upper edge of the target had to traverse ~} in. of 
target material before they could arrive at the detector 
block. This gives a resolution that is energy dependent, 
being much poorer at lower meson energies. Above about 
30 Mev this effect is negligible. (2) The detector itself 
has a finite resolution width due to range straggling and 
multiple scattering. The nuclear emulsion imbedded in 
the absorber measures the meson density as a function 
of depth of penetration of absorber. The projected path 
length of the meson (straight-line trajectory through 
the absorber) is taken to be the range of the meson; 
the energy is determined from a range-energy graph. 
Thus, in order to obtain the energy resolution, the dis- 
tribution in range of absorber of a monoenergetic beam 
of mesons must be investigated. 

Straggling introduces a range spread due to a statis- 
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tical fluctuation of the number of collisions and energy 
loss per collision of particles traversing the absorber. 
The distribution is Gaussian, and its half-width is a 
function of meson energy. 

Multiple scattering causes a particle’s path to deviate 
from a straight line into a curved trajectory. This gives 
rise to a distribution in projected depth for a beam of 
monoenergetic particles. Since the effects of range 
straggling and multiple scattering are statistically 
independent, the two widths are added in quadrature 
to give the resultant resolution of the detector. A plot 
of resultant resolution versus meson energy is shown in 
Fig. 3. For meson energies lower than about 30 Mev, 
the meson energy spread due to the detector is seen to 
be negligible. Thus, a sensitive measure of the energy 
spread in the beam would be to find a reaction giving 
monoenergetic mesons of lower than 30 Mev for a 
monoenergetic proton beam and to measure the energy 
distribution of the detected mesons. In practice, the 
production of mesons in hydrogen provides such a line 
source of mesons of 24 Mev at 90 degrees to a 381-Mev 
proton. Since all energy spreads are due to factors which 
degrade the beam energy, one would expect to find a 
fairly sharp upper energy cutoff and a low energy 
smear due to the beam spread. However, in addition to 
the proton beam spread, the mesons also lose energy 
in the target. If we assume that the beam height is } in., 
from the half-width of the hydrogen spectrum presented 
later (Fig. 6), the spread in beam energy resulting from 
multiple traversals and radial oscillation can be com- 
puted. This calculation gives a proton beam spread of 
the order of 10 Mev. 

V. RESULTS 
A. Carbon 

A carbon target 0.3 g/cm? was placed in the vertical 
geometry described previously and exposed for 2.5 
minutes in an average beam current of approximately 
5X10-' ampere. Figure 4 shows the 90° differential 
cross section (d’¢+)/(dwdE) for the production of m+ 
mesons, based on 550 m-u decays. 
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Fic. 4. Experimental results for the differential cross section for 
ptoduction of «* mesons in carbon at 90°+5° from a 381-Mev 
proton beam. 
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Figure 5 shows the 90° differential cross section 
(d°a~)/(dwdE) for x~ mesons. This spectrum consists 
of 29 observed meson-produced stars found in the 
identical areas scanned for positives. 

The x* cross section, integrated over meson energy, 
is (da*)/(dw) = (5.341.1)X10-*8 cm? steradian-', and 
the corresponding negative cross section is (do~)/(dw) 
= (4.2+1.0)10~** cm? steradian™. 

The positive spectrum has a peak of 7X 10~*° cm? 
steradian Mev~ at about 70 Mev. 

The negative cross section has a peak of about 
10X10-* cm? steradian—! Mev- in the neighborhood 
of 40 Mev. The statistics are not good enough to permit 
an accurate determination of shape, but the peak 
appears to be at a lower energy than the positive 
spectrum peak and the cutoff is also lower than that of 
the positive spectrum. 

The energy resolution indicated is the energy spread 
due to the width of the regions scanned in the plate. 
The uncertainties indicated in the spectral data are 
statistical probable errors involved in the counting of 
mesons. The uncertainty in the differential cross 
sections (do)/(dw) involves, in addition, the uncer- 
tainty in the absolute calibration, including the C" 
monitoring and plate thickness measurements. 


B. Hydrogen 


The hydrogen cross section was obtained by a sub- 
traction ee using a polyethylene target (CH2)p. 
Since Eq. (3) gives the cross section per (CH) group, 
the hydrogen meson production cross section is obtained 
by subtracting the carbon cross section, previously ob- 
tained, and halving the difference. Fortunately, the 
differential cross section for hydrogen is relatively large 
so that the subtraction errors are small. 

A 0.23-g/cm? polyethylene target was exposed under 
the same conditions as the carbon target and in the 
same vertical geometry. The 90° meson energy spectrum 
from hydrogen, consisting of 250 mu decays, is shown 
in Fig. 6, where the statistical uncertainty indicated 
includes the errors incurred in subtraction. 
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Fic. 5. Experimental results for the differential cross section 
for the production of x~ mesons in carbon at 90°+5° from a 
381-Mev proton beam. 
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Fic. 6. Experimental results for the differential cross section for 
the production of x* mesons in hydrogen at 90°+5° from a 381- 
Mev proton beam. 


The results for hydrogen show a pronounced maxi- 
mum at 24 Mev and a sharp cutoff just above this 
energy. 

The possible reactions leading to the production of 
m* mesons in hydrogen are p+ p—at+ p+n or x*++d. 
In the latter case the mesons are produced in a line 
spectrum at the maximum energy available in the 
nucleon-nucleon collision. For the case of a 381-Mev 
proton striking a proton at rest and forming a r+ meson 
and a deuteron, the maximum energy the meson would 
receive at 90° in the laboratory system would be 24 Mev. 
This curve is therefore consistent with the results at 
Berkeley,* which showed that the meson energy spec- 
trum is mainly concentrated about the maximum 
energy constant with deuteron formation. 

The curve cuts off sharply because the maximum 
energy the meson can receive is slightly above 24 Mev 
for the highest energy proton in the machine, and 
therefore, the poor resolution will not affect this cutoff. 
The curve falls off much less sharply on the low energy 
side because all the effects of the resolution, previously 
discussed, would tend to decrease the energy of the 
mesons. 

Although the shape of the spectrum is distorted 
because of the poor resolution, the area under the curve 
should not be appreciably affected. Integration over the 
spectrum gives the cross section for production of 
mesons in hydrogen at 90°, (do)/(dw)=(5.0X 1.2) 
X10-** cm? steradian™. 

The results of angular distribution measurements at 
Berkeley' indicate that the mesons are emitted with a 
cos’@ distribution in the center-of-mass systems of the 
colliding nucleons. Using this angular distribution, the 
total cross section is found to be = (7.342.3)10-*8 
cm’ at 381 Mev. 


C. Deuterium 


A deuterated paraffin target, 60 mils thick, was pre- 
pared and mounted in the radial geometry. The com- 
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position of the paraffin was C,Do, (>96 percent) and 
C,H, (<4 percent).!® Consequently, for the process of 
meson production, the paraffin can be treated as pure 
CrD on. 

The deuterium contribution was obtained by sub- 
tracting the carbon differential cross section from the 
observed spectrum of C,,D2,, and halving this result. 

The positive spectrum (dat), (dad E), consisting of 
174 x-p decays, is shown in Fig. 7. It has a maximum 
in the region between 30 and 50 Mev of about 4.5 10-*° 
cm? Mev~'. The integrated cross section (do+)/(dw) 
= (2.9+1.2)10~** cm? steradian“, 

In the same regions scanned for the positives, only 
6x~ meson stars were observed. The statistical errors 
are too large to permit the drawing of a spectrum, but 
an estimate of the total 90° negative cross section 
about 1.1X10-*® cm? steradian~! D 


(dw) is 
l 


(da~) 
nucleus 


D. Copper 


A 1.4. cm* copper target was covered by a 13-mil 
polyethylene foil and exposed in the radial geometry. 
The w* spectrum, of 157 m- decays, is shown in 
Fig. 8. The integrated cross section at 90°, (do+)/(dw) 
= (7.0+1.7)X 10~*§ cm? steradian—. The total number 
of 11 > mesons observed was too small to permit the 


drawing of a spectrum, but an estimate of the integrated 


cross section at 90° is do/dw=(1.6+0.7)X10-*8 cm? 


steradian™. 


E. Lead 


A 1.75 g/cm?* lead target covered by a 13-mil poly- 
ethylene foil was exposed in the radial geometry for 
approximately 5 minutes in a beam current ~10~'° 
amperes 

The * spectrum, consisting of 173 my decays, is 
shown in Fig. 9. The spectrum has a maximum at about 
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Experimental results for the differential cross section 
mesons in deuterium at 90°+5° from a 


Fic. 7. 
for the production of r* 
381-Mev proton beam 


‘©The deuterated paraffin was prepared by the Texas Oil 
Company, which gave a composition of 97.2 percent deuterium. 
A spectroscopic analysis of the particular batch used in the 
experiment was made by Professor T. I. Taylor of the Columbia 
University Chemistry Department, and he found a composition 
of 96 percent deuterium, 
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Fic. 8. E xperimental results for the differential cross section for 
the production of x* mesons in copper at 90°+-5° from a 381-Mev 
proton beam. 


70 Mev of 2.6X10-** cm?* steradian~' Mev~'. The 
integrated cross section at 90° is (do+)/(dw) = (15+3.7) 
X10~*8 cm? steradian™. 

In the identical region scanned for negatives, only 14 
meson-produced stars were observed. The statistical 
errors are too large to give a reasonable spectral shape, 
so the results are not shown. An estimate of the inte- 
grated negative cross section at 90° is (do—)/(dw) 
= (3.54+1.7)X10-*8 cm? steradian™. 

The experimental variation of + production as a 
function of A is shown in Fig. 10(a). The positive meson 
cross section (do)/(dw) at 90° increases much slower 
than the A variation that would be expected if each 
nucleon were to contribute equally or the A! variation 
if only nucleons in the surface were to contribute. The 
cross section for r~ protons vs A is shown in Fig. 10(b). 
In this case the cross section increases much more 
rapidly with A than for positive mesons. 


VI. ANALYSIS OF MESON PRODUCTION 


In order to calculate meson production cross sections 
in the heavy elements, the following basic assumptions 
are made: 

(1) Meson production in a heavy nucleus occurs only 
through nucleon-nucleon collisions, i.e., the bombarding 
proton interacts with only one nucleon of the target 
nucleus. The only contribution of the remainder of the 
nucleons is to give the struck nucleon a momentum 
which is characteristic of the momentum distribution 
of the nucleus. 

(2) In the meson production reaction there is a strong 
interaction between nucleons in the final state. This 
strong interaction requires that the meson receive the 
maximum available energy consistent with energy and 
momentum conservation. This is in accordance with the 
experimental results at Berkeley! which show that for 
a p-p collision meson production occurs principally via 
the reaction p+p—2*+d. The assumption of strong 
interaction in the final state does not necessarily imply 
deuteron formation, since even an unbound final state 
in which the neutron and proton interact strongly will 
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Fic. 9. Experimental results for the differential cross section 
for the production of x* mesons in lead at 90°+5° from a 381-Mev 
proton beam. 


give the meson close to the maximum available energy 
and result in a high energy peak. This assumption con- 
siderably simplifies the analysis, since the kinematical 
reaction is now that of a two-body problem instead of 
that of the three-body problem. This assumption also 
automatically permits the Pauli principle to be satisfied 
for the case of meson production at 90°, as the final 
state nuc!eons will have a large energy in the laboratory 
system and will therefore be above any of filled mo- 
mentum states of the heavy nucleus. 

(3) There is no interaction between the escaping 
meson and the nucleus. The differential cross section 
for production of mesons in a nucleon-nucleon collision 
is given by 


da/dw=(2r/h)(|Hap|*?/vr)p, (4) 


where Hag is the matrix element that connects the 
initial state of two nucleons to the final state of two 
nucleons (or deuteron) plus a x-meson, p is the number 
of final states per unit energy interval, and 2, is the 
relative velocity of the two initial nucleons. 

The matrix elements can be calculated by means of 
meson theory," using the different interaction operators 
characteristics of the various types of meson fields. 
However, results based on meson theory are frequently 
in serious disagreement with experiment. For this 
reason, it seems safer, though less fundamental, to 
analyze the results phenomenologically, as did Watson 
and Brueckner.” Extending their treatment of meson 
production near threshold, a partial wave analysis is 
made which leads to six types of matrix elements that 
have the following energy and angular dependence in 
the c.m. system: (AI) constant; (AIT) constant cos(@) ; 
(BI) T,,; (BID) 7,,! cosd; (CI) T,,; and (CII) T,, cos8, 
where 7°, is the maximum available energy in the c.m. 
system consistent with deuteron formation and @ in the 
angle of emission of the meson in this system. 

The energy dependence of the density of final states 
when combined with the relative velocity factor has 


1K. Brueckner, Phys. Rev. 82, 598 (1951). 
2K, Watson and K. Brueckner, Phys. Rev. 83, 1 (1951). 
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been shown to be approximately equal to 1/7," for 
the case of deuteron formation. If the energy and angle 
of emission of the meson in the c.m. system are known, 
then the energy of the colliding nucleons is completely 
specified. Thus, the differential production cross section 
for two colliding nucleons of energy E, in the c.m. 
system can be calculated. 

In order to determine the meson production cross 
section in a heavy nucleus the momentum distribution 
of the target nucleus must also be considered. The Fermi 
degenerate gas model was used in this calculation for 
this is the simplest model and is applicable to all nuclei 
of sufficiently high atomic weight. 

The 90° laboratory differential cross section as a 
function of meson energy is calculated as follows. A 
meson energy at 90° in the laboratory system is selected. 
The corresponding meson energy 7, and angle @ in 
the c.m. system having energy E is calculated. The 
appropriate cross section is computed using T,, and @ 
and is multiplied by the probability of having a system 
with a c.m. energy E,. The result is converted into a 
laboratory cross section and then integrated over all 
values of E, consistent with kinematics. This results in 
a point by point numerical evaluation of the meson 
spectrum. 

In view of the approximate nature of this calculation, 
in attempting to describe only the general characteristics 
of meson production in a heavy nucleus the momentum 
component of the target nucleon perpendicular to the 
direction of motion of the incident protons is neglected, 
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Fic. 10. (a) The differential +* production cross section at 90° 
to a 381-Mev proton beam is plotted vs the mass number A of 
the target. (b) The x~ production cross section at 90° to a 381-Mev 
proton beam is plotted vs the mass number A of the target. 
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Fic. 11. The theoretical curves for the differential production 
cross section for the different matrix elements are compared to the 
experimental results for carbon, copper, and lead. The theoretical 
curves are arbitrarily normalized to the experimental curves to 
give the experimentally integrated cross section at 90°. The curves 
for the type AI and BII matrix elements are so similar that an 
average of both has been plotted. 


since this has a relatively small influence on the calcu- 
lated spectrum. 

Utilizing matrix elements of types AI, AII, BI, BU, 
CI, CII combined with the energy dependence of the 
density of states and the probability factor for having a 
c.m. enérgy E,, computations have been made for a 
proton: bombarding energy of 385 Mev. The results of 
these calculations compared to the 90° experimental 
carbon, copper, and lead w+ cross section data at 381 
Mev are shown in Fig. 11. 

The curves calculated from the matrix elements of 
type AI and BII were almost indistinguishable ; there- 
fore, only one curve was plotted. The curves were 
arbitrarily normalized to give the experimentally deter- 
mined cross section at 90°. This arbitrary normalization 
obviates the need for correcting the production spec- 
trum for meson reabsorption within the struck nucleus, 
providing this interaction is not strongly dependent on 
meson energy. 

The calculations for the energy independent matrix 
element (AIT) predict a maximum in the spectrum at 
too low a meson energy. The results with the AI and 
BII matrix elements are much too high at the low 
energy end of the meson spectrum, and the CI matrix 
elements are much too low at the low energy end of 
the meson spectrum. Matrix elements of type BI and 
CII give a better fit regarding the correct maximum 
of the spectrum and the low energy shape, but they do 
not explain the high energy tail. The results of the 
calculations have also been applied to deuterium and 
were reported previously." 

As a test of the sensitivity of these calculations to the 
assumption of a particular nuclear model, the calcu- 
lations were repeated using the Chew-Goldberger'® 


4 Passman, Block, and Havens, Phys. Rev. 85, 370 (1952). 
® G. Chew and M. Goldberger, Phys. Rev. 77, 470 (1950). 
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Fic. 12. The theoretical curves for the production of +* meson 
for three different nuclear models are compared with the experi- 
mental data for carbon; curve a is for a Fermi degenerate gas 
distribution with a 22-Mev cutoff, curve b is for the Chew- 
Goldberger model, curve c is for a Gaussian distribution with an 
average energy of 19.3 Mev. 


momentum distribution deduced from the pick-up 
effect and the Gaussian distribution having an average 
of 19.3 Mev, which also seems to fit the pick-up effect 
data.'® 

The results for the Fermi, Chew-Goldberger, and 
Gaussian distributions utilizing matrix element BI, 
arbitrarily normalized to fit the experimental data at 
65 Mev, are shown in Fig. 12. 

Recent evidence!®:'® indicates that the Chew-Gold- 
berger distribution overemphasizes the high momentum 
tail and that the Gaussian distribution gives a better fit. 
This is confirmed in our calculations. The calculations 
fit the spectrum at the low energies and predict the 
correct maximum. They also give a high energy tail 
which is greater than the experimental results. This 
is to be expected since the matrix elements for all meson 
energies were assumed to vary as 7,,'. This relation 
holds only in the neighborhood of threshold, and the 
variation should be less rapid with increasing meson 
energy, an effect which would decrease the cross section 
for the production of very high energy mesons. Also, 
the recoil of the final nucleus has not been taken into 
account in the calculation. The neglect of this effect 
would raise the high energy end over its true value. 

Since positive and negative mesons were treated sym- 
metrically, the calculations should apply equally for 
negative mesons. However, the m~ spectra are not 
explained by the theory, as the maximum of the spec- 
trum occurs at a lower meson energy than predicted. 
In addition, the absolute value of (do~)/(dw) is an 
order of magnitude below that of the corresponding 7* 
cross section, whereas the assumption of equal n-p 
and p-p forces requires an @ priori ratio r+/m~=3 for 
carbon. The large experimental r+/x~ ratio (~25) in 
deuterium, which has been analyzed previously," indi- 
cates that the main contribution to positive pions comes 
Be M. Henley and G. H. Huddlestone, Phys. Rev. 82, 954 
( }e 
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from the reaction in deuterium: p+p—2++d. How- 
ever, the calculated ratios of the 90° r+ deuterium to 
the 90° x* hydrogen cross sections are far too low 
(matrix elements CI, CII, BI, and BII predict a ratio 
of 2.2, 1.7, 1.6 and 1.2, respectively, whereas the ex- 
perimental ratio is 5.64+2.3). This effect is difficult to 
understand, since it implies that a more energy- 
dependent excitation function than the 7,,! or T» 
matrix element dependence is required. This is not 
required, however, to explain the spectral shapes of the 
heavy elements. An alternative explanation, namely, 
that the two nucleons in deuterium do not act as inde- 
pendent particles in the process of meson formation, is 
also difficult to explain, since one might expect that, if 
the deuterium nucleus as a whole were to interact, a 
“tritium” peak (reaction p+d—t+ r+) might be appre- 
ciable. Furthermore, the spectral shapes of the heavy 


PHYSICAL REVIEW VOLUME 88, 


CHARGED 


*-~MESONS 1247 


elements were correctly predicted with the assumptions 
of independent nucleons. Certainly, in a deuterium 
nucleus where the binding is weak the assumption of 
independence should be better. Thus, one might suspect 
that negative mesons are produced by a different process 
from positive mesons. 
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Excitation Function for Charged =-Meson Production in Hydrogen 
and Carbon by 345- to 380-Mev Protons* 
S. Passman,t M. M. Briock,t anp W. W. ‘Havens, Jr. 
Columbia University, New York, New York 
(Received September 10, 1952) 


The 90° differential cross section for charged meson production in hydrogen and carbon is measured for 
incident proton energies 345 to 380 Mev. For hydrogen, the 90° x* meson production energy spectra occur as 
peaks in the energy region predicted from the kinematics of the reaction p+p—>x*+d. Ratios of these 90° x* 
differential cross sections are (da) /(dw) at 380 Mev: (da)/(dw) at 365 Mev: (da) /(dw) at 345 Mev=2.6:1.6:1 
with a statistical uncertainty of 15 percent. For carbon the x* meson production spectra show an increase in 
the energy of the maximum of the broad distributions, with increasing incident proton energy. The (r*)/(#~) 
ratio in carbon is found to be in the range (10+3):1 for all three proton energies studies. Qualitative agree- 
ment with these carbon x* meson spectra is obtained from a phenomenological analysis based upon the 
assumptions of nucleon-nucleon collisions in which the target has a Gaussian momentum distribution 


INTRODUCTION 


HE reaction (p—p, r*) has been studied in great 
detail at Berkeley’ with both liquid hydrogen 
targets and polyethylene-carbon subtraction techniques 
in conjunction with the external 340-Mev proton beam. 
The resulting ++ meson energy spectrum was observed 
as a clustering of the mesons about the maximum energy 
permitted by conservation laws, which indicates a 
strong nucleon-nucleon interaction in the final state of 
the reaction. Therefore, in the case of a triplet final spin 
state there is a strong possibility of deuteron formation. 
From the angular distribution of x* mesons produced in 
p—p collisions, Whitehead and Richman? conclude that 
* This work was supported jointly by the ONR and AEC. 
Publication was assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University, New York, New York. 
t Now at Hughes Research and Development Laboratories, 
Culver City, California. 
t Now at Duke University, Durham, North Carolina. 
Peterson, Illoff, and Sherman, Phys. Rev. 81, 647 (1951); 
Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 78, 823 
(1950) ; $1, 652 (1951). 
2 Marian Whitehead and Chaim Richman, Phys. Rev. 83, 97 
(1951). 


the x* production in the center-of-mass system has a 
(0.07+0.07+ cos’) angular dependence. 

Because of the difficulties associated with the quantum 
theoretical perturbation calculations of nucleon-nucleon 
meson production, one finds it more reliable if not as 
fundamental to apply the phenomenological theory of 
Watson and Brueckner.’ In their method, the previously 
discussed qualitative features of the experimental re- 
sults follow from the principles of conservation of parity 
and angular momentum together with an application of 
the exclusion principle, all contingent upon the pseudo- 
scalar nature of the + meson. An important test for 
this theory is the dependence of the nucleon-nucleon 
meson production cross section upon the incident 
proton energy, since the energy dependence of the 
transition operator for this process is directly related to 
the type of meson-nucleon interaction assumed. 

Experiments concerning the production spectra of 
charged mesons in carbon and the heavy elements‘ 

*K. Watson and K. Brueckner, Phys. Rev. 83, 1 (1951). 


‘Richman, Weissbluth, and Wilcox, Phys. Rev. 85, 161 (1952); 
Block, Passman, and Havens, Phys. Rev. 83, 167 (1951). 
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Fic. 1. Cross section view of cyclotron vacuum chamber. 


indicate broad single maxima distributions, believed due 
to the effect of the momentum distribution of the bound 
target nucleons. Used in this way, the meson probes 
nuclear structure characterized by internal momenta 
distributions, just as in the nucleon-nucleon case the 
meson probes nuclear forces at very close distances. 

Theoretical analyses of these heavy element meson 
production spectra,® based upon the impulse approxi- 
mation, while giving a qualitative explanation of the 
shape of the observed distributions, have been handi- 
capped because of lack of information concerning the 
nucleon-nucleon meson production excitation function 
as well as the paucity of information on the high mo- 
mentum nucleon states present in the target nucleus. 
The variation in the cross section of meson production 
in carbon with increased incident proton energy should 
give additional information regarding these questions. 

EXPERIMENTAL METHOD 

The experimental technique, employing nuclear emul- 
sions as detectors for measuring absolute meson pro- 
duction cross sections from targets bombarded by the 
internal circulating proton beam of the Nevis cyclotron, 
is basically the same as was reported in the previous 
paper on the variation of meson production with the 
atomic number Z and atomic weight A of the target 
material for 381-Mev protons.® 

In order to increase the energy resolution for the 
measurement of the hydrogen meson spectra, the target 
holder was redesigned so that the thin target is inclined 
at 45° to the vertical as shown in Fig. 1, rather than the 
vertical position used in the earlier work. This allows 
mesons traveling in the downward direction toward the 
detector to traverse only the thin ~40-mil dimension of 
the polyethylene target with a consequent small energy 
loss in the target. To localize the active meson-producing 
region of the target, a 5 in.X5 in.X1 in. copper beam 
“clipper’’ was placed at the same radial distance as the 
target, slightly (} in.) above the median plane of the 


5 Ernest M. Henley, Phys. Rev. 85, 204 (1952); Passman, 
Block, and Havens, Phys. Rev. 83, 167 (1951). 

* Block, Passman, and Havens, preceding article [Phys. Rev. 
88, 1239 (1952) ]. 
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circulating protons but displaced 90° in azimuth, in 
order to exclude neutrons, produced in the clipper, from 
the emulsion region. By this method, proton irradiation 
was successfully limited to the leading } in. of the 
targets, directly in the median plane, as measured by a 
monitoring of the C" activity induced in the carbon and 
polyethylene targets. The copper clipper also serves to 
prevent a significant degradation of the proton beam 
energy through multiple traversals of the target, since 
scattering of the proton beam in the target may send the 
protons into the clipper region where they are absorbed, 
stopped, or outscattered. 

For the excitation function measurements the energy 
of the incident proton beam was varied by radially 
displacing the probe, on which the target and detector 
are mounted in a permanent relative geometry, to new 
Hp values in the vacuum chamber. 

Exposures were made at proton energies of 345, 365, 
and 380 Mev. The upper limit of these proton energies 
was due to the characteristics of the Nevis cyclotron 
which had an n=0.2 point, where the well-known beam 
blow-up takes place, at a radial distance corresponding 
to 381-Mev proton energy. Proton energies below 345 
Mev lead to x* production from hydrogen at extremely 
low 90° emission energies, where background difficulties 
make it impossible to detect mesons using the present 
photographic technique. 

The requirement of bombarding targets by the in- 
ternal proton beam of the cyclotron involves the 
problem of incident beam energy degradation due to 
radial oscillations of the circulating protons as well as 
multiple traversals of the target. By using the copper 
clipper, it was hoped to reduce this beam degradation by 
the removal of some of these protons scattered from the 
target. Estimates of the remaining beam energy spread 
can best be made with the help of the meson spectra 
obtained from hydrogen. 

The hydrogen spectrum is expected to occur as a peak 
at the energy predicted from kinematics of the reaction 
p+p—2++d, with a much smaller low energy tail due 
to the reaction leading to an unbound \ — P final state. 
The observed spread of this peak is a measure of the 
energy and angular resolution of the detector as well as 
the spread in incident proton beam energy. From the 
experimental hydrogen «+ spectra (shown in Fig. 2) 
together with estimates of the detector energy and 
angular resolution, and meson energy loss in traversing 
the target, in conjunction with the variation in meson 
energy with emission angle and proton energy, it is 


TABLE I. Summary of 90° differential cross sections for meson 
production, integrated over meson energy, (do)/(dw)90°, in cm?* 
sterad™. 


At 380-Mev 
incident proton 
energy 


At 365-Mev 
proton energy 


7.5+1.8) X107%9 4.6+1,2) X107% 


Element At 345-Mev 


Hydrogen 2.9+0.7) X107% 


Carbon (4.7 41.3) X107%* 


(6.7 41.5) X10" 


(6.4 41.4) X10 
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estimated that the spread in incident proton energy is 
approximately 10 Mev. As discussed later, these sharply 
peaked meson spectra produced in hydrogen are ob- 
served to occur in the meson energy region predicted 
from kinematics of the reaction p+p—2*+d, corre- 
sponding to an incident proton energy approximately 
the same as calculated from the (Hp) value at the target 
position. Since any uniform spread in incident proton 
energy extending considerably below this Hp value 
would result in a displacement of the meson spectrum 
peak to lower meson energies, contrary to observation, 
it is inferred that proton energies corresponding to the 
proper Hp value at the target position strongly pre- 
dominate in the beam energy distribution. 

The method of calculation of the absolute differential 
cross section for meson production, from a knowledge of 
the areal density of ++ meson endings observed along 
the inclined Ilford C-2 nuclear emulsion, is described in 
detail in the previous paper. 

An accurate monitoring of the incident proton flux is 
accomplished by an absolute measurement of the 
target’s C" positron activity after bombardment. The 
excitation function for this reaction, C"(p,pn)C", has 
been measured by Aamodt ef al.’ 

The meson production cross sections are corrected for 
a geometrical nuclear interaction cross section to ac- 
count for absorption and scattering in the tapered 
copper absorber. 


MESON PRODUCTION IN HYDROGEN 
A. Results 


The 90° differential cross sections for ** meson pro- 
duction in hydrogen at incident proton energies of 345, 
365, and 380 Mev were obtained by a subtraction 
technique involving thin polyethylene (CH2), and car- 
bon targets. The feasibility of this subtraction method 
rests upon the experimental fact that the 90° r+ spec- 
trum from hydrogen occurs as a sharp peak in the low 
energy region where the carbon differential cross section 
is relatively quite small. 

The polyethylene targets were 0.23 g/cm? wide in the 
proton beam direction and only 0.09 g/cm? thick. 
Mesons of 20-Mev kinetic energy traveling downward 
through the target toward the detector region (see 
Fig. 1) will lose less than 1 Mev, on the average, by 
ionization loss in the target, while the high energy 
incident protons have a negligible energy loss in 
traversing the thin targets. 

Results for the hydrogen 90° differential cross sections 
d’¢/dwdE at the above proton energies are plotted in 
Fig. 2 as a function of meson energy. These meson 
spectra are observed to have peaks at meson energies 
consistent with energy and the momentum conserva- 
tion laws for the reaction p+ p—2*+-d, as indicated by 
arrows drawn in the figures. 


7 Aamodt, Peterson, and Phillips, University of California 
Radiation Laboratory Report 526, 1949 (unpublished). 
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Fic. 2. x* differential cross section in hydrogen at (90°+1.5°) 
to the proton beam for 345-Mev, 365-Mev, and 380-Mev proton 
energy. 


The statistical uncertainties indicated in the data are 
the standard deviations of the counting including the 
errors due to subtraction. The hydrogen spectra are 
based on the following numbers of observed r—y 
decays: 150 events for the H spectrum at 345 Mev, 250 
for 365 Mev, and 180 for 380 Mev. 

Values for the 90° x* differential cross sections in 
hydrogen, integrated over meson energy da/dw, are 
given in Table I. These values are obtained by a 
histogram of the meson energy spectra, and the sta- 
tistical uncertainties given are for the absolute values of 
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Fic. 3. Angular dependence of x* production in p—? collisions, 
from V. Peterson et al., University of California Radiation 
Laboratory Report UCRL-1405 (unpublished). 


the cross sections. These include the uncertainty in 
absolute proton flux monitoring using the induced C" 
activity and the measurements of emulsion thickness, as 
well as statistics of the counting of mesons. 

The uncertainty in the relative increase of the 90° 
differential cross section for x*+ production in hydrogen 
with increasing proton energy should involve principally 
the uncertainty of the histogram computation of the 
cross section, based on the number of mesons detected. 
Any systematic error in the absolute calibration will be 
minimized in these ratios which are (da/dw) go at 380 
Mev: (da/dw)g9* at 365 Mev: (da/dw) 9° at 345 Mev 

2.6:1.6:1, with an estimated uncertainty of approxi- 
mately 15 percent. 


B. Analysis 


The available evidence concerning meson production 
in p—p collisions at 340 Mev points to production 
occurring principally via the reaction p+p—-72+d,° 
with an angular dependence proportional to (0.07+0.07 
+cos*@)* in the c.m. system. From the work of Durbin, 
Loar, and Steinberger, who measured the cross section 
for the inverse process of r+ absorption in deuterium,’ 
there is reason to believe that this angular distribution 
remains constant in the proton energy interval from 340 
to 380 Mev. However, their estimate of the isotropic 
contribution to the cross section is closer to 0.16+0.08 
rather than the 0.07+0.07 given by Whitehead and 
Richman. 

A comparison of our value of the 90° x* differential 
cross section for 345-Mev protons with work done at 
Berkeley at 340 Mev at other angles is given in Fig. 3. 
This figure, from an article by Peterson, Illoff, and 
Sherman,'® shows the 340-Mev differential cross section 
do/dw, for r+ mesons produced in hydrogen at 18°, 30°, 

SF. Cartwright, thesis, University of California, 1951 (un 
published) 

® Durbin, Loar, and Steinberger, Phys. Rev. 83, 646 (1951); and 
H. Loar (private communication). 

© Peterson, Llloff, and Sherman, University of California Radia- 
tion Laboratory Report 1405 (unpublished). 
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and 60°, to the proton beam, normalized to Cartwright’s 
measurement at 0°. We have appended our value for 
da/dw at 90° and 345 Mev. If one assumes the reaction 
p+p—2*t+d, with the resulting line spectrum of mesons 
in the c.m. system, then from a transformation of the 
solid angle factor between c.m. and laboratory systems, 
one can easily derive the dependence of do/dw upon 
laboratory angle of emission for various assumptions 
about the c.m. angular dependence. Curves indicating 
isotropic and cos*@ c.m. angular dependence are shown 
in Fig. 3. The agreement with experiment is seen to be 
quite good for the cos*@ assumption. 

If one analyzes the 90° x* differential cross sections at 
the incident proton energies of 345, 365, and 380 Mev by 
assuming the reaction p+ p yields r*++d, together with 
a cos’@ angular distribution in the c.m. system, as indi- 
cated from the above discussion, then one can calculate 
the total + cross sections in hydrogen by means of the 
solid angle transformation factor between laboratory 
and c.m. systems at these proton energies. The values of 
the resulting absolute total cross sections oto are 
10.6X10-** cm? at an incident proton energy of 380 
Mev, 6.1 10-*8 cm? at 365 Mev, and 3.5 10~** cm? at 
345 Mev. The statistical uncertainty in these absolute 
cross sections is ~ 25 percent. 

In comparing the excitation function for meson pro- 
duction in hydrogen with theoretical predictions, the 
significant quantity is the relative increase in the meson 
production total cross section with increasing proton 
energy. Consequently, the excitation function for the 
total cross section for x+ meson production in hydrogen, 
rot, relative to the value of o¢o¢ at 345 Mev is plotted in 
Fig. 4. This curve is arbitrarily normalized to an abso- 
lute value of 3.5X10-%8 cm? at 345 Mev. By way of 
comparison, the point at 340 Mev represents the com- 
bined Berkeley results for oto: as quoted by Peterson 
el al.' In Fig. 4, the statistical uncertainties in otot 
relative to the 345-Mev cross section measurement are 
indicated together with the data. These cross section 
ratios, ctor (380 Mev): ctor (365 Mev): ctor (345 Mev) 
= 2.95:1.7:1, with a statistical uncertainty of approxi- 
mately 20 percent, are very little affected by small 
isotropic contributions to the angular dependence of the 
cross section. 

An attempt to fit the experimental excitation function 
for meson production in hydrogen with a simple power 
law, such as (Tmax)", Where Tmax is the maximum c.m. 
meson energy available in the collision, indicates that 
the assumption of m= 2, as shown by the solid curve (B) 
in Fig. 4, is in fairly good agreement with the data. 

The inverse process concerning #* absorption in 
deuterium yielding two fast protons, *++d->p-+ p, has 
been studied by Durbin, Loar, and Steinberger" for 
meson energies between 25 and 53 Mev in the center-of- 
mass system. This is equivalent to the kinematical 
situation for the process p+p—a++d for incident 


" Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 
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proton energies 350-410 Mev. From detailed balancing 
considerations, Cheston® has shown that these two 
inverse processes are connected through the relation 

2 p* 


Frotal 


"(wn ’ 
(r++) (p+p) 3(2S+1) ? 


(S=meson spin), where p and g are the proton and 
meson momenta, respectively, in the c.m. system of the 
reacting particles. From our work on the excitation 
function of the p+p—*+d process, we can therefore 
predict an increase in the total cross section for #* 
+d—p+p of 1.95+20 percent in the meson energy 
interval 24-39 Mev (corresponding to proton energies 
345-380 Mev for the inverse process), in good agreement 
with the value obtained directly for this process by 
Durbin ef al., namely, 1.915 percent. 

Brueckner" has calculated the cross section fer meson 
production in a nucleon-nucleon collision on the basis of 
third-order perturbation theory using the methods of 
Feynman and Dyson applied to meson theory. Only for 
pseudoscalar theory with pseudovector coupling does 
the calculation give a nonisotropic angular dependence. 
The formation of a deuteron is included in this calcula- 
tion by the incorporation of the deuteron wave function, 
evaluated at the origin, as an additional factor in the 
matrix element for the process. The predicted depend- 
ence of the p+ p—x*++d meson production process on 
incident proton energy varies near threshold as the $ 
power of the meson’s kinetic energy in the center-of- 
mass system, (Tnax)!, for the case of PS theory with 
PV coupling. Including the contribution of the unbound 
final n—p state in the proportion estimated by 
Brueckner, amounting to } of the cross section for the 
bound state at 350 Mev, yields the over-all energy 
dependence of the (p— p, #*) production process shown 
by the dotted curve (A) in Fig. 4. This theoretical 
excitation function, which is arbitrarily normalized to a 
value of 3X 10~*8 cm? at 340 Mev, is seen to be signifi- 
cantly below the observed experimental energy de- 
pendence in the region of high proton energies. 

Because of the inherent difficulties involved in 
the application of quantum theoretical-perturbation 
methods to a process involving such strong interaction 
constants as meson production, the phenomenological 
theory of Watson and Bruechner™ has been used. This 
phenomenological theory, which has been successful 
in interpreting the 0°, 340 Mev (p—>), *) spectrum 
of Cartwright,’ predicts a variation of this (p—p, m*) 
total cross section with increasing proton energy, for 
the case of a transition operator proportional to the 
first power of the meson momentum, that is essen- 
tially the same as the results previously given from 
Brueckner’s work. For the assumption of a triplet final 
n—p spin state, including the large contribution due to 

2 W. Cheston, Phys. Rev. 83, 1118 (1951). 


’ Keith A. Brueckner, Phys. Rev. 82, 598 (1951) 
‘ K, Watson and K. Brueckner, see reference 2. 
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deuteron formation, the predicted ++ meson production 
excitation function of Watson and Brueckner is given by 
curve A, Fig. 4, arbitrarily normalized to a cross section 
of 3X10-*8 cm? at 340 Mev, the value quoted by the 
above authors. This energy dependence, which clearly 
rises less sharply than the experimental excitation func- 
tion, can be brought into agreement by requiring that 
the factor I(p), defined by Watson and Brueckner as 
the nucleon momentum (p) dependent factor in the 
matrix elements (but assumed constant in their results), 
should have a dependence of the order of p*. 

Chew et al.'* have recently pointed out that Watson 
and Brueckner’s treatment does not separate the meson- 
nucleon interaction from the interaction between the 
two nucleons. These authors proceed to separate out the 
effects of nuclear binding in initial and final states of 
the p+p—2x++d reaction, in the spirit of explicitly 
evaluating the transition operator factor I?(p) of 
Watson and Brueckner. These calculations lead to 
additional factors in the production cross section, pro- 
portional to the Fourier amplitude of the deuteron or 
diproton wave function which are then multiplied by 
the meson-nucleon matrix elements and kinematical 
factors to yield the over-all energy dependence of the 
reaction. These Fourier amplitudes probably decrease 
fairly rapidly with increasing incident proton mo- 
mentum, ~(1/p5), so that the required meson-nucleon 
interaction must rise even more sharply with energy 
than was previously estimated, in order to explain the 
steep experimental excitation function for the over-all 
production process. Durbin, Loar, and Steinberger" 
speculate that this steep energy dependence is probably 


x 10728 cm? 
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Fic. 5. x* meson differential production cross sections‘in carbon 
at (90°+-5°) to the proton beam for 345-Mev, 365-Mev,fand 380- 
Mev proton energy. The curves represent theoretical 90° meson 
spectra from carbon using a Gaussian target nucleon momentum 
distribution together with a (7’max)* empirical nucleon-nucleon 
meson production excitation function. 


of the same origin as the sharp excitation function in 
neutral photomeson production. To explain this latter 
process, Brueckner and Case'® have suggested the 
influence of a resonance interaction with a nucleon 
isobar, which is one of the characteristics of strong 
coupling meson theory. Such a meson-nucleon resonance 
interaction has also been proposed by Brueckner,!” to ex- 
plain the recent experimental evidence'* for a large, 
strongly energy dependent m+ scattering process in 
hydrogen. 


RESULTS FOR MESON PRODUCTION IN CARBON 


Carbon targets, 50 mils thick and 75 mils or 0.3 g/cm? 
in the beam direction, were exposed to the proton beam 
at Hp values corresponding to incident proton energies 
of 345, 365, and 380 Mev. The duration of the exposures 
averaged about 15 sec, and the incident beam currents 
striking the were approximately 0.6X10-* 
amperes. 

Figure 5 shows the 90° differential cross sections 
(@a)/(dwdE), for r+ mesons produced in carbon at the 
three proton energies. These 7* 


target 


above-mentioned 


“16 K. A. Brueckner and K. M. Case, Phys. Rev. 83, 1141 (1951). 
Keith A. Brueckner, Phys. Rev. 86, 106 (1952). 
18 Anderson, Fermi, Long, and Nagle, Phys. Rev. 85, 936 (1952). 
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spectra are based upon 350 x— u events for the 345-Mev 
cross section, 550 r—, events for the 365-Mev cross 
section, and 300 x—4w events for the 380-Mev cross 
section. The absolute value of the 380-Mev cross section 
is somewhat higher than that reported in the previous 
paper, although it is within the statistical uncertainties 
stated, which correspond only to the probable error in 
counting mesons. The absolute cross section involves the 
calibration using the C" activity which will introduce an 
additional error. However, the uncertainty in the rela- 
tive increase should not involve this absolute calibration. 

The meson spectra from carbon are seen to occur as 
broad single maxima distributions. The shift of the 
energy of the maximum of the curve from ~45 Mev for 
a proton energy of 345 Mev, to ~55 Mev at 365 Mev, 
and to ~62 Mev at 380 Mev, is noteworthy. 

To obtain the 90° w+ differential cross sections inte- 
grated over meson energy (do*)/(dw) the above data are 
histogrammed, yielding the values given on line 2 of 
Table I. The uncertainties given include the estimate of 
the precision of the absolute calibration as well as the 
statistics of counting. From this table it is seen that the 
relative increase in the 90° w+ carbon cross section is less 
than the increase in the hydrogen cross section in this 
same incident proton energy interval. 

With regard to the production of ~ mesons in carbon 
the significant experimental fact is that the negatives 
are produced in much less quantity than the positives, 
for all three proton energies studied. In the identical 
regions scanned for x+ mesons included in the previous 
distributions, only 23 ~ mesons were found for the 
345-Mev spectrum, 21 w~ for 365 Mev, and 29 x for 
380 Mev. 

Because of these limited statistics, only qualitative 
statements may be made concerning the production of 
negatives in carbon. The spectrum of 7~ mesons appears 
to shift to lower energies than the corresponding m* 
spectrum at the same proton energy. That is, the energy 
of the maximum of the curve of the m~ distribution 
occurs at a lower meson energy than that of the r* 
distribution, and the meson spectrum cut-off energy is 
also lower for the case of #~ mesons (~90 Mev). The 
ratios of the w+ to w~ 90° cross sections for carbon, 
integrated over meson energy, were within the range 
(10+3):1 for all three proton energies studied. 

This observed x+/x~ ratio in carbon is consider- 
ably greater than the a priori expected ratio of 
(A+Z)/(A—Z)=3, which would be found if the pro- 
tons and neutrons in the carbon nucleus had equal cross 
sections for meson production and if the (p—n, m*) 
reaction had the same probability as (p—n, m-). 

Analysis of the still larger x+/~ ratio observed for 
meson production in deuterium by protons'® indicates 
that the strong interaction in the final state of the 
(p—p, xt) may for this charge 
assymmetry in meson production. 


reaction account 


19 Passman, Block, and Havens, Phys. Rev. 85, 370 (1952). 





EXCITATION FUNCTION 


A large x*/x~ production ratio of the order of 15 was 
recently observed by Dudziak”® for mesons produced in 
carbon at 0° to the Berkeley 340-Mev proton beam. 
However, Richman and Wilcox in an early experiment 
on meson production” found a r*/m~ ratio of 5.1+1.0in 
carbon at 90° to this same proton beam. The dis- 
crepancy between this value and that of the present 
work occurs principally in the x*+ production, where we 
find a differential cross section at 345 Mev that is ap- 
proximately twice as large as that reported by Richman 
and Wilcox, namely, (2.3+0.5)10-°5 cm? sterad™', 
although the statistical uncertainty in the ratio of these 
absolute cross sections is ~ 35 percent. Good agreement 
with regard to the spectral shape of the energy distribu- 
tions is found ; both experiments indicate a sharp rise in 
the cross section at low energies, the maximum occurring 
at an energy of approximately 45 Mev and tailing off at 
higher energies, although the cross section is still not 
zero at the maximum energy observed, 120 Mev. 


PHENOMOLOGICAL CALCULATION OF x* MESON 
PRODUCTION IN CARBON 


Calculation of the production of #* mesons in carbon 
is done in the same manner as in the previous paper 
using the following assumption: 


(a) Meson production in carbon occurs through 
nucleon-nucleon interactions. 

(b) The momentum distribution of target nucleons 
before collision is Gaussian, falling to 1/e of its maxi- 
mum value at a nucleon energy of ~14 Mev, as sug- 
gested by the work of Cladis” on the energy spectrum of 
protons scattered from carbon. 

(c) The nucleon-nucleon meson production process 
has the following properties: 


(1) a cos*@ angular dependence in the c.m. system; 

(2) a strong final state nucleon interaction which 
requires the emitted meson to receive all the available 
kinetic energy Tax in the c.m. system; 

(3) the excitation function is proportional to (Tmax)* 
(see Fig. 4). 

Results of the calculations at 345, 365, and 380 Mev 
are plotted together with the experimental data in 
Fig. 5 and show fairly good agreement with regard to 
(a) the general shape of the meson spectra, (b) the shift 
of the meson spectrum peak energy to higher meson 
energies with increasing proton bombardment energy, 
and (c) the presence of the high meson energy tail in the 


2 Walter F. Dudziak, Phys. Rev. 86, 602 (1952) and private 
communication. 

21 C, Richman and H. A. Wilcox, Phys. Rev. 78, 496 (1950). 

2 John B. Cladis, Ph.D. thesis, University of California, 1952 
(unpublished). 
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distribution, probably due to the high momentum 
states in the carbon nucleus. 

Although the theoretical curves are independently 
normalized in this figure, the calculations do predict an 
increase in this 90° differential cross section of ~1.5 in 
the energy interval 345 to 380 Mev, in good agreement 
with the experimental increase (see Table I). 

A further application of this calculation is to the ratio 
of 90° x+ production cross sections in carbon and 
hydrogen. Based on the above calculation, using a 
normalized target momentum distribution and the ex- 
perimental meson production excitation function, it is 
found that the expected efficiency of a nucleon in carbon 
for meson production is approximately twice that of a 
free nucleon at rest. This effect is due to the strong 
excitation function for #*+ production which weights the 
collisions in which the target nucleon approaches the 
incident nucleon, with a consequent increase in the 
available c.m. meson energy, more than those collisions 
in which the target nucleon’s motion is in the other 
direction. For the experimental ratio of the carbon and 
hydrogen 90° * cross sections we find ratios of (10-12): 1 
in the proton energy interval studied. Correcting for 
meson reabsorption in the target nucleus, from the work 
of Brueckner, Serber, and Watson,” we would expect 
these production cross sections to stand in the ratio of 
18:1. In view of the efficiency factor of 2 for component 
nucleons of the carbon nucleus, owing to their relative 
motion, this observed ratio of r+ production in carbon 
to hydrogen can be understood if the (p—mn, #*) pro- 
duction process has $ the probability of the (p— p, m*) 
process, in agreement with a priori considerations of the 
production process, since either proton in the latter case 
may give rise to the positive meson. While this con- 
clusion is in agreement with analysis of meson produc- 
tion in deuterium,” where the large x* production cross 
section requires an appreciable contribution from the 
p—n reaction, it makes it difficult to understand the 
observed large positive to negative ratio in carbon and 
deuterium, since this hypothesis would require an 
assymmetry in the (p—n, r+) and (p—n, w~) produc- 
tion processes. This asymmetry appears to be contrary 
to notions of charge independence of nuclear forces at 
low energy. 

We gratefully acknowledge the assistance of the Nevis 
cyclotron staff and the Nuclear Emulsions group. Dr. 
Chien-Shiung Wu kindly aided us in the original abso- 
lute calibration of our monitoring apparatus. Mrs. 
Marjorie Boehlert and Mr. Saul Basri aided us in 
scanning the photographic plates. 


3 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 
* Passman, Block, and Havens, Phys. Rev. 85, 370 (1952). 
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Separated isotopic targets of Ne®', which were produced at the Nobel Institute of Physics, have been used 
to measure the Q-values of the reactions (1) Ne*(d, a)F'*, and (2) Ne*(d, p)Ne®. A double focusing mag- 
netic spectrograph was used to compare the energy of the protons and alpha-particles from these reactions 
with the alpha-particles from ThC and ThC’. The angle of observation and the deuteron bombarding energy 
were chosen so that the particles being studied and the alpha-line used for energy calibration lay nearly side 
by side on the photographic plate used as a detector. The Q-values measured are 6.432+0.010 Mev for re- 
action (1) and 8.137+0.011 Mev for reaction (2). From these Q-values and the mass of F!* the atomic masses 
of Ne® and Ne*® are obtained. Other alpha-groups from reaction (1) correspond to transitions to states in 
F"® at 0.113+-0.008 Mev and 0.192+0.012 Mev above the ground state. Additional particle groups from N 
and Na contamination on the targets have been observed: The Q-values measured are 8.613+0.011 Mev for 


N'*(d, p)N™ and 4.723+0.008 for Na*(d, p)Na™. 


Il. INTRODUCTION 
HE (Q-values measured with the precision afforded 
by magnetic analysis provide a very accurate 
measure of mass differences. A sufficient number of mass 
differences have been measured to determine the masses 
of most of the light nuclei up through F'* directly in 
terms of O'*. In the past year these accurate Q-values 
measurements have been extended by Buechner’s group 
at the Massachusetts Institute of Technology to include 
many of the nuclei between Ne and P. However, there 
has not yet been reported any precise measurement of 
the mass difference between F and Ne which would 
make it possible to relate the masses of these heavier 
nuclei to O'*, This paper describes a measurement of 
the Ne?!(d, p)Ne® and Ne?!(d, a)F'® Q-values which 
determine the masses of Ne” and Ne” in terms of O". 
Together with the measurements of the MIT group, 
these Q-values may be used to determine the masses of 
many of the heavier nuclei by means of nuclear trans- 
mutation energies. 
Il. APPARATUS 
The isotopic targets of Ne*! were prepared in the 1.6- 
meter isotope separator of the Nobel Institute’ by 


Tasxe I. Sources of experimental error and their contribution to 
the probable error in the Ne*(d, a) F!* Q-value. 


Probable 
error in Q 
Source of error kev 


Statistical error in E, (+} width at half-maximum) 

Energy of ThC alpha-particles 

Surface layer correction (+} layer thickness) 

Displacement of beam spot relative to ThC source 
(+0.5 mm) 

Deuteron bombarding energy (+0.2 percent) 

Angle of observation (+0.2°) 


Net probable error in Q=10 kev 


* Assisted by the joint program of the ONR and AEC and by 
the Swedish Atomic Committee. 

t On leave from the Nobel Institute of Physics, Stockholm, 
Sweden 

1 Bergstrom, Thulin, Svartholm, and Siegbahn, Ark. Fys. 1, 
281 (1949) 


bombarding silver disks, 0.8 inch in diameter by 0.125- 
inch thick, with Ne” ions at an energy of about 50 kev. 
These targets are thus very thin for protons, deuterons, 
and alpha-particles of a few Mev. The Ne*! bombard- 
ments were sufficient to saturate the targets. Since the 
neon is absorbed in the silver surface and escapes readily 
if the silver is heated,? the target was mounted in close 
thermal contact with a block of copper which was 
maintained at room temperature during the deuteron 
bombardment, and the deuteron beam on the target 
was kept below 0.3 microampere to prevent local 
heating. 

The energy of the incident deuterons from the 3.0- 
Mev Van de Graaff generator of the Kellogg Radiation 
Laboratory was measured with a 90° electrostatic 
analyzer. The analyzer was calibrated against the 
AP"(p, y)Si?’ resonance at 0.9933 Mev,’ and the linearity 
of the analyzer was checked by observing this same 
resonance with the H+ and HH¢* ions. The electrostatic 
analyzer calibration was checked frequently during the 
course of the experiment. At each run the target 
was bombarded with 1000-1600 microcoulombs of Dt 
ions. 

The energy of the emitted particles was measured 
with the 16-inch double focusing magnetic spectrograph. 
The full solid angle of 0.007 steradian was utilized. 
Ilford emulsions, 100 microns thick, were placed in the 
focal plane of the spectrograph to detect the particle 
groups. A weak ThC—ThC’ alpha-source was placed 
6 mm from the target spot as measured along the axial 
direction of the spectrograph so that the spectrum of 
particles from the alpha-source appeared on the photo- 
graphic plate displaced axially 5 mm from the spectrum 
of particles emitted from the target. The angle of ob- 
servation, 150.2+0.2°, and the bombarding energies 
were chosen so that the alpha-calibration line lay very 
near the line whose energy was to be measured. The 
plate was exposed simultaneously to the calibration 
alphas and the reaction products, and thus any drift in 


?C. Mileikowsky and R. Pauli, Ark. Fys. 4, 299 (1952). 
’ Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949). 
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Fic. 1. Alpha-spectrum from Ne*(d, a)F'*. The group marked A 
corresponds to transitions to the ground state of F*; groups B 
and C are attributed to transitions to states in F at 11348 kev 
and 192+12 kev above the ground state. The at-dashed part of 
peak C is obtained from plates exposed at a lower magnetic field. 
The ThC lines which were used to calibrate the energy scale are 
shown in the upper figure, plotted against the radial displacement 
from the end of the photographic plate. The energy scale is differ- 
ent for protons and alphas; Ey,oton=0.9931E,. The dotted curve 
shows the protons from the reaction Na™(d, p)Na™, 


the magnetic field during an exposure would appear in 
the width of the calibration alpha-line. The magnetic 
field was monitored continuously during an exposure 
with a fluxmeter of the type that has been described 
previously.‘ The method of preparing the alpha-sources 
and the method of measuring the angle of observation 
have also been described.® 


Ill. RESULTS 
A. Ne*(d, a)F'® 


The spectrum observed at a bombarding energy of 
2.129 Mev is shown in Fig. 1. The upper curve shows the 
two alpha-calibration lines from ThC. The energies 
assigned to these two alpha-lines are 6.038+-0.003 Mev 
and 6.078+0.003 Mev calculated from Briggs’® meas- 
urement of Hp for RaC and the Cavendish measure- 
ments’ of the ratios of the velocity of the thorium 
alpha-particles to the velocity of the RaC alpha-par- 
ticles. A 4-kev correction in this calculated energy has 
been included for the penetration of the recoil ThB 
nucleus into the target backing. The group of alpha- 


‘¢. S Lauritsen and T. Lauritsen, Rev. Sci. Instr. 19, 916 


(1948). 
5 W. Whaling and C. W. Li, Phys. Rev. 81, 150 (1950). 
6 G. H. Briggs, Proc. Roy. Soc. (London) A157, 183 (1936). 
7W. B. Lewis and B. U. Bowden, Proc. Roy. Soc. (London) 
A145, 235 (1934). 
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Net!(d,p)Ne* 1255 


particles marked A is from the Ne*(d, a)F'® reaction 
and has an energy of 6.106 Mev which is obtained by a 
linear extrapolation of the momentum scale set by the 
calibration alpha-lines. 

The target surfaces were slightly discolored, and it 
would appear that during the course of the Ne bom- 
bardment carbon also was deposited on the surface. 
Thus the observed energy must be corrected for the 
energy loss of the alpha-particles in this contamination 
layer on the surface of the target. The thickness of this 
layer was measured by observing the energy of deu- 
terons scattered from the face of the target and com- 
paring this energy with the energy of deuterons scat- 
tered from a clean evaporated silver surface. In this 
measurement the photographic plate was replaced by 
collecting slits and a scintillation counter, and the 
magnetic field was varied to observe the spectrum. 
Figure 2 shows these two spectra, from which it appears 
that the layer on the surface is 3.6 kev thick, for deu- 
terons of 873 kev. The two steps are displaced by twice 


* this amount since the deuterons pass through the layer 


twice. The 6-Mev alpha-particles would lose 5.9 kev in 
passing through this layer. Two Ne” targets were used 
in the present work, one with a contamination layer of 
3.6 kev for 873-kev deuterons, one with a layer of 11 
kev. By comparing the energy of the Ne (d, a)F'® 
alpha-particles from the two targets, it was found that 
the Ne”! was distributed throughout the contamination 
layer, as would be expected if the contamination were 
laid down during the Ne” bombardment in the isotope 
separator. Hence the energy of the emitted alpha- 
particles has been corrected for penetration through 
only one-half of the surface layer. Four measurements 
of this alpha-particle energy were made, and the 
corresponding Q-value is 6.432+0.010 Mev; relativistic 
effects have been included in the calculation of the 
Q-value, and nuclear masses have been used. The con- 
tributions to the probable error are summarized in 
Table I. 

Two other lines marked B and C appear in our ex- 
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Fic. 2 Spectrum of deuterons scattered from clean silver and 
from the neon target before and after 1000-microcoulomb deuteron 
bombardment. The incident deuteron energy is 873 kev. 
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Fic. 3. The proton spectrum from Ne#!(d, p) Ne® and N'4(d, p)N™, 
at a deuteron bombarding energy of 1.354 Mev. The upper and 
lower curves were obtained with two different targets. The dotted 
curve shows the alpha-line from ThC’ used to calibrate the energy 
scale for the lower curve. The energy scale is different for proton 
and alphas, Eyroton= 0.9931 Eq. 


posures. The variation of their energy with changes in 
the deuteron bombarding energy indicates a target 
nucleus of mass 21+4, and we attribute these lines to 
the Ne*!(d, a)F'® reaction leading to states in F' at 
113+8 kev and 192+12 kev above the ground state. 
These levels have not been reported earlier. 


B. Ne*(d, p)Ne”’ 

The spectrum of protons observed at a bombarding 
energy of 1.354 Mev is shown in Fig. 3. The protons 
from the Ne*(d, p)Ne” reaction have very nearly the 
same energy as the protons from the N'(d, p)N’® reac- 
tion. In a plate exposed at 1.850-Mev deuteron energy, 
the two proton groups were not resolved, but the varia- 
tion of the proton energy with changes in the incident 
deuteron energy makes possible the resolution and iden- 
tification of the proton groups. Taking the energy of the 
ChC’ calibration alpha-line to be 8.772+0.003 Mev, we 
find for the Q-value of the Ne*!(d, p)Ne” reaction 
8.137+0.011 Mev. This value is lower than the value 
8.34 Mev found from range measurements.® 


C. N'*(d, p)N'® and Na*(d, p)Na** 


The proton line from N'(d, p)N'® shown in Fig. 3 
has been used to calculate the Q-value for this reaction, 
yielding 8.613+0.011 Mev. This value is in good agree- 
ment with an earlier measurement by the MIT group* 

8 J. Ambrosen and K. M. Bisgaard, Nature 165, 888 (1950). 


* Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 
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of 8.615+0.009 Mev. The proton line in Fig. 1 has been 
identified as coming from the reaction Na"(d, p)Na™ 
and yields a Q-value for this reaction of 4.723+-0.008 
Mev, again in good agreement with the MIT value, 
4.731+0.009 Mev.® 


IV. MASSES OF THE NEON ISOTOPES 


From our Q-values for the Ne*(d,a)F!* and 
Ne*(d, p)Ne™ reactions we can calculate the atomic 
masses of Ne”! and Ne” using the atomic masses of 
H', D*, He‘, and F'® obtained from nuclear reaction 
energies,'® and Ne®® mass can then be obtained from the 
MIT measurement" of the Ne?°(d, p)Ne# Q-value. 
We assume that the Q-values can be used directly to 
calculate the atomic masses. These mass values are 
listed in Table II together with recent mass spectro- 
scopic values based on Ewald’s'” measurements of the 
D,0'*— Ne*®, D,HO"*— Ne”, and D,;O"*— Ne” doublets ; 
the first doublet has also been measured by Nier' who 
finds a value in agreement with Ewald’s. It is evident 
from Table II that there is good agreement between the 
nuclear and mass spectroscopic measurements of the 
masses of Ne” and Ne”; for Ne”!, however, there is a 
discrepancy of 109 wMU. The agreement between the 
nuclear and mass spectroscopic values for Ne®® and Ne* 
may be interpreted as lending mass spectroscopic sup- 
port to our mass of Ne*!, since the nuclear transmuta- 
tion mass values for Ne”® and Ne” are obtained directly 
from the nuclear transmutation mass of Ne”. 

With the value of the Ne?'(d, p)Ne” Q-value we are 
able to check the consistency of the following cycle of nu- 
clear reactions: Ne*!(d, p) Ne”, Ne*(d, p)Ne*, Q= 2.964 
+0.007 Mev;® Ne**(8)Na*, 0=4.21+0.015 Mev;" and 
Na™(d, a)Ne™!, 0=6.902+0.010 Mev.® The cycle so 
formed fails to close by 178 kev, which is far more than 
the quoted errors would allow. If all the measurements 
are correct, it would appear that one of the measured 
transitions may not go to the ground state. In view of 
the fact that the earlier range measurement of the 
Ne®!(d, p)Ne” Q-value gave a result which would close 
the cycle, we emphasize that we have examined the re- 
gion of the spectrum where the protons corresponding to 
the higher Q-value would fall and find none. Further 
evidence that the protons we observe correspond to the 
ground state transition lies in the agreement with 


TABLE II. Masses of the neon isotopes, in atomic mass units 


From nuclear 19.998 773427 21.000 502425 21.998 356+28 
data 

From mass 
spectros 


copy 


19.998 771412 21.000 393422 21.998 3290+19 


10 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 81, 512 
(1951). 

" Van Patter, Sperduto, Endt, Buechner, and Erige, Phys. Rev. 
85, 142 (1952). 

2H. Ewald, Z. Naturforsch. 6A, 293 (1951). 

83 A. O. Nier, Phys. Rev. 81, 624 (1951). 

‘H. Brown and V. Perez-Mendez, Phys. Rev. 78, 812 (1950). 
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Ewald’s value for the mass of Ne”, and in the 
agreement with Middleton’s range measurement" of 
the energy of the alpha-particles from Ne™(d, a) F**. 


wR, Middleton and C. T. Tai, Proc. Phys. Soc. (London) A64, 
801 (1951). 
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The Beta-Decay of F*’+ 


Davip E. ALBURGER 
Brookhaven National Laboratory, U pton, New York 
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The beta-decay of F'® has been investigated with a lens spectrometer using sources activated by the F'*- 
(d, p)F® reaction. A simple beta-ray spectrum of allowed shape is observed having an end-point energy of 
5.406+0.017 Mev. Beta-emission is followed by a 1.631+0.006 Mev gamma-ray from an excited state of 
Ne”. The gamma-ray energy was checked by comparing with the Sb'* gamma-ray, measured as 1.692+0.005 
Mev, and by failure to observe photoneutrons from Be. Beta-ray branching to the ground state of Ne™, if 
present, has a relative intensity of less than 1 percent. The total F* disintegration energy, 7.038-++0.018 Mev, 
is used together with other nuclear data to derive a Ne® mass which is independent of mass spectrographic 
measurements. The result, Ne®® = 19.998794+0.000026 amu, is in agreement with mass spectrographic values. 


INTRODUCTION 


P to the present‘ the scale of accurate atomic mass 

values! based solely on nuclear measurements has 
extended only up to F**. Isotopes in the mass region 
from Ne” to sulfur are interconnected by beta-decay 
energies and reaction Q-values which have errors of less 
than 20 kev. However, this group of elements has been 
linked to O" only through mass spectrographic work 
owing to the lack of accurate nuclear data connecting 
the isotopes of fluorine and neon. 

Several ways of bridging this gap by means of nuclear 
measurements are apparent. One such method is the 
determination of the ground state V-value of the Ne”! 
(d,a)F® reaction, a problem which might not be ex- 
pected to be easy because of the relatively low abund- 
ance of Ne” in ordinary neon and the difficulty of 
making a suitable target. 

A second possibility consists of determining the total 
disintegration energy of F*°. It is known’ that this 
isotope decays to Ne”? by emission of hard beta-rays 
with a half-life of 12 seconds and that most of the beta- 
rays are in coincidence with 1.6-Mev gamma-rays 
corresponding to a level in Ne**. Evidence has been 
found for complexity of the beta- and gamma-ray spec- 
tra. Jelley has reported® a single beta-ray group of 
endpoint energy 5.030.05 Mev and two gamma-rays 
of 1.6340.02 Mev and 2.45+0.06 Mev having an in- 
tensity ratio of 8.4 to 1. On the other hand, Littauer has 
found‘ a weak gamma of 1.0+0.1 Mev in addition to 

t Under contract with the AEC. 

1 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 

2D. M. Van Patter, Massachusetts Institute of Technology 
Technical Report No. 57 (1952) (unpublished). 


J. V. Jelley, Phil. Mag. 41, 1199 (1950). 
4R. M. Littauer, Phil. Mag. 41, 1214 (1950). 


the one of 1.63 Mev. He also reports that the main 
beta-component has a 5.33+0.05 Mev end point and 
that 3.5 percent of the beta-decays proceed to the 
ground state of Ne”® and have an end-point energy of 
6.74+0.1 Mev. The value 6.66+0.05 Mev given by 
Jelley as the total F*° disintegration energy disagrees 
beyond the stated errors with 6.96+0.05 Mev obtained 
from Littauer’s data. In either case the probable error 
is too large to use the result in establishing a mass scale 
involving only measurements having errors of less than 
20 kev. 

Because of the desire to obtain a more accurate total 
disintegration energy and at the same time to examine 
the possible complexities in the beta- and gamma-ray 
spectra it was felt that an investigation of the F*° beta- 
decay should be made. 


GAMMA-RAY MEASUREMENTS 


A lens spectrometer employing ring focus was used to 
study the gamma-ray spectrum from sources of F? 
produced by the F'%(d,p)F° reaction. A 1.8-Mev deu- 
teron beam at a current of 5 wamp was furnished by the 
Brookhaven electrostatic accelerator and was allowed 
to strike a thick CaF, target located in a brass cup at 
the normal source position of the spectrometer. Photo- 
electric converters consisting of uranium foil were at- 
tached to the cup whose walls were thick enough to 
stop the energetic beta-rays. The spectrometer was 
located 17 feet from the magnetic analyzer of the 
accelerator and the beam was brought through an ex- 
tension tube. 

In the first tests in which the spectrometer and ac- 
celerator vacuum systems were connected together it was 
found that N® activity, produced by deuteron bom- 
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Fic. 1. Spectrum of Compton and photoelectrons due to F*° 
gamma-radiation. A 40-mg/cm? U converter was used. 


bardment of carbon-containing deposits on the defining 
apertures, diffused to the detector end of the spectrom- 
eter chamber and caused a high and variable back- 
ground. When the vacuum systems were separated, the 
background was low and the data were reproducible 
within the statistical errors. 

Because of the short half-life of the F?° activity a 
monitoring technique was used to normalize the spec- 
trometer yield. The monitor was a gamma-ray Geiger 
counter located near the source end of the instrument, 
while the spectrometer detector was an end-window 
Victoreen counter. The monitor was shielded by lead 
on all sides except in the direction of the source. The 
procedure for taking data consisted of irradiating the 
target for 12-15 seconds, shutting off the beam by turn- 
ing down the accelerator voltage, and recording the 
spectrometer yield occurring during a fixed number of 
monitor counts. Only one point was taken for each 
irradiation and the actual length of the counting inter- 
val was generally about 20 seconds. During the target 
bombardment the voltages on the monitor and spec- 
trometer counter tubes were reduced below threshold 
in order to avoid the extremely high counting rates due 
to prompt gamma-rays. 

Figure 1 is a curve of total spectrometer yield versus 
momentum taken with a 40 mg/cm? thick uranium 
converter at 3 percent spectrometer resolution. The 
spectrum has the normal shape expected of a single 
gamma-ray line and gives no indication of other photo- 
electron peaks or Compton electron groups being pre- 
sent. The region above 1.6 Mev was examined with 
particular care in an effort to locate photoelectrons due 
to the 2.45-Mev gamma-ray reported? by Jelley. 

The energy of the F?° gamma-ray was determined by 
comparing the photoelectric peaks from a 23.8-mg/cm’ 
uranium converter with those produced by the 1.332+ 
0.001-Mev gamma-ray® of Co®. In all such measure- 
ments the resolution baffle settings were kept fixed and 
the position of the converter was reproduced as closely 
as possible. By using data such as that shown in Fig. 2, 
the F?° energy was determined (1) from the K-line peak 
position, assumed to be shifted by half the energy 


‘Lind, Brown, and DuMond, Phys. Rev. 76, 591 (1949). 


ALBURGER 


thickness of the converter, and (2) directly from the 
high energy extrapolated edge of the K-line according 
to the technique developed® by Hornyak, Lauritsen, 
and Rasmussen. The average of all such determinations 
of the F*® gamma-ray energy is 1.631+0.006 Mev in 
agreement with the previous but less accurate measure- 
ments.*4 

Wattenberg has reported’ that photoneutrons are 
produced in Be by F*° gamma-rays corresponding to an 
intensity greater than 10 percent per beta-ray. Since 
the Be*%(y,2)Be® threshhold is now established as 
1.666+0.002 Mev by the measurement® of Mobley and 
Laubenstein, it would appear that the present result, 
which indicates that the F*° gamma-ray energy is defini- 
tely below the Be(y,m) threshhold, represents a discre- 
pancy with the data of Wattenberg. 

In order to obtain a check on the F*® gamma-ray, a 
comparison measurement was made on the 1.7-Mev 
gamma-ray of Sb™. This has been reported as having 
an energy of 1.708+1 percent according to Kern, Zaf- 
farano, and Mitchell, and Cook and Langer" and 1.69+ 
0.02 Mev according to Feister and Curtiss." 

The photoelectron spectrum of the 1.7-Mev gamma- 
ray obtained with a 0.2-mC source of Sb and the 
same converter and spectrometer geometry as for Co® 
and F*? is included in Fig. 2. The decreasing yield at 
the right is part of the Compton spectrum of the weak 
2.1-Mev gamma-ray.*!® The best average value for the 
energy, obtained from the peak and from the extra- 
polated end point of the K line, is 1.692+0.005 Mev. 

The close proximity in energy of the Sb" and F? 
gamma-rays allows these independent values to be 
compared by measuring the momentum separation of 
the conversion lines. This was done by matching the 
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Fic. 2. A comparison of the relative momenta of photoelectron 
lines from a 23.8-mg/cm? U converter due to the gamma-rays 
of Co™, F®°, and Sb'™, 

* Hornyak, Lauritsen, and Rasmussen, Phys. Rev. 76, 731 
(1949). 

7A. Wattenberg, Phys. Rev. 71, 497 (1947). 

®R. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
(1950). 

® Kern, Zaffarano, and Mitchell, Phys. Rev. 73, 1142 (1948) 

°C. S. Cook and L. M. Langer, Phys. Rev. 73, 1149 (1948). 

"J, Feister and L. F. Curtiss, J. Research Natl. Bur. Standards 
40, 315 (1948). 
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two curves over the entire photoelectron spectrum after 
normalizing to the same amplitude. The energy differ- 
ence Sb"— F?° was found to be 60 kev in agreement 
with the 61-kev difference according to the direct deter- 
minations. 

The measured value of the Sb’ gamma-ray would 
mean that an energy of 26+5 kev is available above the 
Be*(y,n)Be® threshhold corresponding to a_photo- 
neutron energy of 23+5 kev when the recoil of the Be* 
nucleus is taken into account. Hanson has measured” 
the Sb-Be photoneutron spectrum by examining proton 
recoils in a proportional counter. He obtained an aver- 
age neutron energy of 24+3 kev in favorable agree- 
ment with the earlier values of Wattenberg, and of 
Hughes and Eggler,'* which were 24+15 kev and 35+ 
10 kev, respectively. Hanson’s measurement gives an 
excellent check on the Sb gamma-ray energy found 
here and adds further weight to the validity of the F*° 
value. 

Finally, in collaboration with M. McKeown a search 
was made for Be photoneutrons resulting from the 
gamma-rays of F*°. The accelerator target was sur- 
rounded by Be and paraffin blocks, and a slow neutron 
BF; detector was placed in this structure. When the 
0.2-mC Sb™ source was inserted near the fluorine tar- 
get position, the photoneutron detector yield was about 
2400 counts per minute. A gamma-ray counter was used 
to compare the strength of the Sb™ source with the 
average gamma-ray strength of the F*° activity. Irradia- 
tions of the target produced F*® sources having an 
average strength of about 2 mC during a 10-sec period 
immediately following bombardment. 

A very weak short-lived photoneutron activity of 
10-30 sec half-life was observed above background but 
the strength was too small to permit a determination of 
the half-life. If this yield is taken as an upper limit and 
if the source strength is normalized according to the 
data on Sb", then it may be shown that the F*® gamma- 
ray intensity capable of producing photoneutrons in Be 
corresponds to less than } percent per beta-ray. The 
small yield actually observed could be due to brems- 
strahlung or to target impurities. This result would rule 
out the presence of the 2.45-Mev gamma-ray reported® 
by Jelley. 

The photoneutrons assigned to F*° by Wattenberg 
were probably due to the gamma-rays of N", an activity 
produced by fast pile neutrons according to the F'*- 
(n,a)N" re-action. McKeown has re-examined" this case 
using fluorine sources irradiated in the Brookhaven 
reactor. A strong photoneutron yield from Be was ob- 
served but showed only a single decay period of 7.5 
seconds which is the known half-life of N". 


2 A, 0. Hanson, Phys. Rev. 75, 1794 (1949). 

3 PD. J. Hughes and C. Eggler, Phys. Rev. 72, 902 (1947). 

“ The author is indebted to Mr. McKeown for permission to 
quote his results. 
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Fic. 3. Total spectrum of F* beta-rays and scattered radiation 
versus momentum, after subtraction of a small room background. 


BETA-RAY SPECTRUM 


Examination of the F*° beta-spectrum was made with 
the lens spectrometer using BaF; targets 1-2 mg/cm’ 
thick deposited on 0.05-mil nickel foil (160 kev thick 
for deuterons). The accelerator beam was first passed 
through a baffle system, then a central region of the 
target 8 mm in diameter, and finally into a Faraday cup 
for current measurement. The BaF; was deposited on the 
spectrometer side of the nickel supporting foil and its 
location was the same as that occupied by the uranium 
converter used in calibration measurements. In order 
to isolate the spectrometer vacuum chamber from the 
accelerator, thereby eliminating the diffusion of N" 
activity, a gasketed section having a 0.05-mil nickel 
window was included in the beam tube baffle system. 
The two nickel foils thus reduced the beam from an 
initial energy of 1.9 Mev to about 1.6 Mev by the time 
the target material was reached. A deutron current of 
a few tenths wamp was sufficient to produce a usable 
F*” activity. 

In all of the F®° beta-ray work the spectrometer reso- 
lution was 2.7 percent. Calibration of the instrument 
was carried out with 10-mC sources of Na*™ prepared by 
irradiation of NazCOs; in the reactor. A uranium con- 
verter 23.8 mg/cm? thick and 8 mm in diameter was 
attached to the source capsule and the position of the 
K photoelectron line due to the hard gamma-ray was 
determined. The binding energy of the K shell electrons 
in U was taken" as 115.6 kev and the peak shift due to 
the converter thickness was assumed to be 12.0 kev. 
The gamma-ray energy value, 2.753;+0.001 Mev, re- 
cently reported* by Hedgran and Lind served as the 
calibration standard. To insure an accurate extrapola- 
tion above the calibration point, the coil current at each 
regulator setting was checked by measuring the voltage 
drop across the current shunt with a Leeds and North- 
rup type K potentiometer. The stability of the current 
was better than one part in 2000. 

The procedure for monitoring the source strength 

'’ Y. Cauchois, J. phys. et radium 13, 113 (1952). 

% A. Hedgrah and D. A. Lind, Ark. Fys. 13, 178 (1952). 
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Fic. 4. Kurie plot of the F® beta-ray spectrum. 


and taking data was similar to that followed in the 
gamma-ray measurements already described. In Fig. 3 
the curve of spectrometer yield versus momentum, after 
subtraction of a small room background, represents the 
average data of eight sets of interlaced points. Room 
background was determined at each point by allowing 
the F®° activity to decay for 10 half-lives and then ob- 
serving the number of counts occurring in the same 
length of time as the corresponding counting interval. 
The magnitude of the room background was generally 
about } as great as the yield shown in Fig. 3 beyond 
the spectrum endpoint. 

The curve above 5.4 Mev is constant within statistics 
up to 7.8 Mev and is mainly due to scattered gamma- 
and beta-rays. A beta-ray group having an end point 
near 7 Mev and a relative intensity of as much as 1 
percent would not be consistent with the data. This 
result is at variance with the 3.5 percent branch to the 
ground state of Ne®® found‘ by Littauer. 

A Kurie plot of one of the more detailed runs on the 
F2° beta-spectrum, made after subtraction of the scat- 
tered background, is shown in Fig. 4. The calculations 
were carried out with the help of Fermi function tables 
prepared” by I. Feister and in every case the end point 
was determined by a least squares straight line fit to 
the uppermost 20 points. Two secondary values ob- 
tained by least squares straight line fits to the upper 
and lower 10 points of this group were also made, and 
the resulting end points always agreed with that ob- 
tained from all 20 points to within 5 kev. The accurate 
linearity of the Kurie plot in the upper half of the 
spectrum is evident from these calculations. The de- 
viation from linearity at lower energies is probably 
reasonable in view of the source and backing thick- 
nesses used. 

The end-point energies obtained from the various 
runs, each of which was independently calibrated, 
occurred within a range of 11 kev. The best average 
value for the end-point energy is found to be 5.406+ 


17 |. Feister (private communication). 
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0.017 Mev, where the assigned error is largely due to 
the location of the calibration peak. Errors in the 
correction for the peak shift due to converter thickness, 
the Na™ gamma-ray energy, linearity of the current 
regulator, and the determination of the end-point 
energy value were smaller than the ‘calibration error 
but were included in estimating the over-all probable 
error. 


DISCUSSION 


The total F*° disintegration energy is found by adding 
to the sum of the beta- and gamma-ray values deter- 
mined above the recoil energy imparted to the Ne”? 
nucleus as a result of beta-ray emission. The maximum 
recoil amounts to 940 ev, and to allow for this a 1-kev 
correction has been added although it is small compared 
with the assigned error. The F?° decay energy is there- 
fore 7.038+0.018 Mev, where the probable errors of 
the beta- and gamma-ray measurements have been com- 
bined in the usual way 

The result may be used together with other nuclear 
data to derive a mass value for Ne*® which is related to 
O" by means of nuclear disintegration and decay pro- 
cesses and is therefore independent of mass spectro- 
graphic measurements. The mass of F!’, 19.004456+ 
(15) amu, quoted by Li e¢ al. in their analysis! of light 
element masses as the best fit value according to nuclear 
reactions, has been taken as the base in calculating the 
‘Ne*”® mass. The Q-value of the F'%(d,p)F*° reaction, 
given!’ by Strait et al. as 4.373+0.007 Mev, may be com- 
bined with Li e¢ al.’s F'*, giving a mass'® of 20.006352+- 
(17) amu for F*°. When the mass equivalent of the F*° 
disintegration energy found in the present work is 
subtracted from F*° the mass of Ne®’ is found to be 
19.998794+ (26) amu. The relationship 1 amu= 931.152 
Mev was used to convert the F*° disintegration energy 
to mass units. 

It is of interest to compare this result with the most 
recent mass spectrographic values of Ne*®. The data 
with the highest quoted accuracy are those of Ewald,”° 
who reports that Ne®® has a mass of 19.998771+(12) 
amu, while Nier’s value”! is 19.998835+ (43) amu. In 
both cases the Ne®® mass was derived by measuring the 
separation between DO and Ne*’. Ewald’s mass dif- 
ference for this doublet is 30.688+0.010 mMU which 
agrees with that of Nier, 30.721+0.039 mMU, well 
within the combined errors. However, the mass defect 
of the deuterium atom used in calculating the Ne®® mass 
was different in the two cases. The mass defect of D 
measured by Ewald is 14.732+0.004 mMU which is in 
good agreement with the nuclear reaction value! 
14.735+0.006 mMU, while Nier’s measurement gives 
14.778+0.008 mMU. Thus, in the calculation of Ne*? 


8 Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951) 

'® This mass is the same as quoted by Li e g., but the calculated 
error is 0.002 mMU smaller. 
20 H. Ewald, Z. Natursforsch. 6a, 293 (1951). 
21 A. O. Nier, Phys. Rev. 81, 624 (1951). 
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from D,O—Ne* a discrepancy of 0.092 mMU occurs 
between Ewald’s and Nier’s results just from the D 
mass defect used. If one were to correct Nier’s data by 
using the nuclear reaction (or Ewald’s) mass defect for 
D then his value of Ne®® would be 19.998749+ (43) amu. 
Whether this correction is made or not, the Ne”® mass 
based on the present work agrees with both Ewald and 
Nier well within the combined probable errors. 

The mass of F'* measured by Ewald, namely, 19.004414 
+(17) amu, and Li ef al.’s value of 19.004456+ (15) amu 
from nuclear data do not agree as well as in the Ne” 
case, since the difference of 0.042 mMU is larger than 
the sum of the errors. Also, the F*° disintegration energy 
derived from Ewald’s values for F!® and Ne” and the 
Q-value of the F!%(d,p)F®° reaction is 7.019+0.021 
Mev, which is lower than the measured value but agrees 
within the errors. In summary, it appears that Ewald’s 
mass value of Ne”? is in satisfactory agreement with 
nuclear data while his mass of F!* may be slightly low. 

The F* disintegration energy may be combined with 
the 4.529+0.007 Mev Q-value of the Ne?°(d,p)Ne* re- 
action,” the previously quoted Q of the F!*(d,p)F*° 
reaction, and other data relating the d, p, and a masses 
to predict a ground state Q-value of 6.451+0.022 Mev 
for the Ne?(d,a)F! reaction. A direct experimental 
determination of this Q-value would be very worth 
while. 

The linearity of the F*° beta-ray Kurie plot and the 
logft value of 5.0, calculated from Moszkowski’s 
curves,” show that the transition is allowed according 
to Nordheim’s classification. The accurate linearity 
exhibited by the least squares analyses previously men- 
tioned is a further argument against the presence of a 


# Van patter, Sperduto, Endt, Buechner, and Enge, Phys. Rev. 
85, 142 (1952). 

23S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 

*L. W. Nordheim, Phys. Rev. 78, 294 (1950). 
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level in Ne*® at 2.45 Mev excited to an extent reported* 
by Jelley. The ground state of the even-even nucleus 
Ne”® doubtlessly has zero spin and even parity, while 
the first excited state at 1.6 Mev probably has spin 2 
and even parity according to the empirical rule* of 
Goldhaber and Sunyar. It would appear that F*° should 
have a spin of 2 or 3 and even parity based on the above 
assumptions and the lack of transitions to the ground 
state of Ne®®. Using the 1 percent upper limit of inten- 
sity previously quoted a transition to the ground state 
would have a log ft greater than 7.5 and would therefore 
be at least first forbidden.™ 

In either case a spin of 2 or 3 and even parity for F?° 
would fit the shell model picture. The odd proton should 
be s; and the odd neutron (d5/2)°s/2 or 3/2. These could 
combine to give spin 2 or 3 and in all cases the parity 
wouid be even. 

In connection with the attempts to observe photo- 
neutrons from Be due to F*® gamma-radiation an in- 
teresting feature was pointed out® by Goldhaber. 
The energy of the F*° gamma-ray, according to the 
present measurement, occupies the unique position of 
lying below the Be*(y,7)Be® threshhold but above the 
threshhold for the direct breakup of Be® into two 
alpha-particles and a neutron. The threshhold energies 
of these two processes are known from other information 
to be about 90 kev apart. The small upper limit of 
photoneutron yield established in this work shows that 
the cross section for the three-particle reaction in the 
neighborhood of 60 kev above threshhold is less than 
10-*° cm’. 

The author is indebted to M. McKeown for colla- 
borating in the photoneutron measurements and to M. 
Goldhaber and H. Motz for helpful discussions of the 
results. 


8M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
% M. Goldhaber (private communication). 
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The Disintegration Scheme of V‘*t 
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The disintegration scheme involved in the decay of 16-day V“ to Ti* has been established by scintillation 
studies, and spins and parities have been assigned to the levels. The angular correlation of the well-known 
cascade gamma-ray pair with energies of 0.99 and 1.32 Mev has been measured. The corresponding levels 
are found to have spins 0-2-4. The positron spectrum has been measured with a magnetic beta-ray spec- 
trometer and shows evidence for positron emission to a level in Ti*, 22.2 Mev above the ground state. The 
positron group involved in the decay to the 2.31-Mev level of Ti** is found to have an end point of 0.69 Mev. 


INTRODUCTION 


HE general features of the decay of 16-day V* are 

well known. The disintegration by K-capture and 
positron emission to an excited state of Ti** is followed 
by the emission of two cascade y-rays of energies 1.32 
and 0.99 Mevy.' In addition, a third y-ray of energy 
2.22 Mev is present in 1-5 percent of the disintegra- 
tions.*~* The recent scintillation spectrometer work of 
Miller® and Ticho ef al.* exclude the assignment of 
this y-ray as the cross-over transition. Miller has found 
that the de-excitation of Ti** following the 6-decay of 
Sc** is accompanied by the 1.32- and 0.99-Mev y-rays 
only. The 2.22-Mev y-ray, if present at all in the Sc** 
decay, is estimated to have an intensity not more than 
10~* of the intensity of the 1.32-Mev y-ray. In the V* 
decay, on the other hand, the intensity of the 2.22-Mev 
radiation is found to be approximately 2 percent of the 
Te 
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t Supported by the joint program of the ONR and AEC. 

''W.C. Peacock and M. Deutsch, Phys. Rev. 69, 306 (1946). 

? Good, Peaslee, and Deutsch, Phys. Rev. 69, 313 (1946). 

* Robinson, Ter-Pogossian, and Cook, Phys. Rev. 75, 1099 
(1949). 

«R. G. Fluharty and M. Deutsch, Phys. Rev. 76, 182 (1949). 

5 Maurice M. Miller, Phys. Rev. 88, 516 (1952). 

* Ticho, Green, and Richardson, Phys. Rev. 86, 422 (1952). 


1.32-Mev y-ray. This view is supported by the careful 
energy measurements of Ticho et al. They find that 
the high energy y-ray is about 90 kev less in energy 
than the sum of the 0.99- and 1.32-Mev energies. 
Moreover, as has been pointed out by Miller, no pos- 
sible spin assignment of the excited levels can account 
for a cross-over having the lifetime (<10~" sec) and 
intensity of the 2.22-Mev y-ray. 

In this paper, the results of further experiments which 
clarify the decay scheme of V** are presented. The level 
system, shown in Fig. 1, has been verified by coincidence 
scintillation spectrometry. The directional correlation 
of the cascade y-rays has been measured and fairly 
definite spin assignments made for the corresponding 
levels. Finally, the positron and negatron spectrum 
have been re-investigated with a magnetic beta-ray 
spectrometer, in order to obtain more information 
concerning the level at 2.22 Mev. 


EQUIPMENT 


The same apparatus is used for coincidence spec- 
trometry measurements and angular correlation studies. 
For coincidence studies the source is placed midway 
between two -in. cubical NaI(T1) crystals } in. off the 
line joining their centers. The crystals are mounted in 
air-tight Lucite holders filled with vacuum-dehydrated 
mineral oil. The crystal containers are mounted on 
selected RCA 5819 photomultiplier tubes. Light-tight 
aluminum housings enclose the photomultiplier tubes. 
The distance between the two counters can be varied 
from 2.5 in. to 8 in. No “‘sum” lines are observed under 
these conditions. Lead shielding between the counters 
minimizes crystal-to-crystal scattering. 

The electronic circuits are for the most part con- 
ventional. The high voltage for the 5819’s is furnished 
by an electronically stabilized supply, the output of 
which is continually monitored with a potentiometer. 
The voltage applied to the tubes is maintained constant 
to within +0.1 percent for the duration of a run. 
Thermal drifts are minimized by maintaining the room 
temperature constant to within two degrees. Cathode 
follower preamplifiers are mounted adjacent to the 
5819 tube sockets to allow the use of leads less than 5 
cm long. The pulses from the cathode followers are 
amplified by Atomic Instruments Model 204-B linear 
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amplifiers which are operated with 0.2 usec rise times. 
Pulses out ‘of the two amplifiers are fed into fast single 
channei differential pulse-height selectors which are 
modifications of the circuit described by Roulston.’ 
This circuit has a dead-time of about 1 usec and is 
especially useful in coincidence work in which high 
singles counting rates are encountered. The usual dis- 
advantages of a circuit containing no elaborate pulse 
shaping devices, “window amplifiers” etc., are present. 
However, the attendant variation of effective slit width 
with pulse-height setting and slit width instability in 
time is more than offset by the speed of the circuit, 
since large slit widths are generally used. The outputs 
of the two single channel discriminators are mixed in 
a coincidence circuit which uses a delay line pulse 
shaper to obtain a resolving time of 0.15 usec. Delayed 
coincidence studies are accomplished by inserting a 
variable delay line in either channel. 

For angular correlation measurements, one of the 
counters can be positioned on a circle at angles from 85° 
to 275° with respect to the second (fixed) counter. The 
source, in this case, is placed on the axis of rotation. 
The instrument is designed to allow accurate reposi- 
tioning at any angle and possesses practically no geo- 
metrical asymmetry. Asymmetries in counting rates 
due to stray magnetic fields are minimized by the use 
of Mumetal shields. The source-to-crystal distance can 
be varied continuously from 1.5 in. to 4.5 in. For the 
$-in. crystals used, these limits correspond to angular 
resolutions of 9° and 25° as determined from annihila- 
tion radiation coincidence measurements. 

Since only pulse heights in desired ranges are ac- 
cepted in each channel the correlation between two 
selected y-rays may be studied with little or no inter- 
ference from scattering or other undesired y-rays. Lead 
shields are placed between the counters only in certain 
special instances in which multiple scattering may be a 
problem. 

The beta-ray experiments were carried out with a 
small 180° shaped field spectrometer having a resolu- 
tion of about 1.5 percent and a transmission of about 1.5 
percent. Although the basic radius of curvature of the 
instrument is only 7.5 cm, scattering effects are kept 
to a minimum by the focusing action and by the large 
dimensions of the vacuum chamber. 


SOURCES 


The V* used in these experiments was produced by 
Sc*(a, m)V* in the Indiana University cyclotron. The 
Sc was removed by repeated HF precipitation and 
centrifugation. Impurities such as Cu and Ga were 
removed by HS precipitation and e‘her extraction. 
Sources reasonably free of carrier were finally obtained 
by electrodeposition from a dilute and slightly basic 
solution. While no V carrier was added, a small amount 
of foreign material, probably iron, plated out with the 


7K. I. Roulston, Nucleonics 7, 27 (1950). 
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Fic. 2. Single channel and coincidence spectra of the y-rays of 
V*, The prominent peaks are due to y-rays at 0.511 Mev (annihila- 
tion radiation), 0.99 Mev, and 1.32 Mev. The curves at the right 
are an expanded plot in the region of the 2.22-Mev y-ray. The 
energy scale is obtained by calibration with Cs’. ; 


V**. Sources for the coincidence spectrometry were 
prepared by placing one small drop of vanadium chloride 
in a cylindrical Lucite cup. Over-all source dimensions 
were of the order of 2 mm for most measurements. The 
beta-vay spectrometer sources were made in the con- 
ventional manner. 


COINCIDENCE SPECTROMETRY 


The single crystal spectrum and a coincidence spec- 
trum are shown in Fig. 2. Prominent photoelectron 
peaks in the single crystal spectrum correspond to the 
0.511-Mev annihilation radiation and the well-known 
y-rays of energies 0.99 and 1.32 Mev. In addition, a 
weak line corresponding to the high energy y-ray is 
found at 2.2 Mev. By rough estimate (the usual cor- 
rections applied) the 2.22-Mev y-ray is found to have 
about 2 percent the intensity of the 1.32-Mev y-ray. 
The coincidence spectrum shown in Fig. 2 was obtained 
by setting one channel to accept the annihilation photo- 
peak while scanning the remainder of the spectrum with 
the other channel. The curve represents the coincidence 
rate between the two channels, corrected for chance 
coincidences, versus discriminator setting of the variable 
channel. The energy scale was obtained by calibration 
with the Cs"*’ photoelectron peak. The true-to-chance 
coincidence ratio ranged from 10 for the 0.99-Mev peak 
to 2 for the 2.22-Mev peak. The coincidence spectrum 
clearly shows that all three y-rays are in coincidence 
with the annihilation radiation and hence with the 
positrons. 

The results of other coincidence measurements are 
as follows. With the fixed channel adjusted to accept 
the 0.99 peak, coincidence spectrum peaks were ob- 
served at 0.99 and 1.32 Mev, but none at 2.22 Mev. 
When the fixed channel was set on the 2.22-Mev peak, 
no coincidences above chance were recorded at 0.99 or 
1.32 Mev. In all of the experiments the coincidences 
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were found to be prompt with respect to the 1.5 10-7 
sec resolving time of the coincidence circuit. These re- 
sults verify the cascading of the 0.99- and the 1.32-Mev 
y-rays and show that the 2.22-Mev y-ray is not coupled 
with either of the other two. These facts are consistent 
only with the decay scheme of Fig. 1. The coincidences 
observed when both channels accepted the 0.99-Mev 
peak are due to coincidences between the photoelectrons 
from the 0.99-Mev y-ray and the Compton electrons 
from the 1.32-Mev y-ray. 


DIRECTIONAL CORRELATION 


With the apparatus described, it becomes possible in 
certain cases to extend y—y directional correlation 
studies to positron emitting elements. The strong 
angular correlation of the annihilation radiation ordi- 
narily present is not troublesome in this case since the 
y-rays involved, 0.99 and 1.32 Mev, give rise to photo- 
electron peaks which are well beyond the annihilation 
radiation peak. The amplifier gains were adjusted so 
that the pulse heights due to the y-rays were approxi- 
mately the same in each channel. Figure 3 shows a 
typical singles spectrum as obtained in either channel 
with a 1.5-volt slit. In order to enhance the true-to- 
chance coincidence ratio, coincidence counts were taken 
with slits wide enough (13.5 volts) to accept the photo- 
electrons of both y-rays and with the discriminators set 
high enough to exclude annihilation radiation. Coin- 
cidence counting rates in the three runs taken ranged 
from 15 to 30 counts per minute with corresponding 
true-to-chance ratios from 12 to 5. Total counts of 
about 5000 were recorded in each run at the inter- 
mediate settings and approximately 10,000 counts at 
90° and 180°. An angular resolution of 20° was used. 
Correction for this effect was less than the expected 
statistical fluctuation. The results are shown in Fig. 4. 
The measured asymmetry coefficient [(180)— (90) ]/ 
n(90) is 0.171+-0.02. The solid curve in Fig. 4 is a plot 
of the theoretical correlation function to be expected 
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Fic. 3. Single channel spectra of the 0.89- and 1.12-Mev y-rays 
of Se** and the 0.99- and 1.32-Mev y-rays of V“ obtained with the 
same spectrometer conditions. The discriminator slit width was 
1.5 volts. 
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for spin assignments 0-2-4. As a check on the per- 
formance of the equipment, the well-known! correlation 
of Co was determined with the 13.5-volt slits. The 
expected correlation was found, the asymmetry coeffi- 
cient being 0.147+0.02. In addition, the contribution 
of the annihilation radiation was checked by repeating 
the experiment with Cu™, with the discriminator set- 
tings and slit width the same as for the case of V**. For 
sources of Cu comparable in intensity with the V* 
sources, no effect was found. It seems reasonable to 
conclude that the spins of the levels involved in the 
cascade -rays emission are 0-2-4. 


MAGNETIC SPECTROMETER MEASUREMENTS 


It seemed advisable, in view of the coincidence spec- 
trometry results, to re-investigate the positron and 
electron spectra of V**. A careful search was made for 
internal conversion lines in the region 70 to 120 kev. 
Since no lines were found, it is quite probable that 
there is no transition from the 2.31-Mev level to the 
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Fic. 4. The directional correlation of the 0.99 and 1.32-Mev 
y-rays of V**. The solid curve represents the theoretical correla- 
tion function W(@) = 1+-0.125 cos*@+0.042 cos‘. 


2.22-Mev level. Sources were too weak to study the 
photoelectrons of the 2.22-Mev y-ray. 

Figure 5 shows a Fermi plot of the positron spectrum 
taken with a source 0.3 mg/cm? thick. In addition to 
the main group having an end point at 0.69+0.01 Mev, 
there is evidence for a second group with an end point 
at approximately 0.82 Mev and 5 percent intensity. 
While the presence of this group seems fairly definite, 
it must be emphasized that the estimated intensity and 
end point may be quite in error. The small uncertainties 
in the background generally present in positron meas- 
urements are in this instance not negligible. Although 
careful background measurements were made at each 
point, errors are still large and accurate determination 
of the intensity and endpoint cannot be made until 
much stronger sources are available. It should be 
pointed out that every point was followed through 
nearly two half-lives and found to decay with a 16-day 
half-life. The departure from the straight line in the 


5 E. L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). 
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neighborhood of 250 kev is somewhat surprising with 
the source thickness used, and it is possible that the 
spectrum possesses a shape other than allowed. This 
matter requires further study. 


DISCUSSION 


The foregoing results are summarized in the decay 
scheme presented in Fig. 1. The data pertinent to the 
discussion of the beta-rays and positrons involved in 
the decay to Ti* are listed in Table I. 

The values of the spins and parities (0+, 2+, 4+) 
of the levels involved in the angular correlation make 
possible a quite consistent assignment of the remaining 
levels. An upper limit of 3 is already available to the 
spin of the 2.22-Mev level since the transition from this 
level is prompt with respect to 10~’ sec. According to 
the shell model the ground states of Sc** and V* are 
characterized by (f7/2/7/2) for the odd neutron and odd 
proton. Nordheim’s® rules for such nuclei call for high 
spin and even parity for these levels. Therefore, a beta- 


Taste I. Data concerning the beta-rays and positrons 
involved in the decay to Ti*. 








Energy Mev 


0.64 
0.69 


Intensity 
B-(Sc*8) 100% 
Bi*(V*) 95% 
Bot (V8) ~5% 


log ft 





5.4 
6.1 
>7.4 


>0.7(?) 





ray or positron transition to the first excited state of 
Ti** would involve no parity change, and the spins of 
the ground states of Sc** and V** must be at least 4 to 
account for the absence of these transitions. On the 
other hand, the transitions 8~ and 8,* are characterized 
as allowed by their ft-values and the parity changes 
involved, so that the ground-state spins of Sc** and V“ 
cannot be greater than 5. With the spins of these states 
thus limited to 4+ or 5+, the occurrence of the 2.22- 
Mev level in the V** decay, and its absence in the Sc** 
decay, can only be explained by assigning 5+ to the 
Sc** ground state and 4+ to V‘**. As a consequence of 
this, the spin and parity of the 2.22-Mev level must be 
2— if it is to be populated in a measurable amount. 
The fact that no y-transition was found between the 
2.31- and 2.22-Mev level is in accord with these assign- 
ments. Furthermore, this transition is not expected 
since the 2.22-Mev y-ray is not seen in the Sc** decay. 
It is possible that the transition from the 2.22-Mev 
level to the first excited state exists. Its existence would 


*L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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Fic. 5. Fermi plot of the beta-rays of V“ taken with a 180° 
shaped field spectrometer. The curve at the right is an expanded 
plot of the end-point region. The dotted line represents the Fermi 
plot of the main group of positrons. 


be difficult to detect in the presence of the much 
stronger 1.32-Mev y-ray. The intensity measurements, 
although subject to large errors, suggest that the -2.22- 
Mev y-ray is not intense enough to account for all of 
the positrons, 8,*. Furthermore, the coincidence studies 
(Fig. 2) suggest that K2/8.* is as large, or larger than 
K,/8;*. A quantitative estimate of these ratios is not 
possible because of the large multiple scattering correc- 
tions. If the transition from the 2.22-Mev level to the 
0.99-Mev level does occur, it does so in less than 3 
percent of the disintegrations. 

Recently, it has been proposed'®" that the decay of 
Sc** to Ti** involves the excitation of a level one Mev 
above the 2.31-Mev level. It is certain from this work 
that such a level does not exist in the decay of V“ to Ti*. 
This would mean that the photopeak of the 0.99-Mev 
y-ray shown in Fig. 3 is actually due to two y-rays. A 
comparison with the Sc** photopeak is shown in Fig. 3. 
The curves were obtained under identical conditions. 
When account is taken of the small difference in ener- 
gies of the higher energy y-rays of Sc** and V“, the 
intensity ratios in the two cases are the same. It must 
be concluded that the 0.99 and 1.32 y-rays of the V“ 
decay are of equal intensity if the y-rays of Sc* are of 
equal intensity as is generally established. 

The authors wish to thank Dr. Milo B. Sampson 
and the cyclotron staff for the bombardments and 
Mr. Arthur Lessor for his assistance with the chemistry. 


10D. Kurath, Phys. Rev. 87, 528 (1952). 
" Hammermesh, Hummel, Goodman, and Engelkemeir, Phys. 
Rev. 87, 528 (1952). 
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A series of empirical arguments has developed which leave two 
alternatives for the law of 8-interaction: an STP (scalar+tensor 
pseudoscalar) or a VTP (V=vector) combination. We offer 
a new argument, based on an interpretation of the reported 
“allowed” shapes of once-forbidden spectra, which favors the 
STP over the VTP form. This new development may be important 
because it is a possible last step in arriving at a unique law of 
B-decay (i.e., all three components of the STP form would 
become both admissible and necessary). 

A critical stage in the new argument is the explanation of the 
“allowed” shapes. The theory may yield such shapes if the 
Coulomb potential energy at the nucleus is sufficiently larger 
than the kinetic energy with which electron and neutrino are 
emitted. That condition happens to be best fulfilled just for the 


1. INTRODUCTION 


HE Fermi theory of B-decay is not completely 

definite, even though it has dealt successfully 
with much that is known concerning 8-processes. The 
definite part of the theory consists of criteria which are 
equally well satisfied by several specific formulations. 
The alternatives can be exhaustively enumerated in 
more ways than one. The customary way leads to a 
B-interaction expressed as an arbitrary linear combi- 
nation of five “forms”; the scalar form, symbolized by 
S; the polar vector, V; the tensor, 7; the axial vector, 
A; and the pseudoscalar, P. There has been a con- 
tinuous effort to find and interpret experimental evi- 
dence that some definite combination of the five forms 
is the correct one. 

The following points are currently regarded as having 
been established by the evidence: 

I. The T or A forms must be part of the correct law 
of B-interaction. The main evidence is of two kinds. 
Only the 7, or the A, form yields Gamow-Teller 
selection rules, which are needed for understanding the 
short lives of many §-transitions with a unit spin 
change. Only these two forms yield the “unique” 
spectrum shapes, found for m-times forbidden transi- 
tions in which the spin changes by +1 units. 

II. The S or the V form must also be included. The 
chief evidence for this is the short life found for B- 
transitions between nuclear states of zero spin, during 
the decay' of C'® and O". Forms other than the S or V 
lead to much smaller decay probabilities for these cases, 
relative to other transitions. 

III. The P form is needed to explain the singular 
RaE spectrum, according to the analysis of Petschek 
and Marshak.? Actually, the P form is needed in 
combination with the T for this. 


1Sherr, Muether, and White, Phys. Rev. 75, 282 (1949); 


R. Sherr and J. Gerhart, Phys. Rev. 86, 619 (1952). 
* A. Petschek and R. Marshak, Phys. Rev. 85, 698 (1952). 


cases in which the “allowed” shapes are the most accurately 
observed. However, the dominance of the Coulomb effect cannot 
be a sufficient condition except with the STP or VA forms of 
B-interaction. Other forms make deviations from the allowed 
shape possible even when the Coulomb energy is supposed 
indefinitely large. 

The last type of deviation has the same origin as the well-known 
Fierz interference in allowed spectra. The absence of the latter 
effect has been widely quoted but apparently never heretofore 
examined in detail. It is important in one of the series of argu- 
ments mentioned above. Hence, we investigate the empirical 
limits on Fierz-type deviations not only in once-forbidden but 
also in allowed spectra. 


Each of the above arguments requires the inclusion 
of some component form without precluding the 
presence of other forms. The following argument seems 
to be the only generally recognized empirical one which 
tends to eliminate some of the possible combinations. 

IV. It is usually regarded as evident that not both 
the T and A forms, nor both the S and V forms, can be 
parts of the 8-coupling. If they are, then the spectra 
of allowed §-emission should be expected to deviate 
from the “allowed’’ (essentially statistical*) shape, 
through the operation of the so-called “Fierz inter- 
ference.” However, no unquestionable deviations have 
ever been found.‘ 

Perhaps the weakest of the above arguments is III; 
points for and against it are put forward in Sec. 5. 
However, even if one accepts this one together with all 
the other arguments, they still do not lead to a unique 
law of 8-interaction. They are equally consistent with 
either an STP or a VTP combination. We shall intro- 
duce here a possible method for deciding between those 
final two possibilities. Like III, and perhaps also IV, 
our new argument (V) needs further confirmation 
before it will become completely acceptable, but at 
present it points to the STP combination as the correct 
one. This development would be important because 
one will have finally arrived at a unique law of 8-decay. 
The law would be unique in the sense that each of its 
component forms would be necessary, and also the 
only ones admissible. Formerly, it was not entirely 
clear that B-decay data alone would ever be able to 
lead to a unique law. 

The argument V now offered is in one respect an 
extension of IV. A Fierz type of interference can be 
identified in the theory of once-forbidden spectra as 


* What is generally called the “allowed shape” (linear Kurie 


lot) is here called the “statistical shape” because we consider at 
east the possibility that allowed spectra deviate from linearity 
on Kurie plots. 

*C. S. Wu, Revs. Modern Phys. 22, 386 (1950). 
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well as for allowed transitions. Whereas for the latter 
the Fierz interference arises only from SV and TA 
combinations, in the once-forbidden cases it also arises 
from SA, VT, and AP combinations. That such inter- 
ference should not be admitted for once-forbidden 
spectra seems to be supported by evidence of the same 
kind as for allowed spectra: All the normal once- 
forbidden spectra are reported to have the statistical 
shape. (The one “abnormal’’ example, RaE, needs 
separate consideration, Sec. 5.) 

An important preliminary to argument V is an 
explanation of how a once-forbidden spectrum may 
have a statistical shape even in the absence of Fierz 
interference. The various effects which can arise are 
differentiated in Sec. 2. The condition for a statistical 
shape then becomes expressible as: a large Coulomb 
energy, Ze’/R, at nuclear radius R, as compared to the 
kinetic energy which the electron and neutrino finally 
obtain. This condition is best fulfilled just for the 
observed cases in which the statistical shape is best 
confirmed. Whether the condition is sufficiently well 
fulfilled for all cases reported to have the allowed shape 
is not easily settled because of the essential occurrence 
of nuclear matrix elements which can be only crudely 
estimated. Hence, in Sec. 2 we take the standpoint that 
the statistical shape is experimentally established and 
follow out its implications. The result is our argument V. 

The importance of the experimental detectability of 
Fierz interference for both arguments IV and V leads 
us to make a critical examination of the data: in Sec. 3, 
the allowed transitions and in Sec. 4, the once-forbidden 
cases. The empirical limits put on the Fierz type of 
effect, in both kinds of spectra, are about equally 
narrow. However, because of the greater complication 
of the once-forbidden theory, the interpretation there 
is not as straightforward as it is for the allowed transi- 
tions. It becomes clear that measurements of once- 
forbidden spectra which show positive deviations from 
the statistical shape (low Z, high energy) are needed to 
check on our explanation of the cases of no deviation, 
before argument V can be regarded as established on 
the same footing as IV. 


2. THE SIGNIFICANCE OF ONCE-FORBIDDEN 
SPECTRA WITH STATISTICAL SHAPES 


We use notation in which the §-interaction energy 
density is 
YxGxX+Herm. conj. (1) 


with X=S, V, T, A, or P. Each of these five symbols 
stands for one of the interaction forms of the list (6a-e) 
of Konopinski.’ Each Gx is a Fermi coupling constant, 
measuring the magnitude of interaction of form X 
which might be present in the correct law. 

We present the theoretically expected spectra in 
terms of a “shape factor,”’* C,, which multiplies the 


5 E. J. Konopinski, Revs. Modern Phys. 15, 209 (1943). 
* Called “correction factor” in the paper of E. J. Konopinski 
and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). 
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well-known statistical factor to give the spectrum char- 


acteristic of the degree of forbiddenness, n(=0, 1, 2---). 
For allowed transitions,’ 


2 
Co=[(Gs*+ Gy? (2k/ WyGsGr)} f 8 


+[Gr?-+ G42 (20/W)GrGa]}) f po}. (2) 


The upper sign refers to positron, the lower to negatron, 
emission. Of course, the intrinsic signs of GsGy and 
GrGa, as well as their magnitudes, are to be treated as 
unknown. The real* parameters « and \ are defined by 


fi--<fe and fo~—» f be, (3) 


which are nuclear matrix elements to be found in 
reference 5. W is the electron energy, inclusive of rest 
mass, in units of mc’. 

The terms ~1/W in (2) are the well-known Fierz 
interference terms. Their presence would cause allowed 
spectra to deviate systematically from a statistical 
shape. The apparent absence of such dqviations is the 
basis of argument IV of the introduction. We proceed 
to show that interference effects of the same type can 
be identified in the theory of once-forbidden spectra. 

The latter was worked out by Uhlenbeck and 
Konopinski® for each of the five interaction forms 
separately. Recently, Smith® and Pursey'® calculated 
the contributions from the interference between the 
various forms. The resulting shape factor C,, if written 
with the same generality as Cp in (2), would require too 
formidable an expression for convenience. We therefore 
take several steps to simplify its exposition. 

First, we restrict the name “once-forbidden”’ here to 
just the transitions having spin changes AJ=0 or +1, 
together with parity change. The AJ==+2 transitions 
are well understood, as indicated in argument I of the 
introduction, and need no discussion here. 

Second, we accept argument IV," so that we need 
consider as possible alternatives for the 8-law only the 
four arbitrary combinations: STP, SAP, VTP, or VAP. 

Third, we separate the shape factor into three parts: 


Cy= CO + CY + Cy. (4) 


C, is to consist of the terms which contribute to 
1;=0-1 ,=0 transitions. Then the S and V forms do 
not contribute to C,; at all, and only C,(7P) and 
C,(AP) will be needed [(12) and (13)]. C:® is to 
consist of terms which contribute to AJ=+1 but not 
to AJ=+2 (or 0-0) transitions. The P interaction 


7M. Fierz, Z. Physik 104, 553 (1937). The largest contribution 
of the P form is Gp*| /Bys/*; it requires a nuclear parity change 
and so is classed as once-forbidden, rather than allowed. 

5 C. Longmire and A. Messiah, Phys. Rev. 83, 464 (1951). 

* A. Smith, Phys. Rev. 82, 955 (1951). 

© PD. Pursey, Phil. Mag. 42, 1193 (1951). 

" Evidence for it is examined critically in Sec. 3. 
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Taste I. Once-forbidden transitions. 
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4 See reference 16. 
* See reference 17. 
! See reference 18. 


* See reference 13 
> See reference 14. 
© See reference 15 


makes no contribution to C,;“ since its only matrix 
element’ is //Bys, which vanishes unless AJ=0. The 
C,® is the complete shape factor for the AJ=+2 
transitions which we have dismissed; however, C,°? 
also contributes to AJ=0, +1 transition, although not 
to 0-0, 1«+0 or }->$ cases. As indicated in argument I, 
C, arises from T or A interactions only. 

Fourth, we introduce certain real* parameters, xj, yi, 
z;, which help simplify the notation for the nuclear 
matrix elements which occur. The latter are defined in 


references 5 and 6. Here we define x; by means of 


for- — ix (Gr Gs) f box, 
fre —ixe(Ga Gv) fxr, 
for-inG, Gs) [ exe, 
fr-isuGr Gv) f boxe. 


Next, the y,; are defined by 


f 0 =Vi(@ 2\/2) [ ox, 
foe = yo(a|Z|/2R)(Ga, Gv) fox, 


fo = —y4(a|Z|/2R)(Gr Gr) f boxe. 


Here, Z is the nuclear charge and R the nuclear radius 
in units of h/me. Finally, the z; are defined by 


Jorvmievalz|/28) for, 


fere=-ielalz| 2R)\(Ga Gr) for, (7) 


fo = iz3(@ | Z| 2R)(Gz/Gr) { 60° r. 
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Attempts!® have been made to evaluate these matrix 
elements from simplified nuclear models. These estimates 
give x;, yi, 2; the order of magnitude unity when all 
Gx/Gx—1 (except zz 30, see below). 

Fifth, we present the shape factor here only in the 
approximation (aZ)*<1. This is more than adequate 
for our purposes. We have actually used the precise 
expressions to be found in references 6, 9, and 10 for 
checking various of the smaller effects. The correspond- 
ing increase in accuracy is, however, largely illusory, 
because of uncertainties in nuclear matrix elements, in 
the nuclear radius, and in the finite nucleus and 
screening effects. 

We are now ready to give C;") for the ST(P) and 
VA(P) interactions. For both, one can use the single, 
positive-definite expression : 


2 


| "| aZ 
Ci =Gacr)* f@exe [ats 
| |L2R 
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The upper sign applies to the VA combination, the 
lower to ST. Further, one may change to the case of 
positron emission by changing the sign of y;. i=2 and 
1, respectively, for VA and ST. p and q are electron 
and neutrino momenta, respectively, in units of mc. 
q=Wo—W if Wo is the spectrum end-point value of the 
electron energy W. 

Expression (8) makes clear an important result: The 
main Coulomb effect on the electron, ~(aZ/2R)*, is 
energy-independent. Dependence on energy here means 
on the kinetic energy with which the electron emerges, 
and naturally the Coulomb potential energy is inde- 
pendent of that. 

As contrast, we immediately present C,®’, which 
constitutes the entire shape factor for the AJ=+2 
transitions: 


C,% =Gr, 22| Bi|2(p+¢2)/12. (9) 


B,; is another nuclear matrix element defined in refer- 
ence 6. This expression yields the distinctive shapes 
referred to in argument I and arises only from the T 
or A forms of interaction. Here, the large possible 
angular momentum change |A/| makes the role of 
orbital angular momenta important. As a consequence, 
energy-dependent centrifugal effects dominate, rather 
than such Coulomb effects as were described in the 
preceding paragraph. The energy-dependent terms of 
(8) are largely centrifugal effects like those of (9). 

Not all the constant terms of (8) arise from the 
Coulomb effect on the electron. The matrix elements 


a ‘Es Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). 
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J'(8)a and {(8)ys of (6) and (7) contribute to the 
once-forbidden shape factors in the same way as do the 
J'(8) and f(8)e to the allowed shape factor (2), ice., 
with constant terms. However, as the estimates of (6) 
and (7) mentioned above indicate, here also the 
Coulomb energy is a measure of the size of the contri- 
bution. This results in the combination of Coulomb 
terms actually shown in (8). Hence, the size of all the 
energy-independent contributions to the shape factor 
can be said to be measured by the Coulomb energy at 
the nuclear radius, aZ/R. 

The existence of the constant terms has particular 
significance in view of the fact that all the measured 
once-forbidden spectra are reported to have the sta- 
tistical shape (except RaE, Sec. 5). Thus, the experi- 
ments appear to demand an energy-independent shape 
factor, Ci. 

One can now see that it is important for all the 
observed cases, that the Coulomb energy should domi- 
nate over the electron-neutrino kinetic energies: aZ/R 
>W >—1. The uncertain parameters x;, y; cannot take 
on values which would tend to cancel the Coulomb 
terms. The only alternative would be for the kinetic 
energy terms to preserve a precarious balance against 
each other. Such a balance should in principle vary 
from case to case and frequently fail, giving deviations 
such as have not so far been observed. It is fortunate 
for the theory that in all the cases for which the 
statistical shape is reported, the condition aZ/R>W» 
—1 is fulfilled. This is shown in Table I'*~'* for the 
once-forbidden cases in which the spectra are best 
measured (i.e., unobscured by concurrent transitions). 

Supporting evidence for our interpretation that it is 
the dominance by the Coulomb terms ~(aZ/2R)* 
which is responsible for the statistical shapes comes 
from the AJ==+2 transitions. A notable fact about 
these distinctive transitions is their long comparative 
half-lives ((log ft)y*+9) as against those for AJ=+1 
((log ft)~*7). The main part of this difference must 
be due to the absence of the large Coulomb contribution 
~(aZ/2R)* in (9). This implies that if the Coulomb 
term weresuppressed in (8), e.g., by adverse x;, y; values, 
then the AJ=4-1 half-lives would become as long as 
the AJ= +2 ones, contrary to what is actually observed. 

Not only (8), but all the possible AJ=0, +1 shape 
factors contain the Coulomb terms ~(aZ/2R)*. For 
the SA(P) and VT(P) combinations, we write C," 
keeping only these usually dominant terms: 

|2 


| 
Ci(SA)~Ge fox (aZ/2R)? 
X[i+*2—2x,/W], (10) 


3 Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951). 

4 Langer, Motz, and Price, Phys. Rev. 77, 798 (1950). 

16. M. Langer (private communication); see also F. B. Shull, 
Phys. Rev. 74, 917 (1948). 

16H, R. Muether and S. L. Ridgway, Phys. Rev. 80, 750 (1950). 

17L. M. Langer and H. C. Price, Phys. Rev. 76, 641 (1949). 

18 L. R. Shepherd and S. M. Hill, Nature 162, 566 (1948). 


| |? 
CT) ~Gr'| [boxe (aZ/2R)*L(1—y1)? 


(11) 


The striking fact about these expressions is that they 
predict deviations from the statistical shape even for 
large Coulomb energies. Yet we depend on the latter 
to account for the occurrence of statistical shapes 
among once-forbidden spectra. 

The energy-dependent terms of (10) and (11) are 
~1/W and arise from the calculations in the same way 
as do the Fierz interference terms in the allowed shape 
factor Co of (2). Thus, an argument develops against 
the inclusion of SA and VT combinations in the 8-law 
which is of the same kind as argument IV against SV 
and TA combinations. 

There remains to be considered the shape factors 
C, which form a part of the total shape factor (4) 
for AJ=0 transitions and constitute the entire shape 
factor for 0-0 transitions. For either the (S)7P or 
(V)TP forms of the B-law, 


+ (x4— 4)? — 2(1 —_ V1) (%s— a /W). 


| aZ 
C\ (TP) =Gr? oor [=a-s 
| lLar 


1 2 2 2 
EGY) 
3X 3W 


Clearly, this leads again to the statistical shape in the 
usual case of aZ/R>>W ,—1. However, the (S)AP or 
(V)AP forms yield 


CYO(AP)=Ge| for (aZ/2R)*[ (1-21)? 


+27°+22:(1—2;)/W], (13) 
when aZ/R>W > —1. Here, the Fierz type of deviation 
occurs again. 

The complete roster of possible once-forbidden shape 
factors, (8) to (13), has led to the following conclusions. 
The reported statistical shapes (energy-independent 
shape factors) seem best explainable, according to 
either an STP or VA form of -law, as due to the 
normal dominance of the Coulomb energy. The VTP 
or SAP forms are probably incorrect because even for 
large Coulomb energies they, in general, predict 
deviations from the statistical shape, of a Fierz type. 

Two considerations tend to keep this argument from 
being completely conclusive, at least for the present. 
These apply to some degree also to the widely accepted 
argument IV, which has a similar basis in allowed 
spectra. They are: 

(a) The uncertain quantities x;, y;, 3; may have such 
values, in all the cases observed so far, that the Fierz 
interferences would be unobservable. 

(b), Although the spectra are reported to have sta- 
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tistical shapes, the experiments might have been too 
inaccurate to detect Fierz deviations. 

The adequacy of the experiments is discussed in 
detail in Sec. 3, for allowed spectra, and in Sec. 4, 
for once-forbidden spectra. 

As regards point (a), one may point out at once that 
it is unlikely for the matrix elements, in all the cases 
observed, to take on just such values as would hide the 
effects of Fierz interference. In principle, the matrix 
elements may vary markedly, relative to each other, 
from case to case. Certainly, the objection (a) will 
become difficult to believe if the reports of statistical 
shapes of greater accuracy continue to accumulate. 

For a less vague consideration of the objection (a), 
we may rely on the estimates of the nuclear matrix 
elements due to Pursey” and to Ahrens and Feenberg.” 
One has 


and A#=1 (14) 


for the parameters in Co, (2). This results immediately 
from the nonrelativistic approximation for the Dirac 
B(= —1). That approximation is invalid if 8 does not 
commute with other operators occurring in the matrix 
element. 

We quote the estimates for the ratios involved in (5), 
(6), and (7) in terms of the quantities £,, :, ¢; defined 
exactly like x,, y;, 3; except that the G’s are omitted, i.e., 


(15) 


k=l 


rt, Von, te: as Gx/Gy-—l. 


Further, we restrict the quotations for £;, 7; to those 
applicable to the first three, better-defined cases in 
Table I: 

(16) 


(17) 


hrh~hi~&—1, 
m~m~m=~A, 


where A is a quantity defined by Ahrens and Feenberg. 
These authors find A~1 for such cases as ours. On the 
other hand, Pursey gives A= 2. The discrepancy stems 
from different assumptions as to the nuclear model. 
The estimates (16) are probably more reliable than the 
others since they follow from kinematical considerations 
whereas A requires more presumptions about the 
nuclear Hamiltonian. 
Further, Ahrens and Feenberg give 


i~1, (18) 


while Feenberg and Primakoff” estimate 


fo 030, (19) 


Rad'n 


NY 8 
sé 8 
Cu® 8 
Cu* 6" 
* See reference 19 


» See reference 20 
© See reference 21 
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being of the order of m/M, the ratio of electron to 
nucleon mass. According to the last result, the P form 
will not contribute at al] unless Gp has an unlikely 
high value. 

If one accepts the estimates just reviewed, one sees 
that objection (a) does not hold for Cy and for C," (SA). 
Thus, sufficiently accurate experiments should reveal 
the presence of Fierz interference if the SV, TA, or SA 
combinations occur in the correct law. The apparent 
absence of an observable Fierz deviation confirms 
argument IV and, further, also our new argument 
insofar as it is directed against the SA combination. 

The consequence of the estimates for the VT combi- 
nation (11) depends on whether A~ 1 or A= 2. If A~1, 
not only is the Fierz interference in the C,“’(VT) shape 
suppressed but all the Coulomb terms ~(aZ/2R)?. 
Hence, a VT law would predict for AJ= +1 transitions 
a distinctly nonstatistical shape very similar to the 
AI = +2 shapes ; moreover, the half-lives of the AJ= +1 
and AJ = +2 transitions would be expected to be about 
the same. Thus, Feenberg’s evaluation (A~1) would 
make the argument against the VT combination very 
strong. 

On the other hand, Pursey’s estimate of A~2 would 
make the Fierz interference in the VT combination 
observable. If one accepts only the more reliable esti- 
mate §,~1 for the first three cases of Table I, then 
(11) becomes 


fox (aZ/2R)*(1—A)* 
X(Gr+Gy?—2GrGy/W). 


Thus, if the constant terms here are appreciable at all 
(A -/-1) then a Fierz deviation should be present unless 
GyGr-0. 

Finally, accepting the estimates (19) as valid destroys 
our argument as directed against the AP combination 
(13). If the P form does not contribute at all, naturally 
its effects become unobservable and objection (a) holds. 
However, the RaE case, discussed in Sec. 5, may 
indicate that occasionally at least the estimate (19) faiis. 

On the basis of the estimates of the nuclear matrix 
elements, therefore, argument V can be successfully 
directed only against including VT and SA forms in 
the §-law. This, together with argument IV, leaves 
only the STP and VAP possibilities. 


3. FIERZ INTERFERENCE IN ALLOWED SPECTRA 


The absence of Fierz deviations in allowed spectra is 
frequently quoted as a basis for argument IV, but no 
systematic examination seems to have been presented 
so far. We have special interest in the details because 
the sensitivity of current measurements to the Fierz 
effect also determines the effectiveness of argument V, 
which depends on the absence of the Fierz type of 
deviation in once-forbidden spectra [see objection (b) 
in Sec. 2]. 


Cy (VT) = 
(20) 
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The most convenient way to derive information from 
spectrum shapes is to examine their (Fermi-)Kurie 
plots. The ordinates of these are, in theory, 


K,=(Wo-W)C,'. (21) 


When the shape factor C,, is independent of the energy 
W, the spectrum has a statistical shape and the Kurie 
plot is linear ~(W>)—W). Kurie plots of experimental 
points have an arbitrary ordinate scale, being propor- 
tional to the square root of the source intensity. This 
fact, together with the fact that the plot itself is used 
to determine Wp», tends to make experimental Kurie 
plots insensitive to possible deviations from linearity. 
Nevertheless, the current accuracy of measurement 
does not seem to warrant more sensitive treatment. 

If the Fierz type of effect should be present, then 
the Kurie plot should deviate from linearity, since it is 
now proportional to 


K,~(Wo—-W)(1+2¢/W)}, (22) 


where ¢ is some number for each spectrum, given in 
theory by some one of the shape factors like (2), (10), 
or (11). The report that the spectra yield linear Kurie 
plots implies g=0, but some amount of deviation would 
have been undetected. Thus, we can only expect to set 
upper limits on | ¢| from the experiments. If these 
turn out to be substantially less than unity, their 
difference from zero will have been rendered unlikely. 
That conclusion has particular force when a small | ¢| 
implies some |Gx/Gx-| is a small fraction. A theory 
with one Fermi constant much smaller than another 
strains credibility. The burden of proof is transferred 
to the point of view that the small component exists. 
The observed spectra which have the best chance to 
reveal the presence of Fierz interference are those 
which are measured reliably down to a low electron 
energy. We therefore look at spectra which are not 
superposed with concurrent, lower energy, transitions. 
Table II seems to have the best measured examples.'"*-"! 
To provide an equal basis for judging the consistency 
with experiment of the theories with (g¢#0) and without 
(g=0) Fierz interference, we proceeded as follows. 
For each test, we chose a suitable (small) numerical 
value of g. Then we compared the conventional experi- 
mental Kurie plot (g=0) with a plot of the same points 
divided by (1+2¢/W)!. The second type we refer to 
as a “Fierz plot.” The latter, rather than the conven- 
tional plot, should be linear if actually the 90 is 
correct, as can be seen from (22). Of course, it turns 
out that both plots are nearly linear if | ¢| has been 
chosen small enough. We then located the straight lines 
which the experimental points of each plot ought to 
follow by using the points on the high energy side of 
the intensity maximum, the corresponding ones of the 
19 W. Hornyak and T. Lauritsen, Phys. Rev. 77, 160 (1956). 
2 R. Albert and C. S. Wu, Phys. Rev. an 847 (1949); Langer, 
Motz, and Price, Phys. Rev. 77, 798 (19. 


” Langer, Moffat, and Price, Phys. aoe 76, 1725 (1949); C 
Wu and R. Albert, Phys. Rev. 75, 1107 (1949). 
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Fic. 1. Conventional Kurie (K) and Fierz (K/(1+2¢/W)* with 
¢==+1/5 plots for the Cu®™ spectra. 


Kurie and of the Fierz plots. That part of every 
spectrum is always the most reliably measured. Finally 
we examined and evaluated the deviations from the 
constructed lines which are exhibited by the points 
not used in the constructions. 

The conventional Kurie plots usually showed roughly 
random deviations from linearity. We took the root- 
mean-square of the percentage deviations, ¢«, as a 
measure of the experimental accuracy. Then we found 
in each case that values of ¢ surpassing certain limits 
would yield Fierz plots which deviated systematically 
from linearity. We regarded the limiting ¢’s to have 
been reached when the systematic mean percentage 
deviation 6 in the Fierz plot just exceeded the random 
deviation ¢ in the Kurie plot. This seemed quite a 
generous allowance for random error. Of course, we did 
not try infinite progressions of g’s. From a suitable 
enough initial choice it can be shown possible to per- 
form a type of linear extrapolation to the limiting ¢: 
We find 6—do~¢ if 5o is the percentage deviation in 
the Kurie plot. 


Cu (3-) 


Ten points with W>1.5 were used to determine the straight 
lines for the Kurie plot and two Fierz plots with g=+0.2 in 
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Fig. 1. For the Kurie plot the remaining twelve points were 
randomly distributed above and below the straight line with a 
mean relative deviation of 59~0.1 percent; the root mean square 
of the relative deviations was e=0.9 percent. As for the Fierz 
plots, the deviations were systematic, too low for g¢=+0.2 and 
high for ¢=—0.2, the mean value of their relative magnitudes 
amounting, respectively, to 6,=—2.0 percent (g¢=+0.2) and 
6_=+3.0 percent (g=—0.2). From these we concluded that 
the values of ¢ capable of giving Fierz deviations, undetectable 
within the accuracy of the measurements (e=0.9 percent), were 
limited by —0.06< ¢<0.08. 


A disturbing factor in the course of the reasoning 
here is that the deviation in the g<0O Fierz plots 
resembles somewhat the effects of too thick a source 
being used in the measurement. Actually there is no 
serious danger that this is so; thick source effects tend 
to set in with distinctly greater abruptness than the 
theoretical deviations here. Furthermore, it is easy to 
put the whole question to rest by looking also at 
positron spectra, which are expected to have deviations 
of the opposite sign according to (2). 


Cu® (3*) 

The procedure used for the electron spectrum of Cu® gave 
similar results when applied to the positron spectrum. Here 
seven points with W>1.6 determined the straight lines, and 
eleven points with W<1.6 were used to measure the deviations. 
With the notation used for the previous case we found 6,=—3.9 
percent, 6.=3.1 percent, e=1.1 percent, 5)>=—0.7 percent, with 
the consequent limit on unobserved Fierz deviations of —0.1<¢ 
<0.03. 


It now seems possible to say that | ¢|<0.1 for 


allowed transitions with AJ=-+1. In such cases, Co of 

(2) is simplified because (B= $1=0. Then, theoreti- 

cally, : 
g= +AG1G4/(Gr+NG 4’). (23) 


Hence, we can say | AGa4/Gr| $0.1 or |Gr/AG4| S01. 
Considering that probably \~1, see (14), we have here 
the implication that one of the G’s is less than 0.1 of 
the other. This is about as closely as the present 
experiments can prove that not both Gr and Gy, differ 
from zero. The significant limits are 


G2/Gr?<1 percent or Gr’?/Ga?<1 percent. 


We hope to come to a similar conclusion about the 
pair Gs, Gy from the AJ=0 experiments. 


N' 


The measurement of the deviations of thirteen points with 
W<2.5 from the straight line drawn through ten points with 
W>2.5 gave 6,=—3.6 percent; 5.=4.3 percent, «= 1.2 percent, 
5o= +0.5 percent, and consequently —0.04< ¢<0.09. 


S35 


Six points with W>1.16 and nine points with W<1.16 were 
used giving 6,=—2.2 percent, 5.=1.7 percent, e=1.2 percent, 
o= +0.4 percent, from which —0.12< ¢<0.12. 


The N™ experiment seems good enough to conclude 
that | ¢| $0.1 for AJ=0 transitions, also. Theoretically, 
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see (2), 


g=+ casi [| Ge+ eGy* 


+0%%Gna(| fl /| fo )] (24) 


depending on whether the near vanishing of (23) is 
taken to imply that Gr or Ga is to be neglected. For* 
N®, | fBo|?/| f8|?~1/3. The Fierz interference is 
expected to be less detectable when AJ=0 than it was 
for AJ= +1. Nevertheless, it is clear that |Gs/Gy| or 
|Gy/Gs| must be substantially less than unity and 
presumably zero. 


4. FIERZ-TYPE INTERFERENCE IN 
ONCE-FORBIDDEN SPECTRA 


We wish to compare argument V, against SA and 
VT combinations, with the argument IV, against SV 
and 7A combinations, by showing that the once- 
forbidden spectra limit the amount of the Fierz-type 
deviation as much as do the allowed spectra. 

We probably must forego directing our argument also 
against AP combinations. Not only does the estimate 
(19) of {Bs make it possible that P effects are unob- 
servable anyway, but also there seem to exist no 
suitable measurements to implement the argument for 
this case. Many spectra have been observed which are 
expected to have® AJ=0 (Zr, Ag™, Cd!§, Inttom, 
La™!, Dy!®, Er'®, Er'7!, Ce! Pr). However, all these 
are overlaid with concurrent transitions or other ob- 
scuring effects. The unobscured portion of each spec- 
trum is reported to have the statistical shape, but the 
obscurations may have hidden considerable Fierz 
interference. 

Table I lists all the once-forbidden spectra which 
seem to be well-measured down to low energies. Only 
for the first three cases does the shell model define the 
spin change fairly well, as AJ=1. For these reasons we 
confined our examination to Pm’, W'*®, and Pr'®. 


Pm"? 


Figure 2 shows the conventional Kurie plots and also the Fierz 
plots for ¢=+1/5. For each, the points with W>1.2 were used 
to locate the presumptive straight lines. The deviations of the 
points with W<1.2 were random for the Kurie plot (4)=0.2 
percent), having a root-mean-square percentage deviation, e=0.9 
percent. The ¢=+1/5 plot has a systematic mean percentage 
deviation, 5,=—1.9 percent. This reduces to —0.9 percent if 
¢g=0.1. The g¢=—1/5 plot has a systematic mean deviation 
6.=+4.5 percent. That reduces to +0.9 percent if ¢=—0.03. 
We conclude —0.03< ¢<0.1 


wis 


The results here were much the same as for Pm'*’. The points 
near the end point showed some scattering; hence, they were not 


%E. P. Wigner, Phys. Rev. 56, 519 (1939). 
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relied on to determine the straight lines. It was necessary to use 
instead points more nearly at the middle of the spectrum. This 
naturally cut down the range in which the Fierz deviations could 
show themselves. In conclusion, it was then possible to say that 
—0.09< ¢<0.14. 


Pr'** 


The accuracy here was found to be about the same as for W". 
The result was —0.13< 9<0.09. 


Thus, with some indication of concurrence from W'* 
and Pr'*, the most stringent limits on the amount of 
Fierz interference is imposed by the particularly care- 
fully measured Pm'’ spectrum. From it we can con- 
clude that | g| $0.1. 

We interpret the result | g| 0.1 by supposing, in 
turn, that the Fierz interference arises from the SA 
combination as in (10), then from the VT combination, 
as in (11) or (20). According to (10) and (15), 


| e| =| xa] /(1+as*) = | &GsGa|/(Ga'+ivGs"). 


We can put §;~ 1 according to (16) without introdu;ing 
more uncertainty than was done for argument IV 


when x~\=1 was supposed. Then | ¢| <0.1 implies 
with the present interpretation : 
G2/G3S1 percent or Gs*/G4?S1 percent. 
When the V7 combination is being tested, 
(1—m (Eq _ nGvGr!| [(1 — Gr" 
+(&—m)°*Gv"] 


¢|= 


according to (11) and (15). When (16) is used, 
¢| > GyGr! [Gr+Gy"]. 
Hence, | ¢| <0.1 makes 


Gy*/GrrS1 percent or Gr*/Gy*S1 percent. 
One must remember, however, that the terms under 
consideration here are multiplied with (1—7,)*, which 
may nearly vanish. It has already been pointed out, 
in Sec. 2, how this would only strengthen the case 
against the V7 combination. 

We have thus carried out argument V to the same 
kind of result as IV. Ratios of the type Gx’/Gx were 
shown to be small enough for the presumption that 
they vanish to be likely. However, such a presumption 
is not necessary to complete argument V, as it was for 
argument IV. This is because we have an independent 
measure for the possible values of the ratios in question. 
One can show™ that the comparative half-lives of H* 
(or the neutron) and He® can be consistent with each 
other only if 


Gr/Ge=0.6 to 2.4. 


Here Gr may be Gs or Gy, whereas Gg is Gr or G4. The 
“E. J. Konopinski and L. M. Langer, Annual Reviews of 
Nuclear Science, 2 (1952). 
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Fic. 2. Conventional Kurie (KX) and Fierz plots 
(g=+1/5) for Pm. 


subscripts F and G refer to “Fermi” and ‘“Gamow- 
Teller” selection rules. One can see that the limits on 
the G’s imposed by the absence of Fierz deviations 
make the SA and VT combinations inconsistent with 
the H?, He® half-lives. 

So far argument V may seem at least as secure as 
argument IV. However, we have ignored the small 
energy-sensitive terms, aside from the constant ones 
~(aZ/2R)*, which enter all the shape factors C; and 
are specifically shown in (8). We have been relying 
heavily on the reports of the statistical shape as an 
empirical fact from which the negligibility of the 
energy-sensitive terms follows. From the theoretical 
side, the negligibility of these terms depends on the 
precise values adopted for the nuclear radius, for the 
G’s and for the relative sizes of the nuclear matrix 
element (the parameters £;, 9;, ¢;). Thus, the possible 
disturbing effect of the terms in question is subject to 
considerable uncertainty. It is fortunate that the best 
limits on g have been derived from the Pm" case, 
which has a particularly low energy release Wo and so 
should be the least disturbed. 

The energy-sensitive terms might disturb the above 
conclusions in the following way. Contrary to those 
conclusions, the Fierz terms may actually be appreci- 
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able. Their presence might not be evident in deviations 
from the statistical shape because their effect is just 
cancelled by the energy-sensitive terms we have so far 
ignored. There is, of course, the immediate objection 
that it is unlikely for the statistical shape to depend 
on such accidental cancellations. We have nevertheless 
explored the possibility. 

The efforts to save the SA and VT interactions, by 
supposing the constant shape factor to be a resultant 
of accidental cancellations of energy-sensitive terms, 
are easiest to describe for the SA case. This is because 
only the single uncertain parameter x; is involved. We 
did find that indeed x,~ +0.08 yielded a more constant 
shape factor for Pm"? than did x3=0 when a conven- 
tional value R= 1.5A410~-" cm was used for the nuclear 
radius. However, x3= §sGs/Ga=0.08 makes | ¢| <0.1, 
within the limits which were regarded as an argument 
against the SA combination above. Moreover, if one 
wanted to save the Pr'® shape in the same way, the 
larger energy-dependent terms here make it necessary 
to adopt an xs approximately 3 times as large as for 
Pm'’. The similarity of the nuclear states involved in 
the two cases (see Table I) makes it implausible that 
&; could be responsible for such a threefold variation. 
It does not seem likely that this method of obtaining 
the observed statistical shapes should be taken seriously. 

Similar efforts to save the VT interaction met with 
similar objections. The greater number of uncertain 
parameters which is here involved makes the description 
of the details too lengthy to be given here. 


5 CONCLUDING DISCUSSION 


The arguments IV and V by themselves leave only 
the alternatives STP and VAP with which to reproduce 
the observed statistical shapes of the once-forbidden 
spectra. These forms are supposed to do that by way 
of the large constant Coulomb terms in the shape 
factors (8). The energy-sensitive terms of (8) are sup- 
posed to be negligible, at least within the accuracy of 
the observations. The uncertain factors in all these 
terms make it impossible to prove that they indeed are 
so negligible; all that can be done at present is to show 
that it is possible that they are. 

A typical situation arises when a detailed effort is 
made to fit C;“)(ST) of (8) to Pm'*’. The only appreci- 
able perturbation to the constant (aZ/2R)* term is the 
addition to it of the terms 

al | Gr—-&iGs | 


Gr+iiGs Pr 
3RIGr(1—A)+£iGs W Gr(1—A)+8:Gs | 


If we take Gr=Gs, &:=1, A=1, and R=1.5A!X10-" 
cm, this causes ~+3 percent mean deviation from 
the statistical shape. This deviation can be reversed 
if A—2 and Gr>Gszs instead. Such conclusions were 
little changed when we used the more precise expres- 
sions of references 6 and 9, and when we considered finite 
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nucieus and screening effects. One sees that there 
is little point in pursuing this study in view of the 
uncertainties involved. Probably such uncertainties 
will be best resolved when cases with Wy—1—aZ/2R 
are found and measured. Certainly, deviative effects 
are better evaluated from definite deviations than 
through their apparent absence, as in the cases now 
available. 

There is one case of definite deviation from the 
statistical shape which may be a once-forbidden transi- 
tion: the singular RaE spectrum. This was analyzed 
by Petschek and Marshak,’ who concluded that the 
shape could be reproduced only by C,(7P) and so 
must be a 0-0 transition. Rather than formula (12) 
they used its more precise equivalent,”* to be found in 
references 6 and 9. In order to make the application 
successful, it was necessary to assume that 


23= $3Gp/Gr~ +1. 


The main objection against the Marshak-Petschek 
treatment is Ahrens, Feenberg, and Primakoff’s esti- 
mate (19) that {s;—0 and hence z3;—>1 is unlikely. This 
objection does indeed make the RaE analysis; hence 
argument III, doubtful. On the other hand, the RaE 
analysis may perhaps be regarded as empirical evidence 
that at least for some nuclear states the estimate 
t:0(=SBy:-0) may fail. The fact that the RaE 
case is the only one of its kind, even though deliberate 
searches’? have been directed toward finding similar 
cases, perhaps adds plausibility to the occurrence of the 
failure as a singular instance. 

There is an additional, qualitative piece of evidence 
which supports the Marshak-Petschek result. 23~1 
means that the deviation from a constant shape factor, 
in spite of aZ/R>(W o-—1) as seen in Table I, is 
achieved through the approximate cancellation of the 
large term ~ (aZ/2R)* in (12). This has the consequence 
that the half-life of RaE is lengthened; a highly uncer- 
tain estimate is a lengthening by a factor of about 10*-*. 
Now, the study of comparative half-lives reveals that 
RaE does indeed have a life ~10°* times as long as 
that of otherwise similar nuclei. RaE has log /f~8, and 
involves in its transition an 83rd proton and a 127th 
neutron. The Pb” transition also converts a 127th 
neutron into an 83rd proton. It has log fi~5.6. Hg? 
and RaE” involve 81st protons and 125th neutrons, 
one below magic numbers in each case. These nuclei 
have log ft= 5.4 and 5.5, respectively. 

The Marshak-Petschek result provides the argument 
III, which is the only one favoring the STP over the 
VAP combination. Without it, our new argument V 
leaves both the latter alternatives, having only elimi- 
nated the SAP and V7P forms. 

Our results contradict the Critchfield-Wigner* hy- 


*6 They also find that the corrections for finite nuclear size are 


important. 
*6C. Critchfield, Phys. Rev. 63, 417 (1943). 





LAW OF 8-DECAY 1275 


quite as equivalent during Fermi interaction as is pre- 
sumed in the symmetry principle. 

We wish to acknowledge the help of Professor A. C. 
G. Mitchell in making this work possible. This work 
was assisted by the joint program of the ONR and 
AEC. 


pothesis (S—A—P) and also the Tolhoek-DeGroot”’ 
symmetry principle. The latter leads one to expect 
either an SAP form or a VT form for the 8-interaction. 
This may mean that the neutron and proton are not 


7H. Tolhoek and W. DeGroot, Phys. Rev. 84, 150 (1951). 
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Variations in the Relative Abundances of the Isotopes of Common Lead 


C. B. Cottiws, R. M. Farquwar, ano R. D. RussELL 
Department of Physics, University of Toronto, Toronto, Canada 
(Received July 18, 1952) 


Mass spectrometer measurements of the relative isotopic abundances of samples of lead ores from Archean- 
type rocks showed larger variations than reported by Nier. The isotopic constitution of one lead was within 
the limits calculated by Holmes and by Bullard and Stanley. From the new measurements combined with 
existing data estimates of the time of formation of the earth’s crust of 3.5 billion years and of a maximum 
time of formation of the elements of 5.5 billion years have been calculated. These values are in reasonable 


agreement with previous estimates. 4 


IER' reported the first, and still the only, thorough 
investigation of the variations of the isotopic 

constitution of ordinary and radiogenic leads. Several 
authors have since used Nier’s data to calculate the 
time of solidification of the earth’s crust (Holmes,? 3.35 
billion years, Bullard and Stanley,’ 3.29 billion years) 
and a limit on the time of formation of the elements 
(Alpher and Herman,‘ 5.3 billion years). All these 
estimates have been based upon extrapolations from 
the abundances of ordinary leads ranging in age from 
25 to 1400 million years. More analyses of ordinary 
leads dated at 2000 million years or older have been 
needed to check these estimates. We have therefore 
analyzed a number of common lead samples, dating as 
many as possible from Nier’s ages and from analyses of 
radiogenic leads in our own laboratory. Calculations of 
the age of the earth’s crust and of a maximum age of 
the elements have been made, using the new measure- 
ments listed in Table I combined with Nier’s data.! 

The experimental work was carried out with a 180° 
direction-focusing Nier-type mass spectrometer with a 
resolution of about 1/300 of an atomic mass unit. 
Analyses were made using lead tetramethy] as previ- 
ously reported by the authors*® and by Dibeler and 

1A. O. Nier, J. Am. Chem. Soc. 60, 1571 (1938); Phys. Rev. 
55, 150 (1939); Nier, Thompson, and Murphey, Phys. Rev. 60, 
112 (1941). 

2A. Holmes, Nature 157, 680 (1946); 159, 127 (1947); 163, 
453 (1949). 

7E. C. Bullard and J. P. Stanley, Suomen Geeodeetisen 
Laitoksen Julkaisuja, Veroffentlichungen des Finnischen Geo- 
datischen Institutes, No. 36, 33 (1949). 

4R. A. Alpher and R. C. Herman, Phys. Rev. 84, 1111 (1951). 

5 Collins, Freeman, and Wilson, Phys. Rev. 82, 966 (1951); 
C. B. Collins and J. R. Freeman, Trans. Roy. Soc. Canada 45, 
Sec. IV, 23 (1951). 

® Collins, Lang, Robinson, and Farquhar, Geol. Assoc. Canada 
(to be published). 


Mohler.’ The isotopic lead abundances listed in Table I 
are believed to be accurate to within 1 percent on an 
absolute basis, although comparative measurements are 
good to 0.1 percent. 

Since Pb is not believed to be of radiogenic origin, 
the total amount of this isotope is assumed to have 
remained constant from the time of formation of the 
elements to the present. The abundances of Pb*%, 
Pb?’ and Pb? are therefore given with respect to Pb™. 

A value of 5.50.2 billion years for the maximum 
limit on the time of formation of the elements has been 
calculated from the data given in Table I combined with 
Nier’s measurements of the isotopic constitution of 
common leads of known age. The method of calculation 
and the assumptions made were essentially the same as 
those of Alpher and Herman,' and all values of con- 
stants were the same except the half-life of U5, which 
was taken as 7.07 X 108 years. 

Using Nier’s data, Alpher and Herman reported a 
figure of 5.3 billion years. The average abundances of 
the lead isotopes at different times have been listed in 
Table IT. 

The calculated relative number of atoms of U, Th, 
and Pb in the earth’s crust at the present time are 
U—1.00, Th—3.83, and Pb—7.35. 

The isotopic abundances of those lead minerals 
(Table I) which could be assigned an age were combined 
with Nier’s measurements! on other dated lead minerals 
and used to calculate a value for the age of the earth’s 
crust after the method of Bullard and Stanley.’ This 
method assumes that the isotopic constitution of lead 


7V. H. Dibeler and F. L. Mohler, J. Research Natl. Bur. 
Standards 47, 337 (1951). 

ts Ghiorso, and Cunningham, Phys. Rev. 82, 967 
(1951). 
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TaBLe I. Isotopic abundances of “common” lead. 








Isotopic abundances Age 
referred to Pb? =1,00 jn 106 
No.* Source of lead locality 207 208 years 





39.70 25» 
38.34 630° 
36.49 1000¢ 
34.88 


15.86 
15.94 
15.40 
15.41 


1 Bolivia galena 
2 » Belgian Congo 
enac Co., Ontario, Canada 
chewan, Ontario, Canada 
5 Negus Mine, Yellowknife, N.W.T., 
la 15.27 34.46 
ookout galena, Ontario, Canada 14.89 33.78 
yperty, Great Slave Lake, 
T., Canada 
property, Great Slave Lake 
Canada 


N I a 
9 Horseshoe Island, Yellowknife, N.W.T., 


18504 
2480¢ 


15.65 36.34 18504 


15.75 36.54 18504 
Canada 15.08 34.28 
10 Delhi Township, Ontario, Canada 16.07 15.47 35.17 
11 Garson Mine, Sudbury, Ontario, 
Canada 
12 Worthington Mine, Sudbury 
Ontario, Canada 26.00 16.94 §2.21 
13 Upper Canada Mine, Ontario, Canada 19.6 15.2 33.6 
14 Rosetta Mine, Barberton, Transvaal, 
South Africa 
15 Great Bear Lake, N.W.T 
16 Ivigtut, Greenland 
17 Galena, Joplin, Missouri 


23.35 16.98 45.57 


14.27 32.78 
15.30 35. 
14.65 3448 
16.15 41.8 


Canada 1400¢ 


1 to 14 were analyzed by the authors. Samples Nos. 15, 
analyzed by Nier ef al. (see reference 1). 

I. Wilson. 

Both authors agree on these ages. 


* Samples Nos 
16, and 17, were 
+ Geological dating by J 
See references 6 and 1 

6 
topic ages (see reference 1) for the Huron claim have been 
using the new half-life value for U%* (see reference 8) of 
» 2465 and 2580 X10* yr. These values were averaged with 
Ahren's age H. Ahrens, Geochim. Cosmochim. Acto. 1, 312 (1951)] 
obtained by Sr method of 2400 X10* yr. The average of 2480 has 
been applied to the Sioux Lookout galena which occurs in the same geo 

logical area 


was identical everywhere when the crust solidified, but 


has differed from place to place at any subsequent time. 
A least squares analysis is used to determine the time 
at which all lead had the same isotopic composition 
and to calculate its composition at that time. The 


values obtained were 
to=(3.54+0.2) X 10° years, at which time 
Pb?°6/Pb?™ = 11.33 
and 
Pb?” Ph?“ = 13.55. 
The value of 3.5+0.2 billion years for the age of the 
earth’s crust is higher than that of Holmes (3.35+0.2 
billion years) and of Bullard (3.29+0.2 billion years), 
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Taste II. Calculated average isotopic abundances of 
lead at different times. 





Isotope t =0 (present) 


204 i ‘ 1,00 
206 5. a 18.45 
207 . . 15.61 
208 J Af 38.40 


#=5.5 X10* yr 


3.5 K10* yr 





whose calculations were based entirely on Nier’s data. 
The abundances of Pb?°* and Pb? relative to Pb?™ 
listed above agree well with those in Table II from the 
mean abundance-time curves used for setting a limit 
on the age of the elements. This agreement indicates 
that the two independent methods of calculation are 
consistent with each other. 


DISCUSSION 


The calculations carried out by the authors have 
been based on a set of dated leads of known isotopic 
constitution. While the two calculations are different 
in principle, they both depend on the total effect of all 
the determinations, rather than on any individual one. 
Single samples such as Rosetta Mine, No. 14, cannot 
be dated from abundance-time curves such as those of 
Alpher and Herman,‘ who also pointed out this diffi- 
culty. These findings do not support the abundance- 
time scale for common lead reported by McCrady.® 
The same argument applies to samples Nos. 11 and 12. 
These discrepancies show that individual samples which 
have a high or low abundance of Pb™ are the result of 
differences in the relative amounts of Pb, U, and Th 
from place to place and from time to time, in certain 
cases. For most samples it is possible to apply a cri- 
terion based on the ratio of Pb**’/Pb?® to find whether 
the sample is anomalous. 

The investigations whose results have been given 
briefly here will be reported more fully in another 
publication. 


® E. McCrady, Trans. Am. Geophys. Union 33, No. 2 (1952). 
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Angular Distribution Functions for High Energy Cosmic-Ray Particles 


H. S. Green, H. Messet,* anp B. A. CHARTRES 
University of Adelaide, Adelaide, South Australia 
(Received August 18, 1952) 


The main purpose of this paper is to provide theoretical data which should enable one (a) to distinguish 
between two different types of differential cross sections for nuclear collisions at high energies, equally 
compatible with present experimental indications, and (b) to differentiate between certain models of meson 


production. 


The exact angular distribution function is determined on the basis of one type of differential cross section, 
for both mesons and nucleons, in high energy nucleon-nucleus collisions, and in any type of medium. For 
both types of cross section, formulas are derived for the general moment of the angular distribution. 

Numerical results for the mean square angle of scattering of mesons and nucleons in collisions between 
a nucleon and a nucleus are presented graphically for both light and heavy nuclei. 





1. INTRODUCTION 


T is possible to infer a good deal about the differential 

cross section for nucleon-nucleon collisions at ultra~ 
relativistic energies by the analysis of cosmic-ray data. 
As two of the authors have shown,'? the observed 
radial distribution of nucleons of a given energy about 
the axis of extensive air showers enforces the conclusion 
that the scattered particles in a high energy nucleon- 
nucleon collision must be very near to the forward and 
backward directions in the center-of-mass frame of 
reference. This conclusion is confirmed directly by the 
interpretation of the results of Branch.’ Further con- 
clusive evidence on this point can be drawn from the 
observations of McCusker, Messel, Millar, and Porter* 
on the spread of showers in water. Some qualitative 
considerations due to Heisenberg’ indicate the same 
conclusion. 

However, there is still some arbitrariness in the 
angular distribution of particles in the neighborhood of 
the forward and backward direction, which present 
experimental evidence does not seem able to resolve. 
The purpose of the present paper is to study two types 
of differential cross section, equally compatible with the 
experimental evidence now available, but with opposite 
characteristics for energies near to that of the primary. 
It is hoped that future experiments will be able to 
differentiate between these two types of cross section, 
and enable one to specify which is most nearly correct. 

One of the two types of differential cross sections 
considered is that which we have determined previ- 
ously ;'* it has the property that the mean square angle 
of scatter for both nucleon-nucleon and nucleon-nucleus 
collisions has a finite and rather large value for values 
of the secondary energy nearly equal to that of the 
primary. The other is suggested by a refinement of the 


* Now at the University of Sydney, Sydney, Australia. 

1H. Messel and H. S. Green, Phys. Rev. 87, 738 (1952). 

2H. Messel and H. S. Green, Phys. Rev. 87, 378 (1952). 

3M. Branch, Phys. Rev. 84, 147 (1951). 

4 McCusker, Messel, Millar, and Porter (to be published). 

5 W. Heisenberg, Report of the International Physics Confer- 
ence, Copenhagen, June, 1952 (unpublished). 

* B. A. Chartres and H. Messel, Phys. Rev. 87, 748 (1952). 


conditions imposed by the relativistic transformation, 
and has the merit that it allows the angular distribution 
functions—both for nucleon-nucleus collisions and in a 
finite absorber such as the atmosphere—to be deter- 
mined explicitly. Thus, the new cross section makes it 
unnecessary to resort to the reconstruction of the 
angular distribution function: from its moments. It is 
differentiated from the old cross section'* by the fact 
that the mean square angle of scatter tends to zero for 
values of the secondary energy nearly equal to that of 
the primary. 

Another important question on which the present 
considerations are intended to give information is the 
mechanism of meson production within the nucleus. 
We have determined the angular distribution functions 
for the mesons predicted by a special model for meson 
production which allows one meson to be created at 
each nucleon-nucleon encounter, but does not permit 
the mesons to interact again with the nucleons within 
the nucleus in which they were created. It is not 
necessary to specify the type of meson and it seems 
indeed unlikely that they could be x-mesons at the 
energy considered. On this model, the number and 
angular distributions of the nucleons are independent of 
whether the mesons are created singly or multiply in 
nucleon-nucleon encounters, though the distributions 
of the mesons are affected. As far as the number 
distribution of the nucleons and mesons is concerned, 
it has been shown’ that the theoretical predictions are 
in accord with the experimental data, though the 
results are not very sensitive to the model assumed. 
It is hoped that the results for the angular distributions 
will provide a more critical test of the model proposed. 


2. DIFFERENTIAL CROSS SECTION FOR NUCLEON- 
NUCLEON COLLISIONS 


As has been shown previously by two of the authors,® 
the maximum angle cos~'cg through which a nucleon 
may be scattered in an inelastic collision with a second 


7 Messel, Potts, and McCusker, Phil. Mag. 43, 889 (1952). 
* H. S. Green and H. Messel, Proc. Phys. Soc. (London) A64, 
1083 (1951). 
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nucleon at rest is given by the formula 
co= Ug U—1)/PoP, (1) 


where Py and U» are the momentum and energy of the 
primary nucleon in center-of-mass coordinates, and P 
and U are the momentum and energy of the scattered 
nucleon considered in the laboratory frame. (Energies 
and momenta are measured in proton mass units.) In 
our previous work, we have adopted 1— U~ as a good 
approximation to the right-hand side of (1) for high 
energies; a more refined approximation is 


co=1+U,"-—U—, (2) 
where Uo=2U,?—1 is the primary nucleon energy in 
the laboratory frame. Generally, Uo>U, but when 
Uo U, the approximation co= 1— U~ is invalid. 

Assuming a differential cross section of the type 
W(Uo, U, c\dUdc=UF(Uo, U)y{U(A—c)}dUdc, (3) 
with 
F(Uo, U)=20UU 9 -*(Uo— U)', 


one obtains a total cross section: 
1-U/U¢ 
F(Uo, uu f y(x)dx. 
0 


If the function (x) is assumed to be of the form 
y(x) = Be~F?, (5) 


where 8 is very large, the upper limit to the integral in 
(4) is unimportant, even near U=Up, since F(Uo, U) 
itself must vanish there. However, it seems natural to 
choose the argument of the function y(x) in such a way 
that the upper limit of the integral in (4) should be 
independent of the energy; thus, 


(Uo, U, c)dU de 

UpU(1—c) 

F(Uo, vyy|— Ail MOR 
Uo—U 


Ul 
: ~ Javac (6) 
Uo—U 

rhis formula differs very little from (3) except near 
U=Uo, where the replacement of U-! by U!—Uy™' 
gives a more intense concentration of particles in the 
forward direction, and hence a smaller mean square 
angular deviation for a given value of 8. An interesting 
feature of (6) is that the apparently more complicated 
argument of y(x) does in fact allow us to obtain the 
angular distribution function explicitly for both nucle- 
ons and mesons in the nucleus and in a finite absorber, 
such as the atmosphere or lead, etc. The tedious 
procedure of reconstructing the distribution function 
from its moments, which is always possible,'** is 
thereby avoided. 


°H. Messel, Progress in Cosmic Ray Physics (North Holland 
Publishing Company, Amsterdam, 1953), Vol. IT (to be published). 
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3. THE DIFFUSION EQUATION FOR HOMOGENEOUS 
NUCLEAR MATTER AND THE NUCLEUS 


In previous papers,':* the diffusion equation 


av(U, C) 
e —+»(U,C) 


DA 
a 


2 1 29 dw 
-2f au’ f ac f —v(U',C’)W(U', U,c), (7) 
U co 0 Qn 


C’=Cc+Sscosw, S=(1-C)!, s=(i-c)!, (8) 


was derived, wherein »(U, C, z)dUdC is the probability 
of finding a nucleon at depth z (measured in interaction 
lengths in the direction of motion of the incident 
particle), with energy U,dU and direction of motion 
making an angle of cosine C,dC with that of the 
incident particle, in homogeneous nuclear matter. 
With the assumed mechanism of meson production 
stated in Sec. 1, the analogous equation for the meson 
angular distribution function r(U, C, z) is 
On(U,C) 


Oz 


e 1 29 dw 
-f au' f ac f —v(U',C’)W(U', U,c). (9) 
U co 0 Qn 


It follows from (7) and (9) that 
2Cdx/dz=Cdv/dz+ v. 
Integrating from 0 to z, one has 


2Cx(U, C, 2)=Cvr(U, C, 2)—86(1—C)6(U— Uo) 
+f v(U,C, 2’)d2’, (11) 
0 


where U>» is the energy of the primary nucleon. To 
obtain results for the nucleus, one applies the averaging 


operator 
Da 22d: 
N(D4 )= f get 
0 


A 
to (11), obtaining 
2Cp(U, C)=Cn(U, C)—6(1—C)5(U — Uo) 


Da 
+f v(U, C, 2)(1—22/D42)dz, | (12) 
0 


where p(U, C) and n(U, C) are the angular distribution 
functions for the mesons and nucleons, respectively, 
scattered from the nucleus of atomic weight A. 

The angular moments n)(U) derived from the 
function n(U,C) have been given previously,'*.* and 
it can be shown from (12) that the corresponding 
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angular moments pu)(U) for the mesons, derived 
from p(U,C) are obtained by replacing {1—/(v)} by 
$W(v)h(v)/a(v) in all places in the formulas for n,.)(U) 
in our previous papers.':** For example, the mean 
square angle of emission for scattered nucleons of 
energy greater than U is 

(P)n=Ny(U)/N (UV), 


vant)= f no)(U)dU, 


vetix2 


Ve(U)= (ori) f (Uo/U)"{1—h(v)}do/2, 
votin 
Na)(U)= (2iUy)- f (Uo /U)2yq)W(e- 1) 
voix 
X {a(v) — a(v—1)}~“"{A(v) — h(w— 1) } dv/r. 


So the corresponding formulas for the mesons are 


2 


(P)e=Pay(U)/P (UV), Puw)= f P%)(U)dU, (15) 
where 


votie 
Po) (U) = (2%) f (Uo/U)*{4W (v)h(v)/ac(v) }dv/2, 


(16) 


rotie Uo v yayW(e— 1) 
P)(U)=(2riU) “f (-*) Be es BUR 
vie LU F a(v)—a(v—1) 


W(v—1)h(vn—1) W(x)h(v) dt 


a(v) 7 


The definitions of ya), W(v), h(v), a(v) are unchanged. 
So far the cross section considered has been that of 
(3). When (6) is adopted, the distribution functions 
n(U,C) and p(U,C) may be obtained explicitly, and 
the moments easily derived from them as desired. 
Equation (7) is much simplified by the application 
of the transform defined by 


1 
KU, B= f JokTI(U, CoC, (17) 
-1 


where T is the tangent of the angle whose cosine C is. 
The inverse of this transform is 


HU,c=C> f Jo(kT)H(U, k)kdk, (C>0), (18) 
0 


as may be shown by expressing the Bessel function by 
a Fourier integral. It is evident from our previous 
work!-®.8 that the multiplier C on the left-hand side of 
(7) may legitimately be replaced by 1, the effect being 
to neglect terms of order U~' compared with unity. 
The differential cross sections which we adopt are 
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analytic functions of c which assume extremely small 

values for c<co; the error involved in replacing co by 

—1 in (7) is thus completely negligible, unless one is 

interested in computing very high moments (of the 

order of 8~ 100) of the angular distribution function. 

For our present purpose, therefore, we replace co by — 1. 
To obtain the transform of 


x 1 Qe dw 
RU,C)=2f au’ f ac f —v(U',C’)W(U', U,c), 
t nf 0 ln 


one requires to evaluate the expression 


1 1 2" dw 
f soe) f ac f —v(U', C)W(U', U, e)dC. 
aa 1 % 29 


Interchange the integrations with respect to C and ¢, 
and change the angular variables C and w to C’ and 4, 


where 


C=C'c+S's cosx. (19) 


The above integral then becomes 


1 1 27 dy 
f ac f ac’ f —v(U', C)W(U’,” U, c) Jo RT). 
a | | 0 2n 


Let 7, 7’, and / be the tangents of the angles whose 
cosines are C, C’, and c, respectively; then, using the 
small angle approximation, one has 


c=1-—}f, T?=T"?+f—2IT" cosy. (20) 


Since 

1 2r 

-f J of k(T?+P—2tT’ cosd)!}dd 
2rvo 


=Jo(kT")Jo(kt), (21) 


one obtains 
1 
f Jo(kT)R(U, C)dC 
= 
-2f dU'0(U’, k)W(U’, U, k), 
U 


where ‘ 
Wu’, U, =f W(U’', U, c)Jo(Rt)de. 
od 
If (3) is substituted in (23), one obtains 

W(U', U, k)=F(U’, U) exp[—#/(2BU)], 
and the transform of (7) is 
dn(U) 
“an i(U) 

=exp{—#/(280)] f "F(U', U)KU"\aU". (25) 

ss 


This integral equation can be reduced to a fourth- 
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3 
Log (‘4,) 

Fic. 1. Plot of U(@)x 108 against the logarithm of the ratio of 
the primary energy U» and the energy U above which particles 
are emitted from a nucleus. Energies are measured in proton 
mass units. (@), defined by Eq. (13) for nucleons and by Eq. (15) 
for mesons, gives the mean square angle of emission in radians 
squared of particles resulting from a nucleon-nucleus collision. 
Curves 1 and 2 are for nucleons and mesons, respectively, and 
valid for the heavy nuclei silver and bromine. Curves 3 and 4 
are for nucleons and mesons, respectively, and valid for the light 
nuclei carbon, oxygen, and nitrogen. The light portion of the 
curves represents extrapolation to the known value of (@) for 

»U’o. Results were obtained using the cross section (3) with 
B= 144. 
order differential equation, by taking the Laplace 
transform with respect to z of 
ot | on(U) 

—{ + (U) } =120~4 exp[—k?/(28U) ]a(U), 
al | Oz 

a(U) = U-9(U) exp[k/(28U)]. 
This does not appear to be soluble in terms of elemen- 
tary functions. If, however, one replaces W(U’, U, c) 
throughout by 2(U’, U,c), as defined in (6), then the 
transform of (7) becomes 
0n(U) 
+ v\ l ) 


Oz 
: Rt 
-f exp| _ ( 
t 2B\U 
da(U) 
- +a(u)= f 
Oz U 


@(U)=exp{k? 


1 
-—) cae U)o(U")dU’, (27 


x 


F(U’, U)a(l 


where 
(28U)}0(U). 


The solution of (28 
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0, one has 


w(U, k, z=0)=exp[k?/(2BU) ]8(Uo— UV). 


For z= 
(29) 


), obtained by Mellin transforms, 


is therefore 


Us 1 votix Uo v+ 
&(U)= —f (-*) 
2mi Ju-io \U 


Xexp[k?/(28U 9) Je~2 


P71 1 
= ( Sag front, z). 
2B\U, U 


where vi)(U, z) is the well-known differential average 
aa integral. Taking the inverse transform defined 
by (18), one obtains 


dv, (t9>0). (30) 


Hence, 


o(U)= exp| (31) 


BU ol BUU o1—C) 
»(U, C)=—— exp| —— nein |» @)(U, 2), 
U»—U U»o—U 
C>0. (32) 
It has thus been proved that the angular dependence of 
the differential cross section implied by (6) is hereditary 
with respect to nuclear collisions. If this cross section 
is correct, the angular distribution function correspond- 
ing to a single incident particle of given energy is 
obtained under all circumstances by multiplying the 
average number of nucleons at depth z by the same 
angular dependent factor. Thus, the mean square angle 
with the shower axis made by particles with (not 
above) a given energy depends only on that energy and 
the energy of the primary, and is independent of the 
number of intervening collisions. 
To obtain the angular distribution function for the 
particles emerging from a nucleus, one applies the 
operator N(D,4) to »(U, C); thus, 


n(U,C)=N(Da)v(U, C) 
BU U |- 
ee CED 

U,—U 


is the 


BUU(1—C) 
— f(t ), (33) 


Uo—Ll 


where 2o)(U) differential average numbers 


integral, 


Uo 1 votin Up v+l1 
no)(U)= f ( +) {1—A(v)} dv. 
2ni vo—i@ U 


for the mesons, 
BU \U 

p(U, C)=— pt — 

Uo—L 


0 [_GC 
b J x)— ive U 


(34) 


Similarly, 


BUU o(1—C) 
: Po) (U) 


1% W( (v)h u(t ) 
2e(2) 
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if the mechanism of meson production described in the 
introduction is correct. The confirmation of the theo- 
retical distribution indicated by (35) would substantiate 
the hypotheses which were made. 
The moments of the distribution function n(U,C) 
given by (33) are 
1 


nuy(U)=2* f n(U, C\(1—C)"4C 
1 


(37) 


2(Us—U))* 
= n|———| n@)(U). 
BU \U 


Hence, the moments of the distribution function V(U, C) 
for particles with energy greater than U are 


Nu(U)= f na(U)dU 
U 


Ri2* 1 artim 7U, 
= — —1 kl 
(BU)* ar (-) E( (; ) 


x{ 1—o— 148). (38) 
vot+k 


The equivalent formulas for the mesons are 


U,—U 
pun(U)=ht| — . 


k!2* 1 ae E 1) (' ) 
(BU)* Qwi vo—iw U )z 
W(v—I1+k)h(v—1+k) do 


2a(o—i+k) otk 


4. THE DIFFUSION EQUATION FOR THE 
ATMOSPHERE AND OTHER MEDIA 


—"! Po (UV), 


and 


Pu)(U)= 


(39) 





The diffusion equation for the nucleons in media 
consisting of dispersed nuclei is identical in form with 
that for the nucleus: 


ou C) 
——+4(U, C) 


e) 1 25 dw 
i f aU’ f de f —$(U’, C’)n(U', U,c), (40) 
U -1 % 2 


where ¢(U,C) is the differential angular distribution 
function at depth @, measured in interaction lengths, 
and n(U’, U, c) is the function n(U, C) of the previous 
section corresponding to a primary of energy U’. The 
analysis of the previous section is equally applicable 
to (40), up to the analog of (25), after which some 
specific form of differential cross section has to be 
adopted. If (3) is regarded as applicable, it is possible 
to evaluate the moments of ¢(U, C), and to reconstruct 
the function itself, as we have shown!:’ previously. If 
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(6) is used, however, then the function ¢(U, C) can be 
obtained directly by following a method identical with 
that of the previous section. The result is 

BU .U BUUA(1—C) 
¢(U,C, 6)= exp|-——| 
Uo—U Uo 


$o)(U, 8), (41) 
where ¢,0)(U, 6) is the average numbers integral : 
U," votio 
#o(Us =f” (2) expt—seernnd. 42) 
vo—i~ 


The moments of the distribution are 
2(U»—U) | 


0 


bca(U, 0) =k! ¢(U, 6). (43) 


For integral spectra, one has 
R!2* 1 "“E “S »-(") 
(BU je Qwi vo—ivo U i=0 l 


(44) 


Gu)(U , 6)= 


dv 
Xexp{ —A(vo—/+ k)0}—. 
otk 














3 + 


Log (‘4,) 


Fic. 2. Plot of U(@)X10 against the logarithm of the ratio 
of the primary energy Uo and the energy U above which particles 
are emitted from a nucleus. Energies are measured in proton 
mass units. (#), defined by Eq. (13) for nucleons and by Eq. (15) 
for mesons gives the mean square angle of emission in radians 
squares of particles resulting from a nucleon-nucleus collision. 
Curves 1 and 2 are for nucleons and mesons, respectively, and 
valid for the heavy nuclei silver and bromine. Curves 3 and 4 
are for nucleons and mesons, respectively, and valid for the light 
nuclei carbon, oxygen, and nitrogen. The light portion of the 
curves represents extrapolation to the known value of (#) for 
U-+U>. Results were obtained using the new cross section (6) 
with B= 80. 
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For the mesons in the atmosphere, the possibility of 
decay has to be taken into account. It is known, also, 
that w-mesons of low energy interact strongly with 
nuclei. However, at higher energies (>2 Bev) the 
experimental evidence is by no means conclusive on 
this point, and there are grounds'®" for supposing, as 
we have tentatively assumed for the nucleus, that at 
very high energies, the nuclear interaction of 7-mesons 
may be neglected. Thus, we carry over our assumptions 
pertaining to mesons in the nucleus, into the theory for 
the atmosphere. They are true, of course, only at high 
energies, and hence ionization loss of energy for the 
charged mesons may be neglected with equal force. 

It should be stressed that this theory for the mesons 
is very tentative, and is presented only for purposes of 
comparison with future experimental data. 

The fundamental diffusion equation for either posi- 
tively charged, negatively charged, or neutral mesons 
can be expressed in the following form: 


am(L - Sal 
é naif av'fe S's #0", i 
06 


xX p(U’, —m(U, C, 6). (45) 


MC 
0. 
r6'(t)l 


where m, and 7 are the appropriate meson masses and 
mean life times in the c.m. system, respectively, 6’(¢) is 
the rate of change of the nuclear interaction length 
with height (proportional to the density at height 2), 
and the factor } attributes equal weight to each of the 
three types of mesons produced. The solution of (45) is 


BU U BUU,(1—C) 


exp | ———— 
U Uo—U 


m(U,C, 0)= mo)(U, 8), (46) 


0 


(3Uo (y= Ww (x)h(v) 
vo—i da(v 
- 
| f exp 
0 


is the differential average number of mesons of the 
type considered at depth @. For neutral w-mesons in 
the atmosphere, the lifetime 7 is so small that one has 


where 


mo) (U, 8) 


geil: (47) 
T 


0 


MC 
f exp| —h(v)\+ [H6)—100) an 
0 TU 


= —exp{—h(v)0}7U0'(t)/(m,c), (48) 
for U<i0*® Bev. For an isothermal atmosphere, the 


integral may also be evaluated exactly for both charged 


© Messel, Potts, and McCusker, Phil. Mag. 43, 889 (1952). 
1 H. Messel and R. B. Potts, Phys. Rev. 87, 757 (1952). 
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and neutral mesons in terms of the incomplete gamma- 
function. 
In media of constant density, one has 


t(8)—t(A) =k(A— 8) /5o, (49) 


where & is the interaction mean free path in g/cm~* 
and éo is the density. Hence, 


(3U 9) pti? 7U9\ *t! W(2)h(2) 

mo)(U, 0)= f ( +) — 
2ri v9—-ie U 2a(v) 

- — h(v)6} — exp{ — kmec (6o9U)—0} 


lan (50) 
{km,c(69rU)— h(v)} 


The moments of the radial distribution of particles 
in extensive air showers are easily obtained for the new 
cross section 2 by substitution in the formula (70) of 
reference 1 the new values of the nq), given by (37). 
The explicit determination of the radial distribution 
function presents difficulties not encountered in con- 
nection with the angular distribution function; there 
is some hope, however, that these difficulties may be 
overcome in the future. 

If f(p, r, ¢) is the angular-radial distribution function 
for the nucleons, and m(p,r,/) that for the mesons, 
there exists the relation 


1 (= pi dm _b me 
6’(t) U ar, U Ore 


rU6'(t) 
--f dU fe cf 


where c=p-p’/(U’U), U’=|p’|, and U=|p|. 
solution of (51), which is physically obvious, is 


i p* { Mxc vs t 28 dw 
m=—f exp} — (-r)} f au’ f acf — 
3 | U U am | 0 2r 


an 


x f{p’, r+ p(i—t’)/U, ty p(U', U, 0 (dt. 


m,cm 


* dw 


fe r, t)p(U’, U, c), 


(52) 


Thus the radial distribution of the mesons is obtainable 
in terms of that of the nucleons. 


5. RESULTS AND DISCUSSION 


To obtain explicit results from the preceding formu- 
las, it is first necessary to fix the parameter 8 contained 
in the differential cross section. This can be accom- 
plished most accurately by comparison of the calculated 
and observed mean square distance of the nucleons 
from the shower axis at sea level, in extensive air 
showers. In this way one obtains the values B= 144 
for the cross section (3), and 8=80 for (6). 

Using these values of 8, we have determined the mean 
square angle of emission of nucleons and mesons of 
energy greater than a given value, for both light and 
heavy nuclei, and both types of cross section, in colli- 
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sions between a nucleon and a nucleus. Results are 
presented in Figs. 1 and 2. 

We consider first the results for the cross section (3), 
and §=144. It can be shown rigorously that as U 
approaches Uo, the mean square angle approaches the 
value 2/8. This is different from the very small value 
obtained by the evaluation of (13) and (14) by the 
method of steepest descents, which, as we have pointed 
out previously” does not give good results when U is 
comparable with Uo. The light portion of the lines in 
Figs. 1 and 2 represent extrapolations to meet the 
known values for U= U)—0. 

As expected, using the cross section defined by (6), 
one obtains results differing radically from those already 
considered only when U=~ Uy. With (6), the value of 


2H. Messel and H. S. Green, Proc. Phys. Soc. (London) 
A65, 245 (1952); Phys. Rev. 83, 1279 (1951). 
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(@) approaches zero, instead of the large value 2/8 
resulting from the use of (3). Evidently suitable experi- 
ments should be able to decide between the two 
alternative cross sections. 

The results for the mesons are very similar to those 
for the nucleons, but somewhat smaller, as one might 
expect on the model adopted. On any other model, the 
difference between the spread of the mesons and that 
of the nucleons would be less. This difference’ could, 
in principle, enable one to determine which of the 
various models’ of meson production, so far considered 
in cascade theory, is most nearly correct. 

On account of its hereditary property, the normalized 
angular distribution for scattered particles in nuclear 
collisions represented by (6) is preserved under all 
conditions throughout the atmosphere and is the 
same for the mesons as for the nucleons. 
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The Stopping Power of K-Electrons* 
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The stopping power of K-shell electrons for large incident particle energies is calculated in this paper, 
adding to and correcting previous work on the subject. A definition is given for the average ionization 


potential of an atom independent of the energy of the incident particle. An integral representation is derived 
for Bethe’s term Cx which corrects the simple K-shell stopping number expression. Finally, asymptotic 
formulas, applicable at large incident particle energies, are given for use with any element. 


I. INTRODUCTION 


HE energy loss of charged particles passing 

through matter has been calculated by Bethe,'” 
using the Born approximation. Provided the velocity, 
v, of the incident particle is much larger than the 
“velocity” of the atomic electrons, the energy loss per 
cm path length is 


dE 4netz 
-—-= NB (1) 


dx mv 


where B=Z |In(2mv*/T). Here ez is the charge of the 
incident particle, m the electronic mass, V the number 
of stopping atoms per cm’, Z the nuclear charge, and J 
the average excitation potential of the stopping atom. 
The quantity B is called the stopping number. 

If v is not large compared to the “velocity” of some 
of the atomic electrons, and this will often be true for 


* Part of this work is included in the author’s doctoral thesis 
at Cornell University, 1951. 

1H. Bethe, Ann. Physik 5, 325 (1930). 

2M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
263 (1937). A detailed discussion of Bethe’s stopping power theory 
is given in this reference. 


the inner electrons of heavier elements, (1) must be 
modified by calculating B for these electrons separately 
(and without the approximations that impose on (1) a 
lower limit for v)*. Bethe? has done this for the stopping 
number, Bx, of the K-electrons and has given curves 
of Bx vs nx. nx is a convenient variable given as the 
quotient of mv*/2 by the “ideal’’ ionization potential, 
Zx et Ry of the K-shell. For large nx Bethe gives an 
asymptotic formula of the form 


Bx(0x, nx) =Sx(@x) Innk+Tx(6x)—Cx(Ox, nx), (2) 


where 6x is the observed ionization potential‘ in units 
Zk ef Ry. It is then possible to expand 


Cx(Ox, nx) =U x(Ox) nx '+Vx(Ox)nx?+--+, (3) 


and Brown’ has done this, obtaining the constant 
Ux(@x) for various 6x. As pointed out by Walske and 
Bethe,® Brown’s values need a correction. The details 


+ These approximations are the ones mentioned at the end of 
Sec. II. 

‘ More accurately, the energy difference between ground state 
and lowest unoccupied state should be used. 

5 L. M. Brown, Phys. Rev. 79, 297 (1950). 

*M. C. Walske and H. A. Bethe, Phys. Rev. 83, 457 (1951). 
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of this correction will be presented here, and Vx(0x) 
will be given. Furthermore, Brown determined the 
constants Sx(@x) and 7'x(@x) in (2). There is a slight 
numerical error’ in his values of T7.x(@x), which will be 
corrected in this paper. This error also necessitates 
new curves for Cr(6x, nk). The Bx(6x, nk) curves as 
given in Brown’s paper remain unchanged. 


Il. INTEGRAL REPRESENTATION OF C,(6;, n;) 


We shall define for any atomic shell, i, C;(;, 1;) by a 
formula similar to (2): 


BY, ni) _ S,(6;) Inni+ T;(0;)—C,(6;, m) 


(i=K,L,M-+-), (4) 


where @; is the observed ionization potential of the ith 
shell divided by the “ideal” ionization potential, 
Zi et? Ry/n? (n; is the principal quantum number of 
the ith shell), and »;=mv*/2Z; er? Ry. It follows then 
that B=>0; B,(4;, n:) is the total stopping number of 
the atom. It can be shown® that >>; S;(0;)=Z, and so 
one may also write 


B=Z \n(2mv?/In) —Di C(8i, 0), 
where we define J,, by 
Z \nI w= >i Si(8;) In(Z; ot? Ry/ds(6,)n2), 
with \,(6,) given by 
T (0;) =S,(0,) Inf4n?d,(6,) J. 


As shown in reference 8, S;(0;) is equal to the number 
of i-electrons times $ of 1 plus the oscillator strength 
per i-shell electron. This formulation enables one to 
define a velocity-independent average ionization po- 
tential, and also displays clearly the form of the cor- 
rection needed in (1) at low velocities of the incident 
particle. 

Analogously to Bethe’s formula for the K-shell,? we 
can write the exact expression for the stopping number 
for the ith shell in an integral form which is not limited 
by the velocity condition on (1): 


B,(8;, 3) -f 
| 


Vinin = 0s /mi? 


wo «© 


d 
WdW i: Glad (5) 
W?2/4n: 


where WV is the energy transferred to the atomic electron 
in units Z; of? Ry, Q=¢= (change in incident particle’s 
momentum)*/2mZ; er? Ry, and | Fw, (Q)|? is the sum 
of the squares of the matrix elements of e‘** between 
the various i-shell electron states and the states greater 
in energy by W. 


? This error was also published in reference 6 where some of 
Brown’s results were quoted. Also in reference 8 the quantity 
is slightly changed by the corrected Tx(@x). 
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Bethe, Brown, and Walske® have considered the 
expression® 


"snl 


1/49 


w*/4n dO 

rt ig aw f sor 

Wain 1/4y 
Waa dQ 

_ lim f aw| f —d¢w(0) 
Qi--0e9 1/4 Q 

+f 
0 


where ¢w(Q)=W|Fw(Q)|?/Q, and where the integral 
up to Win denotes all transitions forbidden by the 
Pauli principle. They have shown that this expression 
behaves, for all » and for fixed 0, exactly as the sum of 
a logarithmic term in » and a term independent of 7. 
We shall consider the difference between (5) and (6), 
and eventually we shall show that this difference goes 
to zero for large n, and so it is just the —C(@, n) of (4). 
For the purpose of taking the difference of (5) and (6) 
it is convenient to rewrite (6), using in the first term 
the sum rule of Bethe (reference 1),!° 


x(6, 9) = i aw 


0 
—ow(0)} ©) 
Q 


f dWow(Q)=n* = f dWow(0). (7) 
0 0 


Then we write the third term of (6) as 
49 
1/49 f 
The second of these expressions will be used as it 
stands; the first is combined with the first term in (6) 
as transformed by (7), and this result is in turn com- 


bined with the second term of (6). One may then take 
the limit on Q; and get 


x(0, n) = [af Sono 


Wain 4nd 
os f dw f © on(Q)—4m(0)) 
° 0 Q 


ig f OW f ‘ — or. 


® Bethe, Brown, and Walske, Phys. Rev. 79, 413 (1950). 

* We now drop ‘the é-shell subscripts. 

10 f'dWow(Q) is to be interpreted as Za n@n(Q), where 
$n(Q) = (En—Ei)|Pn(Q)|?/Q. The m? occurs in (7) from our 
taking the effect of the m,* distinct electrons in a given shell into 
| F.(Q)|? and | Fw(Q)|*. 





STOPPING POWER 


The difference of (5) and (6), —C(@, n), is then 


—C(6, n) nae 


Wain 


” aw Sr  e(0) 
+ i aw " SlorO- ¢w(0)] 
wr/4n Q 


Wats w/4n dO 
+ J dW f toni) $w(0)] 


+ f UW J . or. 


We may, to order n~‘, neglect the last integral above 
because for large Q and fixed W, ¢w(Q)~Q~ [see Eq. 
(9) for the K-shell case]; therefore, the last integral 
goes as n~* for large n. We shall now rewrite the second 
term above. We denote it by G so that we may write 


4n 4 dQ 
= dW —| dw(Q)- 0 
fof olen @)-on 0) 


w/4n dO 
-{ aw f ioe (Q)—¢w(0) ]. 
” 4n 


4 


(Note our reversal of the limits in the inner integral of 
the second term of G.) Reversing the order of inte- 
gration, the first term of G is just 


; 49 dO (470) : 
anf 3! dWCéw(Q)—dw(0)] 


4n dO r* 
-f —f dW[¢w(Q)—¢w(0)], 
0 Q 0 


since the inner integral of the second term vanishes by 
the sum rule (7). Combining, 


[8 


and reversing the order of integrations once again, 


W*/4n dO 
aa-f awf = tor(0- ¢w(0) ] 


@ 4n dQ 
‘ f dw f “Cén(Q)—dn(0)}. 
4n C Q 


Inserting this result in G above, we have 


dW[ow(Q)—¢w(0) J, 
(4nQ)* 


W*/4n dO 
G=— f dW f loro) ¢w(0) ]. 


OF K-ELECTRONS 


Thus, to order »~* we may write 


2) 2 dQ 
Mp i wi — 
@n=) i) pen 


~o W*/4n dO 
_ dw —| dw —dw(0)}. (8 
- J olenQ)-rO)} 


We now write out ¢w,x(Q) for the K-shell" explicitly 
(from reference 1) and study the properties of (8): 


27W 
ow. x(Q) = - 


1 —e tlk 
y 2 i 2k 
(+4 +4) exp{ —tan =i) 


[(O—#+ 1-444? 


with W=#?+1. If we consider fixed W, then in the 
first integral of (8) the integrand goes as Q-*, and so 
the integral converges well. In the second integral a 
logarithmic divergence is avoided at small Q by the fact 
that ¢w(Q)—¢w(0) goes to zero for small Q. For large 
W and Q we have convergence through a cancellation 
of the first integral with the first term of the second 
integral. 

Anticipating our results in expanding (8) in a power 
series in 7~' with no constant term, we may conclude 
that (8) is indeed the —C(@,n) of (4). In addition, 
since x(0, 7) was obtained in reference 5 by rewriting 
B(6, n) with a Qmax Of 47 instead of the true Qmax of 
infinity and with the assumption Qmin1 for all W, 
it follows that the error introduced by these two 
approximations is of order n~'. Bethe has used this 
fact frequently in his stopping power theory where 
large n were being considered. 


» (9) 





Ill. SEPARATION OF C(6, n) INTO CONTRIBUTIONS 
FROM HIGH AND LOW MOMENTUM TRANSFERS 


If in (8) we break off the W integration at 4na, with 
a a constant such that }<a<1, then to order n~*: 


—C(0, n) =Ci(8, n)+C2(n), (10) 


where 


c= f aw fo o w() 


w? 4n di ‘@) 
> a aw J “ton (Q)—¢w(0)], (10a) 


and 


“dQ 
Cyn aw f —~¢w(0) 
2 f ie w(Q 


* W"/4n dQ 
- f aw f —[¢w(Q)—dw(0)]. (10b) 
4na 0 Q 


“a W for the K-shell has been called « elsewhere in the literature. 
The tan~ in (9) is to be taken in the first and second quadrants. 
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Bx(9x, nx), 


First we consider C,. Since the maximum of ¢w(Q) 
occurs at about W=Q (see (9)), and since with our 
choice of a, O—W is at least of order n, the first term 
of C; contributes only to order n~*. We may neglect it 
since we are ultimately interested in an expansion of 
C(@, ) in the form (3) only to the term in n~*. In the 
second term the main contribution arises from small Q, 
and for this reason we call C,; the low momentum 
transfer contribution to C(@, 7). The integrand in the 
second term may be expanded in a power series in Q 
which converges inside the circle of convergence in the 
complex Q plane. The radius of this circle is the distance 
from the origin to the nearest singularity of the inte- 
grand which for the K-shell' [see (9)] occurs at 
(O—k*+-1)?+4k?=0. Hence, the radius of the circle of 
convergence is k®+1=W. Thus, the power series is 
convergent for real O0<W, but from the upper limit on 


TABLE I. Comparison of computed and asymptotic Cx(@x, nx) 


Cr(@K. nk) from (19 
@K =0.7 08 0.9 

0.2864 

0.1249 


CK(OK. 1K) 
0.9 
0.2472 
0.1186 


values of 


@K =0.7 O08 


0.2852 
0.1243 


0.2460 
0.1180 


0.2799 
0.1216 


0.2407 
0.1153 


The same general conclusions to be drawn for the K-shell can 
be shown to hold for the Z-shell, and undoubtedly hold for all 
shells. 


W 
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stopping number contribution of 'K-electrons. 


the Q integration we see that the maximum (Q is W?/4n, 
which is at most at the maximum W just (4na/4n)W 
aW<W since we have chosen }<a<1. Thus, the 
expansion is quite valid here, and using it C; is cor- 
rectly obtained to order n~‘ from the second term of 
(10a). 

Brown [reference 5, Eqs. (25) to (31) ] has done this 
for W min=0" in the case of the K-shell obtaining the 
term in 7~!. However, in Brown’s case the upper limit 
of the W integration is infinity rather than 4na. Still 
his method gives C; (with Wimin=0) to order n~ since 
one may easily show using (9) that the different W max 
makes a difference only in order n—®”. If one extends 
Brown’s work to the 7~ term, the net result for the 


TABLE II. Stopping number contribution of 
electrons, Bx(@x, nx). 


MANN as 
Ont | * 
wm 


Sinn 


18 This is just the case of a hydrogen atom except that it is for 
2 K-electrons. 





STOPPING POWER 
K-shell is 
Cy K(Wmin=0, nK) 


= — nx '—(19/6)nx~ (to order nx~*). (11) 


IV. EVALUATION OF C, x(0x, nx), HIGH MOMENTUM 
TRANSFER CONTRIBUTION TO Cx (Ox, nx), 
TO ORDER nx? 


For the K-shell C; is explicitly [see (10b) and (9) ] 


- WdW 
tna 1— e?*/* 


(O+ 4k?+ 3) exo] 


2 2k 
—- tan ( oan )| 
k Q-—k+1 


[Q-#+1)+48 


2 2k 
(0+3h+ 4) exp| — tan (- — -)| 
d¢ k Q-—k+1 
v 


0 


~ [Q—#+1)!+4e? 


4 
en(- - tan ) 
1 « f 


3; «YY |: 


Since the main contribution to C2, « arises from O~4n 
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which is large, we call C2, x the high momentum contri- 
bution to Cx(@, n). In order to rewrite the two inside 
integrals with the same limits of integration we let 
Q=y in the first, and Q= W?/y in the second. We make 
the further transformation s= y— #*+1, and remember- 
ing that W=&?+1, we obtain 
ae as mf dz 
1—eottl FS os _ gt oR —1 


- f dk 
3 Yk é 


2 2k 
(32+ 4k? —2) exp( —- tan — ) 
k 


o 


Cox 


x — —_o- a 
(8-+-4k2)? 


2 2k 
(s+4k?+ 2)(2+k?—1)* exp(- tan =) 
z 


(2?-+- 4k?)8 


4 4 ; 
exp( —~— tan ) exp( —— tan ) 
k k 
‘ Se - 


- (12) 
(k?-+-1)° 


(k°+ 1)° 


where ko=(aa?—1)!, a2=4n, and the tan~ are in the 
first and second quadrants. 


Fic. 2. Cx(8x, nx), correction to K-electrons’ stopping number contribution. 
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So far we have chosen «& so that }<a<1. It is now 
convenient to further restrict a so that the lower limit 
on the z integration, a?—#’+-1, is never greater than 
k?.4 That is, we want a’—#-+1<’, or R>[(a?+1)/2]}. 
This will be true if kmin=ko=[(a?+1)/2]!. In terms 
of a this means aa?— 1=(a?+1)/2, or a=1/2+(3/2)a* 
= 1/2+-(3/8)n~, which for reasonably large 7 is con- 
sistent with }<a<1. 

We shall now show that the contribution, say H, to 
C2 x from k®<s<@ may be neglected without error to 
order n~*. H is written exactly as (12) except that the 
z-limits are & to infinity. Expanding the square bracket 
of (12) in powers of k?/z, one sees that the last term in 
the bracket serves its purpose of canceling the loga- 
rithmic divergence arising in the second term at large z. 
The result is that the square bracket is O(k~*s~"), 
making the inside integral O(k-'), and so to highest 
order 


© 


H -of Mak f dzk*z*=O | dkk-* 
ko Ae ko 


=O(ko~*) =O(n-*”). 


Thus, since we are calculating to order n~*, we may 
neglect H. Also, since the third term in the square 
bracket of (12) is only important as noted above in H, 
we may neglect it henceforth in Cox to order 7. 
Thus, to order n~, 

27 0 
-f dkk(k®+-1) cscha/k 


] 0 


. 1 1 
*4%41 2tk’—1 (2°+-4k’)? 


a 


2 Z 
x | (4k+-32—2) exp(- tan) 


Z 


) . 
(4k?+- 2+ 2)(k?+2—1)5 exp( —- tan" ~) 
k 2k 


4 1 
xewp(- tan) /cessy, 
k k 


where tan~! is now to be taken in the first and fourth 
quadrants. 

One is now in a position to expand the integrand to 
the degree necessary for obtaining the terms which 
give C2 x to order n~*. This is an extremely long and 
tedious job so we shall only present here the results 
and a few remarks. One can show that the factor 
(s+?—1)~' need be expanded in powers of (s—1)/k? 
to four terms for the desired accuracy. The factor 
(s°+ 4k) is not expanded. Using the fact that £>1, 
(k°+1)~*® is expanded as are the exponentials and 


“ Note that tmin=a?—k*+1 is automatically greater than —k*. 


WALSKE 


tan—'1/k, but tan~'s/2k is not expanded. The result is 
that all the z integrals are elementary. The & integration 
can then not be done explicitly, but to order n~ the 
n-dependence can be determined by breaking the k 
integration into appropriate ranges and separating 
leading terms. It is particularly noteworthy that the 
parameter ko does not affect the result directly. The 
terms involving ko cancel out, independent of the fact 
that ko=[(a*+1)/2]!. This is as it should be since the 
precise choice of ko (or a) is only felt in order y~®. 
Our result to order 7 is 


Co x= — nx '— (25/6)nx. (13) 


Adding this to Cy x(Wmin=0, nx) [see (11)] we get, 
to order nx~, 


C(W min=0, nx) =2nx + (22/3) nx. 


V. ASYMPTOTIC FORMULAS FOR Bx(6x, nx) 
TO ORDER nx 


(14) 


In order to calculate Cx(@x, nx) for elements other 
than hydrogen we must subtract from (14) the contri- 
butions arising from transitions to hydrogen-like states 
which are forbidden in the heavier elements by the 
Pauli principle, i.e., occupied states. Brown (reference 5) 
has worked out in detail the method of doing this, and 
has applied it to obtain Cx(@x, nx) to order nx. 
Except for his omission of the high momentum transfer 
contribution, C2, x, and a numerical error in his determi- 
nation of 7’x(@x) [see (2)], his results are correct to 
order nx~'. We have extended this work in a straight- 
forward way to obtain the term in nx~*. The procedure 
is to find the contribution of transitions from the 
K-shell to all discrete states for hydrogen, subtract 
this from Bx(Wmin=0, nx) corresponding to the 
Cx(Wmin=9, nx) given by (14) to obtain the continuum 
contribution in a hydrogen-like atom with no outer 
screening, and then add to the latter the contribution 
from transitions to continuum states with W<1 (and 
unoccupied discrete states) in the actual atom. It is in 
this last contribution, called Dx(@) by Brown, that a 
numerical error was made in the y-independent term. 
In calculating the y-independent term of his Eq. (22) 
from his (20), he mistakenly used 1+n~ instead of 
1—n- in (20). With this term corrected, and with the 
nx? term added, Dx(@) is 
Dx(0.7) =0.3783, Innx+0.3503, 

+0.0528onx~!+0.01330nx~, 
Dx(0.75) = 0.28729 Innx+0.29452 
+0.01910n«-!+-0.01850nx~, 
Dx(0.8) =0.21072 Innx+0.2362¢ 
—0.00063nx!+-0.01887nx~, 
Dx(0.85) = 0.14569 Inn«+-0.1769 
—0.01008nx+-0.01616nx~, 
Dx(0.9) =0.08996 Innx+0.1173 
—0.01190¢x+0.01161nx«~. 


(15) 





STOPPING POWER 
Brown’s result for the contribution of the discrete 
states to Bx for hydrogen, extended to the nx~? term, is 
0.56500 Innx+0.46869 


+0.11896n«-!+0.00462nx-, (16) 


and his result for Bxk(Wmin=0, nx)'® as corrected by 

(14) is 

Br(Wmin=9, nx) =2 Inn +2.57861 
—2nx-!—(22/3)nx—. (17) 

Subtracting (16) from (17) we obtain the continuum 

contribution, Ex: 


Ex= 1.43500 Innx+ 2.10992 


—2.11896nx-'!—7.33795nK-. (18) 


Finally, adding (18) to (15) we get Bx(@x, nx), the 
asymptotic formulas for the stopping number of the 
K-shell: 
Bx(0.7, nx) =1.8133 Innx+2.4603 
— 2.0662nx—7.3246nx~, 
.7223 Innx+ 2.4044 
— 2.09999 xc! —7.31949K, 
Bx(0.8, nx) = 1.6457 Innx+2.3462 
—2.1196nx—'— 7.3191 nx, 
Bx(0.85, nx) = 1.5807 Innx+2.2868 
—2.1290nx— 7.3218nx~, 
5250 Innx+2.2273 
—2.1309nx—7.3263nK~. 


Bx(0.75, nx)= 


(19) 


Br(0.9, nx) =1. 


Of course, Cx(9x, nx) to order nx~ is just the negative 
of the last two terms of (19). 
As a check on the last two terms of (19), Cx(@x, nx) 


16 This is just twice the stopping number of a hydrogen atom 
since it is written for two K-electrons. 
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has been evaluated numerically for nx= 10 and 20 using 
the expression (8). A comparison with Cx(8x, nx) as 
obtained from the last two terms of (19) is given in 
Table I. From this table one can see that the asymptotic 
terms for Cx are high by about 16 percent at nx=10 
and by about 5.5 percent at nx=20 for all @x. If one 
adds to the asymptotic formula for Bx (or subtracts 
from Cx) a term 45nx~* these errors are reduced to 
about —2.4 percent and 0.6 percent, respectively, for 
all 6x. This should therefore be done. That the 6x- 
variation of Cx is given to greater accuracy by (19) 
than the full value of Cx can be seen by differencing 
the Cx’s of different @x for the two sets of values in 
Table I. 

For convenience we reprint in Fig. 1 curves of 
Bx(@x, nx) for 6x=0.7, 0.8, 0.9, and for 0<nx<1.5 
which were calculated by the author from expression 
(5) and previously published by L. M. Brown in 
reference 5. In Table II we give a continuation of these 
calculations up to nx=10. These values are accurate 
to at least one percent. At 7x=10 we have two com- 
pletely independent calculations of Bx; one is to take 
the first two terms of (19) and to subtract the exact 
numerically calculated value of Cx from Table I, the 
other is the direct calculation of Bx reported in Table II. 
The values for the successive @x calculated via Cx are 
6.401, 5.895, and 5.497, in excellent agreement with 
Table II. In Fig. 2 we have combined the values from 
Table II and the first two terms of (19) in order to plot 
Cx(@x, nx) vs 1/nx. Near the origin on this graph we 
have relied upon the asymptotic formula and the exact 
calculations of Cx at nx=10 and 20. This curve is 
changed from the one in reference 5 by the correction 
to the constant term in (19). 

It is a pleasure for the author to acknowledge his 
indebtedness to Professor H. A. Bethe for his friendly 
guidance and encouragement of this work. 
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A Nuclear Resonance Modulation Correction* 


M. M. PERLMAN AND M. Bioomt 
Radiation Laboratory, McGill University, Montreal, Canada 
(Received August 11, 1952) 


A theoretical modulation correction with experimental justification is derived. It is found that the experi- 
mentally measured value of the second moment is always larger than the true value by an amount 4Hm? 
where Hm is the modulation amplitude. The correction holds even for amplitudes close to the line width and 
gives consistently good results when applied to the analysis of line shapes. 


T is well known that the effect of low temperatures 

on solids is to reduce the amount of molecular rota- 
tion present and hence to produce a correspondingly 
wider magnetic resonance signal. Indeed, this fact has 
been used in many investigations on the structure and 
internal properties of liquids and solids. 

However, the wider the resonance line, the weaker it 
becomes. For detection purposes then, it becomes 
necessary to use comparatively large values of modula- 
tion amplitude in order to obtain an observable signal. 
As has been demonstrated,! this often results in experi- 
mentally measured values of the second moment of the 
absorption line being in error by as much as 20 percent. 
Because of the difficulties involved in obtaining an 
adequate signal and accurate and detailed plots of line 
shape, no experimental attempts have as yet been made 
to account quantitatively for this effect. 

If one considers the function of the modulation as 
being mainly an averaging of the line shape over the 
range of modulation, one can derive a first-order theo- 
retical correction using the following simple con- 
siderations : 

We have 


G(H) 


1 H+Hm F(H) 
f g(H’)dH' =——, 
H—Hm 2E 


2Hm 2Hm 


where 
g(1) 
G(T) 


for a modulation field of the form Hm sinwt. We want 


f H%g(H)dH 


~20 y 
(AH?) teue=———— =—, 


wo 


f e(H)dH 


—2 


true line shape function, 


experimental line shape function, 


denotes the second moment over the ab- 
We know 


AH? 


sorption line 


where 


f H°G(H)dH f H?F(H)dH 


(AH2)*exy=— i een Pes 


f G(H)dH f F(H)dH 


—2 
* This work was supported by a Fellowship from the Shell Oil 
Company of Canada. 
t Now at University of Illinois, Urbana, Illinois. 
'E. Andrew, J. Chem. Phys. 18, 607 (1950). 


We expand g(/7’) in a Taylor series in the neighborhood 


of H, i.e., we put 


dg 
g(i')= (t+ a’) (- ), 
1H’ 


3 _ ~ H)* ——( 
a 


Substituting (4) into (3) and integrating, we obtain 


, Hm? p* de 
f H°g(H)dH+—— J w(— ), dH 
6 J. \dH" 


© 


(AH2)*exp= — 


m 
fi cana f° (=) aa 


A+B A 1+B/A 


C+D c 1+D/ ¢’ 


neglecting derivatives of order 4 or greater; 


D B 
—= (AH? ue (AH) ao 1+—- -). (6) 
CA 


For most lines D/C«&B/A (this may be shown experi- 

mentally), and B/A~}Hm?Y/X (assume g(H)=G(H) 

to first order and perform two partial integrations). 
To first order, we have 


(AH?) )eruet Hm’. (7) 


The proton resonance in NH,NOs at room tempera- 
ture is ideally suited for a study of the effect of modula- 
tion on the second moment. The signal is strong, and 
the line width fairly narrow (~4 gauss), so that the 
effect on the second moment of a modulation amplitude 
of 2 gauss or more should be easily detectable. (For 
wider lines of ~ 10 gauss, the statistics on the evalua- 
tion of the second moment are such that they mask the 
effect of amplitudes of less than about 3 gauss.) 

Fourteen room temperature absorption curves were 
plotted and found suitable, two for each of 2Hm=1, 3, 
4.4, 5, 6, 8, and 10 gauss, where Hm is the modulation 
amplitude. The true second moment, that is, its value 
at zero modulation amplitude, was taken as 3.0 gauss.? 
The statistics on the second moment are in all cases 
better than +3 percent. 

The experimental results are plotted in Fig. 1. The 
solid line, drawn to fit the experimental points was 


exp = (AH? 
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found to follow the formula (AH?*)x,.=(AH2)true 
+3Hm’, exactly as determined above. Thus, the experi- 
mentally measured value of the second moment is 
always larger than the true value. 

In the Van Vleck? formula for the second moment the 
internuclear distances appear to the inverse sixth 
power. Thus, an error of 10-20 percent in the deter- 
mination of the second moment results in an error of 
only 1-3 percent in the evaluation of the internuclear 
parameters. A further check on Eq. (7), however, is 
provided by an analysis of the compound KH2PQ,, 
where the calculated second moment (assuming that 
the hydrogens lay midway along the O—H—O bond, 
and taking an O—H—O bond distance of 2.54A as 
determined from Raman spectra experiments) of the 
proton resonance is 3.3 gauss.? The average uncorrected 
experimental second moment on the basis of 6 runs at 
—183°C was found to be 4.8+0.4 gauss® (an error of 
~45 percent). A modulation amplitude of 2 gauss was 
used, thus yielding a corrected second moment of 
3.5+0.4 gauss? in agreement with the calculated result. 


2 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
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2Hm (gouss) 
Fic. 1. The experimental modulation correction. 

The experimentally observed line is the derivative of 
the true absorption line. When the modulation ampli- 
tude becomes nearly equal to the line width, small 
amounts of higher odd order derivatives are admixed. 
However, these effects are small, and a reasonably 
faithful first derivative may be obtained even in this 
region. In any case, the correction has been found to 
hold when the amplitude approaches the line width. 
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Energy Levels in Light Nuclei* 


J. C. Artuur,f A. J. ALLEN, R. S. Benper, H. J. Hausman,f{ anp C. J. McDoLe§$ 
University of Pittsburgh, Pittsburgh 13, Pennsylvania 
(Received July 21, 1952) 


Targets of beryllium, Nylon, lead fluoride, sulfur, and lead sulfide were bombarded with 8-Mev protons 
from the University of Pittsburgh cyclotron. Energy levels were observed in Be®, C, N™, O'*, F'®, and S® 
by inelastic scattering at 150° from thin targets. Single levels were assigned in Be* and C"; two levels were 
assigned in N"; nine levels were assigned in F'*; and seven levels were assigned in S® 


I, INTRODUCTION 


HE present investigation was undertaken to look 

for additional low-lying levels in some light 
nuclei. Similar work has been done at this laboratory by 
Ely et al.,! Reilley et al.,? and Hausman ef al.* The 8-Mev 
proton beam from the University of Pittsburgh cyclo- 
tron was used to bombard targets of beryllium, Nylon, 
fluorine, and sulfur. The incident and reaction particle 
momenta were analyzed magnetically. Inelastic scat- 
tering was used to determine energy levels in Be’, C”, 
N!4, O'8 F!® and S®. 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the ONR and AEC. 

+t Now at Project Lincoln, Massachusetts Institute of Tech- 
nology, Cambridge, Massachusetts. 

t Now at the Ohio State University, Columbus, Ohio. 

§ AEC Predoctoral Fellow. 

! Ely, Allen, Arthur, Bender, Hausman, and Reilley, Phys. Rev. 
86, 859 (1952). 

2 Reilley, Allen, Arthur, Bender, Ely, and Hausman, Phys. Rev. 
86, 857 (1952). 

3 Hausman, Allen, Arthur, Bender, and 
paper [Phys. Rev. 88, 1296 (1952) ]. 


McDole, following 


Il. APPARATUS 

The apparatus used is essentially the same as that 
described previously.*.* It was modified by placing the 
detector inside the vacuum system to permit the ob- 
servation of lower energy scattered particles. The target 
holder was remodeled to provide a means for calibration 
of the reaction particle analyzer without losing the 
vacuum. 

A beam of 8-Mev protons from the cyclotron was 
focused by a sector magnet into a shielded scattering 
room. Within the scattering room the incident beam 
was analyzed magnetically by a 40° sector magnet and 
the spread in energy adjusted by appropriate slits. 
Charged reaction particles were momentum analyzed 
by a 60° sector magnet and detected by a scintillation 
counter using a ZnS crystal. Both analyzing magnets 
were calibrated with polonium alpha-particles using 

‘ Bender, Reilley, Allen, Ely, Arthur, and Hausman, Rev. Sci. 
Instr. 23, 542 (1952). 

5 University of Pittsburgh Radiation Laboratory Precision 
Scattering Report No. 2, May (1952) (unpublished). 
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Fic. 1. Spectrum of charged particles scattered from beryllium at 150°. 


Hp=3.3159X 10% gauss-cm*®. Magnetic field strength 
measurements were made with proton resonance 
detectors. The analyzing. magnets were carefully demag- 
netized before each run. The incident beam current was 
integrated to 70 microcoulombs (30 microcoulombs for 
one S® bombardment) for each setting of the magnet 
which analyzed the scattered particles. The spread in 
incident energy was 0.04 Mev during the experiment 
with the beam incident perpendicularly on the target. 
At least two bombardments of each element were made 
using different targets where possible. 
III. EXPERIMENTAL PROCEDURE AND DISCUSSION 
A. Be*+ Proton 

Beryllium targets of 0.2 mg/cm? and 0.3 mg/cm? were 
bombarded with protons and the reaction particles 
studied at 150° with respect to the incident beam. Figure 
1 shows a plot of the number of counts per 70 micro- 
coulombs of charge collected vs proton resonance fre- 
quency in Mc/sec at which reaction particles were 
detected. Peaks b, c, d, and f are due to elastic scat- 
tering from Al?’, O'8, C®, and Be’. Peak h is from the 
known excited level in Be® at 2.4 Mev. The average 
value of excitation energy obtained for this level from 
two runs is 2.44 Mev, which is to be compared with the 
values of 2.422+-0.005 Mev determined by Van Patter 


et al.® and 2.433+0.005 Mev determined by Browne 
et al.? No new levels were found in Be? for an excitation 
energy of 6 Mev. 

Peaks a, e, g, and 7 have been identified as deuterons 
from the reaction Be*(p,d)Be*® corresponding to the 
ground state and energy levels in Be* at 2.8, 4.0, and 
5.1 Mev, respectively. 

Peaks i and / are alpha-groups from the Be*(p,a)Li® 
reaction corresponding to the ground state and excited 
levels in Li’ at 2.1 Mev (for a bibliography see Hornyak 
et al.,8 hereafter referred to as HFML). The peaks k 
and &! are attributed to inelastic protons from the 
4.4-Mev level in C” which appears as a surface con- 
taminant on the front and back of the target. 

Peaks e, i, and / were obtained by subtraction of the 
readings taken with a foil in front of the detector from 
readings taken without a foil. 


B. Nylon+ Proton 


Nylon targets of surface density 0.50 mg/cm? were 
bombarded by 8-Mev protons. The reaction particles 
~ €Van Patter, Sperduto, Huang, Strait, and Buechner, Phys. 
Rev. 81, 233 (1951). 

7 Browne, Williamson, Craig, and Donahue, Phys. Rev. 83, 179 
(1951). 

8 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 309 (1950). 
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were analyzed at 90° and 150°. Peaks a, 6, ¢:, and ¢ of 
Fig. 2 are elastically scattered protons from O'*, N'4, 
C'*, and C®, respectively. Peak f is the only excited 
state obtained in C” for an excitation energy of 6.5 Mev. 
An excitation energy of 4.45 Mev was determined for 
this level. This is an average value obtained from four 
Nylon bombardments and nine other bombardments 
where carbon was a surface contaminant. The width of 
the peak is thought to be caused mainly by target 
thickness. A fresh target was used for the data yielding 
peak f Fig. 2 in an attempt to reduce the probability 
of target deterioration causing a widening of the peak. 
Many previous investigations of C” have been made 
(see HFML, p. 325). The most accurately known value 
for this energy level is 4.438+0.014 Mev obtained by 
magnetic analysis.*® 

Three levels and possibly a fourth were found in N™ 
from the reaction N'4(p,p’)N'**. Peaks d, e, and g of 
Fig. 2 correspond to energy levels of 2.32, 3.96, 5.09 
Mev. If e; were a peak in N" the value of the energy 
level would be 3.76 Mev. Since a C'* elastic peak was 
observed it is possible that it is an energy level of this 
isotope.|| Its excitation energy in C'* would be 3.69 Mev. 
A level in C"* is known to exist at 3.677+0.005 Mev. 
Previous investigations on N'‘ energy levels were made 


r 
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by Thomas and Lauritsen’ giving values of 1.6430.004, 
2.318+0.008, 3.390+0.010, 3.9?, 5.056+0.025 Mev; by 
Burrows ef al. giving values of 3.95 and 5.06 Mev; 
and by Heydenburg ef al." giving levels at 2.35 and 
3.95 Mev. Thomas and Lauritsen observed gamma-rays 
resulting from bombarding an enriched C" target with 
deuterons. The gamma-ray energies which or assigned 
as energy levels in N'‘ at 1.6 Mev and 3.4 Mev have 
since beeen attributed to cascading gamma-rays 
(private communication with T. Lauritsen). 

Peaks h and i are assigned to the oxygen doublet at 
6.0 and 6.1 Mev. The best information about the doublet 
which can be calculated from the Nylon, PbS, and 
PbF, data (oxygen appeared as a contaminant on the 
last two targets) is a value of 0.087+-0.010 Mev for the 
doublet separation. Previous measurements of these 
levels and their separation have been made by Chao 
et al. They give values of 6.052, 6.136, and 0.084+0.006 
Mev for the energy levels of the two peaks and their 
Separation, respectively. Several other measurements 
of these levels have been made (see HFML, p. 343). 


C. F'®+ Proton 


A target of PbF2(1.20 mg/cm?) was evaporated on a 
go'd backing. With 8-Mev protons incident on the 
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Fic. 2. Spectrum of charged particles scattered from Nylon at 150°. 


|| Note added in proof: Further work indicates that this level is from C™. 
950). 


*R. G. Thomas and T. Lauritsen, Phys. Rev. 78, 88 (1 


10 Burrows, Powell, and Rotblat, Proc. Roy. Soc. A209, 478 (1951). 


" Heydenburg, Phillips, and Cowie, Phys. Rev. 85, 742 (1952). 
2 Chao, Tollestrup, 


owler, and Lauritsen, Phys. Rev. 79, 108 1950 
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Fic. 3. Spectrum of charged particles scattered from fluorine at 150°. 


target protons from the reaction F!°(p,p’)F!* were 
observed at 150°. Figure 3 shows sections of each of 
two bombardments. Peak a is a group of protons elas- 
tically scattered from lead and gold. Peaks 6, c, and d 
are the elastic peaks of F'¥, O'®, and C”, respectively. 
Peaks e, f, g, h, 1, j, ji, k, and l correspond to energy 
levels in F!9 at 1.37, 1.59, 2.82, 3.94, 4.06, 4.41, 4.48, 
4.59, and 4.76. Peak 7, is not shown as a peak in Fig. 3. 
Peak m is the excited state in C” at 4.4 Mev. Peaks n 
and o are the 6.0- and 6.1-Mev levels in O'*. No other 
levels of comparable intensity were observed for an 
excitation energy of 6.7 Mev. There were indications of 
seven other possible energy levels: one each at 4 and 
4.3, three near 4.6, and two near 4.8 Mev, each of 
which reproduced on the two bombardments. A bib- 
liography of previous investigations of energy levels of 
F!® is given by HFML, p. 353. Recently, Bullock and 
Sampson'* found energy levels at 1.36+0.05, 2.76 
$0.05, 3.92+0.05 Mev; Heydenburg, Phillips, and 
Cowie" found levels at 1.53, 3.83 Mev, and Shull" found 
a level at 1.52 Mev. No attempt was made to study the 
reaction F!9(p,@)O'**, The spectrum shown in Fig. 3 is 
taken with the alpha-groups removed by placing 
aluminum foils in front of the detector. A broad peak 


13M. L. Bullock and M. B. Sampson, Phys. Rev. 84, 967 (1951) 
“ F. B. Shull, Phys. Rev. 83, 875 (1951). 


appears between 1 and 2 Mev. This is a proton group 
which appeared on a bombardment of the gold backing 
made under similar conditions. It is thought to be due 
to (p,p’) reactions in copper or silver known to exist 
in the gold in quantities less than 0.2 percent. All peaks 
shown in Fig. 3 were observed on two bombardments of 
the same target; however, the values above were cal- 
culated from the second run only. 


D. S**+ Proton 


The S*(p,p’)S® reaction was studied by bombarding 
targets of lead sulfide and sulfur on gold. A spectrum 
of the reaction particles in the 150° direction obtained 
by bombarding S® with 8-Mev protons is shown in 
Fig. 4. a, b, and c are the elastic peaks of Au'®’, S®, and 
O", respectively. Peaks e, f, g, 4, i, j, and » are assigned 
to excited levels in S® at 2.25, 3.81, 4.32, 4.50, 4.74, 
5.04, and 5.83 Mev, respectively. Peaks k and / are 
attributed to the 4.4-Mev level in C” and result from 
carbon contaminants on the target surfaces. Four peaks 
(d, d}, m, and o) were not used for calculations. In 
previous studies of S® (see Alburger and Hafner'®) ex- 
cited levels were observed at 2.25 and 4.34 Mev. 

16 D—D. E. Alburger and E. M. Hafner, Revs. Modern Phys. 22, 
379 (1950). 
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IV. RESULTS AND ERRORS 


Table I is a list of the elements studied and the energy 
levels obtained. In all (p,p’) reactions, except F!*, where 
three figures are quoted an estimate of the probable 
error is 0.02 Mev (for F'® the estimated probable error 
is 0.03 Mev). The primary contribution to this probable 
error is due to an uncertianty in the calibration of the 
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Fic. 4. Spectrum of charged particles scattered 
from sulfur at 150°. 
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Taste I. Energy levels in Be*, N“, O'*, F*, and S*. 
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magnetic field strength of the reaction particle analyzer. 
This uncertainty arises from a nonlinearity between the 
ratio of the measured field strength to the fringing field 
strength and the measured field strength and also from 
hysteresis effects. There are indications, in general, that 
the levels are higher than previously published values 
of the same levels where the accuracy quoted is of the 
order of 0.01 Mev. 

The authors wish to thank L. M. Diana, K. B. 
Rhodes, R. F. Weise, R. A. Barjon, Miss C. Gegauff, 
and E. M. Perkins for their many contributions to this 
project. 
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Energy Levels in Magnesium, Vanadium, Chromium, and Manganese* 
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Targets of Mg, V, Cr, and Mn have been bombarded by 8-Mev protons from the 47-in. cyclotron and the 
reaction particle observed at an angle of 150° to the incident beam. Three levels are assigned to Mg™, seven 
to Mg**, and two to Mg**. Fourteen levels are reported for V", 15 for Cr, and 15 for Mn®. 





I. INTRODUCTION 


EASUREMENTS of the energy levels of stable 

nuclei in the region 10 to 30Z by means of 
inelastic charged particle reactions have been relatively 
neglected as compared to investigations on the light 
nuclei. Recently! an extensive program of instrumenta- 
tion has been completed at the University of Pittsburgh 
for the study of nuclear reactions. This has permitted 
the use of an energy-analyzed beam of eight-Mev 
protons for precision determinations of nuclear energy 
levels. The present paper is a continuation of the 
studies of energy levels in the medium Z range as re- 
ported by Reiiley ef al.? and Ely et al. 


II. APPARATUS 


The apparatus for the precision scattering project has 


been described elsewhere.' Briefly, the diverging beam 
of protons from the University of Pittsburgh 47-in. 
cyclotron is focused by a 14° sector magnet on a slit 
located in the center of an eight-foot shielding wall. The 
slit acts as a source for the beam-analyzing magnet 
which focusses the beam of particles at a point 1} in. in 
front of the target. The dispersion of the beam-analyzing 
magnet is 300 kev/in. for eight-Mev protons. Reaction 
particles are magnetically analyzed by a third magnet 
of high resolution. Charged particle groups are detected 
by a zinc sulfide fluorescent screen and an EMI 5311 
photomultiplier tube. A set of remotely controlled ab- 
sorption foils which can be positioned in front of the 
detector slit and scintillation screen are used to differ- 
entiate between charged particles of the same mo- 
mentum. 

Thin targets (approximately 10 kev) of magnesium, 
chromium, vanadium, and manganese were obtained by 
evaporation of the pure metals from conically shaped 
30-mil tungsten filaments. Thicker targets used for 
general survey of the materials were evaporated from 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the ONR and AE 

t Now at the Ohio State University, Columbus, Ohio. 

t Now at Project Lincoln, Massachusetts Institute of Tech- 
nology, Cambridge, Massachusetts. 

§ AEC Predoctoral Fellow. 

' Bender, Reilley, Allen, Ely, Arthur, and Hausman, Rev. Sci. 
Instr. 23, 542 (1952). 

® Reilley, Allen, Arthur, Bender, Ely, and Hausman, Phys. Rev. 
86, 857 (1952). 

* Ely, Allen, Arthur, Bender, Hausman, and Reilley, Phys. Rev. 
86, 859 (1952). 


5-mil tantalum boats except vanadium. Thin (18-micro- 
inch) gold foils were used as a backing material. No 
inelastic levels were observed from the gold backing. 

Target thicknesses were measured by carefully weigh- 
ing the target frame before and after evaporation. It is 
estimated that thicknesses can be measured to +20 
percent. Spectroscopic analysis of the targets showed 
less than 75 percent contamination. 


III. RESULTS 
A. Magnesium 


From the proton bombardment of aluminum, previ- 
ously reported by Reilley ef a/.,? two unresolved alpha- 
particle groups were observed at an angle of 90° to the 
incident beam resulting from the Al?’(p,a) Mg” reaction. 
The high energy alpha-particle group, assigned to the 
1.38-Mev level in Mg™, was superimposed upon an 
inelastic proton group from aluminum. The low energy 
alpha-group, assigned to the 4.14-Mev level in Mg*, 
although of very weak intensity had indications of being 
complex. 

A survey of the protons scattered from a thin natural 
magnesium target at an observation angle of 90° indi- 
cated four resolved proton groups: the magnesium 
elastic peak, a group corresponding to the 1.38-Mev 
level, and a resolved doublet at 4.14-Mev excitation. 
Since naturally occurring magnesium contains three 
isotopes, there existed the possibility that one of the 
proton groups assigned to the 4.14-Mev doublet in 
Mg”* could have arisen from an excited state in either 
Mg”® or Mg**. It was decided to determine whether the 
apparent doublet exists in Mg™ at 4.14-Mev excitation 
by observing the alpha-particles from the proton bom- 
bardment of aluminum at an angle of 150° to the inci- 
dent beam. 

The reason for the choice of the observation angle of 
150° was twofold. Calculations showed that the relative 
motion of the alpha-particle groups to that of neigh- 
boring proton groups from aluminum would be such as 
to eliminate any overlap. Also, the variation of energy 
of the scattered particles with angle is such as to im- 
prove the relative resolution of the alpha-groups. 

With a 0.19-mg/cm? aluminum target, three resolved 
alpha-groups were found corresponding to the 1.38-Mev 
level in Mg™ and a doublet at 4.14 Mev. No alpha- 
particle group corresponding to the ground-state reac- 
tion was found. However, the momentum of the ground- 
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state alpha-group was very near to that of the intense 
aluminum proton elastic peak. Because of the large 
relative difference in intensity, an upper limit was 
placed on that of the ground-state alpha-group. It was 
estimated as being no greater than 1/20 the intensity of 
the 1.38-Mev alpha-group. 

A thick target 0.44 mg/cm? survey of the protons 
scattered from natural magnesium at the observation 
angle of 150° resolved 15 proton groups. Actual level 
assignments were made using a thin (0.1 mg/cm’) 
natural magnesium target and improved resolution. A 
spectrum of the proton groups scattered from a thin 
natural magnesium target is plotted in Fig. 1. Peaks a, c, 
and d are the elastic peaks of Mg, O, and C. Three of the 
proton groups, peaks e, 2, and 0, were assigned to levels 
in Mg™, positive identification being made by the 
Al?"(p,a)Mg™ measurements. Inasmuch as the ground- 
state alpha-group from the above (p,a) reaction was not 
resolved, a Q value of 1.594 as reported by Van Patter* 
was used to calculate the excited levels in Mg™. The 
values determined are 1.39, 4.12, 4.22, which are in good 
agreement with the assignments made by inelastic 
proton measurements. 

Seven proton groups were tentatively assigned to 
excited states in Mg”. The assignment of these levels 
was made by comparison with the levels reported by 
Endt et al. from the Al?"(d,a)Mg”* reaction and from 
the Mg**(d,p)Mg*> reaction. The proton group corre- 
sponding to the 2.744 level reported has indications of 
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Fic. 1. Spectrum of charged particles scattered from 
magnesium at 150°. 


4D. M. Van Patter, Massachusetts Institute of Technology 
Technical Report No. 57, January (1952) (unpublished). 
5 Endt, Enge, Haffner, and Buechner (to be published). 
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Fic. 2. Spectrum of charged particles scattered from 
vanadium at 150°. 


being complex. It is probable that this group corresponds 
to the 2.736- and 2.799-Mev doublet in Mg” reported by 
Endt et al. Two groups have been assigned to Mg” by 
comparing their energies with the reported’ levels. 


B. Vanadium 


A thin (less than 5 kev) target of vanadium was bom- 
barded with 8-Mev protons and the reaction particles 
observed at an angle of 150° to the incident beam. 
Natural vanadium has two stable isotopes, V* and V". 
The percentage of V*® in natural vanadium, 0.25 
percent, is small enough that the likelihood of detecting 
inelastic proton groups from V® is small. Consequently, 
all energy levels have been assigned to excited states 
in V™. 

Seventeen proton groups (see Fig. 2) were recorded. 
Calculations show peaks a, 5, and f to be elastically 
scattered protons from gold, vanadium, and carbon, 
respectively. The proton group corresponding to peak r 
has been assigned to the 4.44-Mev level in carbon. Four 
energy levels have been previously recorded in V™.? Two 
of the levels, 0.267 and 0.320 Mev, were determined 
from K capture in Cr®'; the 1.1- and 4.7-Mev levels were 
determined by Ti**(a,p)V™ reaction. Peaks c and e can 
tentatively be assigned to the 0.320- and 1.1-Mev levels. 
There was no indication in the present experiment of the 
0.267-Mev level. It is possible that the group corre- 
sponding to the 0.267-Mev level could be of such low 


* Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 
™ Way, Fano, Scott, and Thew, Nuclear Data, National Bureau 
of Standards. Circular 499 (1950). 
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3. Spectrum of charged particles scattered from 
chromium at 150°. 


intensity as to be obscured by background. There is a 
low intensity doublet, peaks p and q, corresponding to 
excitation energies of 4.90 and 4.97 Mev, respectively, 
which can possibly be assigned to the 4.7-Mev level 
reported 


C. Chromium 


The spectrum of scattered protons from a thin natural 
chromium target at an angle of 150° to the incident 
beam is shown in Fig. 3. Twenty-three proton groups 
were observed in the reaction, nineteen of which are 
shown from the thin target spectrum. Peaks a, b, e, and 
g are the elastically scattered protons from gold, 
chromium, oxygen, and carbon, respectively. Peaks r 
and s have been assigned to the 4.44-Mev level in carbon 
which was present on both the front and rear‘faces of the 
target. Particle groups f, i, and /, corresponding to 
excited states of 1.46, 2.43, and 3.01 Mev in Cr® agree 
with the known levels’ in Cr® determined by the decay 
of Mn®. There is a possible assignment of peak d to the 
0.835-Mev level of Cr determined by Deutsch and 
Elliot® from the decay of Mn* and the subsequent 
emission of an 0.835 gamma-ray. 

Since natural chromium has five stable isotopes, 
absolute assignment of energy levels cannot be made at 
present. It is possible, however, that peaks 7, k, m, m, and 
p are inelastic groups from Cr*®, the most abundant 
chromium isotope, due to their large relative intensities. 


5M. Deutsch and L. G. Elliot, Phys. Rev. 65, 211 (1944). 
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D. Manganese 


Since manganese consists of only one stable isotope, 
the assignment of the groups shown in Fig. 4 is relatively 
simplified. The spectrum of manganese was obtained at 
an angle of 150° to the incident beam. Both thick and 
thin target spectrums were obtained and the energy 
levels quoted in Table I are an average of both runs. 
Peaks a, b, e, and # were determined to be the elastic 
groups for gold, manganese, oxygen, and carbon, re- 
spectively. Peak ¢ has been assigned to the 4.44-Mev 
level in carbon. Peak c has been assigned to an excited 
state in Mn**, The unresolved nature of the carbon 
elastic peak is assumed to be caused by layers of carbon 
deposited during successive evaporations in the prepara- 
tion of the manganese target. Peak u has also been 
assigned to the 4.44-Mev level in carbon and probably 
arises because of the large carbon deposits on the back 
of the gold foil. Other than the above-mentioned groups, 
all peaks have been assigned to excited states in Mn*®. 
It is interesting to note that in the region of proton 
group energy of 2.0 to 4.0 Mev there appears to be a 
large number of low intensity unresolved groups. No 
attempt was made to resolve groups in this region as it 
was indicated that the experimental level widths are 
large compared to the level spacing. 


IV. DISCUSSION 


A detailed analysis of the spectral distributions of the 
emitted particle groups from the bombarded targets 
will not be discussed here. However, there are some 
general conclusions concerning these distributions which 
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Fic. 4. Spectrum of charged particles scattered from 
manganese at 150°. 
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indicate qualitative agreement with the expected dis- 
tributions predicted by the statistical models of the 
nucleus. The various statistical treatments for the 
heavier elements (A > 50) predict a level spacing above 
a few Mev excitation energy which is very small com- 
pared to the natural widths of the levels. 

On broad general lines it can be seen that the level 
densities of the residual nuclei, vanadium, chromium, 
and manganese, increase with increasing excitation of 
the residual nucleus. The general tendency of the in- 
tensity distributions of these three elements is a gradual 
decrease in the intensities of the groups as a function of 
increasing group energy. This is in qualitative agree- 
ment with the distributions predicted by Weisskopf and 
Ewing.® 

The authors are indebted to Mr. L. M. Diana, 


* V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 
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Nuclear Energy Levels in the Region of the 28-Neutron Shell*:} 


Georce F. Prepert 


Sloane Physics Laboratory, 


(Received August 21 
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1952) 


Energy levels of the titanium nuclei of mass numbers 47, 48, 49, 50, and 51 have been obtained by 
measuring the ranges of proton groups from the reactions Ti(¢d,p)Ti. With the use of enriched isotopes, it 
has been possible to assign thirty observed Q values to their proper reactions. Good agreement was found 
in most cases in which results of this study could be compared with the results of others. 

The data have been analyzed in terms of the strong spin-orbit coupling shell model of nuclear structure. 
A study of the binding energy of each residual nucleus and the energy of its first excited state revealed 
definite evidence for the existence of a closed shell at 28 neutrons. 


I, INTRODUCTION 


F the well-known magic numbers, the evidence for 
particular stability is poorest in the cases of 20 
and 28. Mayer! did not expect the shells at 28 neutrons 
or protons to be strongly marked. Harvey*® found a 
change in neutron binding energy of about 1 Mev, but 
the decrease apparently occurred between 29 and 30 
neutrons, rather than between 28 and 29. Collins, Nier, 
and Johnson** have reported discontinuities in the 
binding energy surface at 20 and 28 neutrons and 
protons. 
The known excited states of nuclei have been studied 
by Pollard’ and by Scharff-Goldhaber® in attempts to 


° Part of a dissertation presented to the faculty of the Graduate 
School of Yale University in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

t Assisted by the joint program of the ONR and AEC. 

t AEC Predoctoral Fellow. 

M. G. Mayer, Phys. Rev. 78, 16 (1950). 

2 J. A. Harvey, Phys. Rev. 81, 353 (1951). 

3 Collins, Nier, and Johnson, Phys. Rev. 87, 236 (1952). 

nT Nier, and Johnson, Phys. Rev. 86, 408 (1952). 

5 E. C. Pollard, Nucleonics 2, No. 4, 1 (1948); Phys. Rev. 82, 
326 (i951); and ONR Progress Report, January 30, 1951 (un- 
published). 

6 G. Scharff-Goldhaber, Phys. Rev. 87, 218 (1952). 


observe regularities which might be attributed to shell 
structure. The most noticeable regularity which has 
been found is that the energy of the first excited state 
as a function of the number of protons or neutrons in 
the nucleus reaches a series of maximum values at 
closed shells. Figures 1 and 2 are plots of the first 
excited states which are known for light elements as 
functions of proton and neutron number. These plots 
show definite evidence for shell effects at 8 and 20 
nucleons. Data of this sort are scare in the regions of the 
higher magic numbers. 

The present investigation is concerned with the 
expected shell at 28 neutrons; a companion investiga- 
tion’ is concerned with the 28-proton shell. The element 
titanium is particularly suited for this problem since 
it has stable isotopes containing 24, 25, 26, 27, and 28 
neutrons. Analysis of the proton groups from the series 
of reactions Ti(d,p)Ti allows the study of the binding 
energies and energy levels of a series of nuclei having a 
constant number of protons and a continuous series of 
neutron numbers, 25 through 29. Any effects on the 


7D. C. Hoesterey, thesis, Yale University (1952) (unpublished). 





1300 


binding energy or energy level pattern of the series of 
nuclei from the expected closing of the 1/7/2 shell at 
28 neutrons would be expected to appear in this study, 
since the constancies of the mode of excitation and the 
proton number make it plausible to interpret any vari- 
ation solely in terms of the neutron number. 

Pertinent experimental information concerning the 
titanium nuclei is not plentiful. The masses of the stable 
nuclei have been measured by Collins, Nier, and 
Johnson.‘ Harvey’ has reported Q values for the ground 
state (d,p) reactions on Ti**, Ti*’, and Ti**; these were 
obtained by measuring the ranges in aluminum of 
protons from a natural titanium target observed at 30° 
to an incident beam of 14-Mev deuterons. The Ti*® 
ground-state peak was identified by its intensity; the 
other Q values were assigned on the basis that lighter 
isotopes should have higher energy ground-state groups. 

Energy levels are known from radioactivity studies 
for only two of the titanium nuclei. The excitation 
energies of Ti** were first studied by Pollard,* using the 
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reaction Sc**(a,p)Ti**; levels were found at 1.1+0.4 
and 2.3+0.4 Mev. The decay scheme of V“* has been 
investigated by Peacock and Deutsch,*® by Robinson, 
Ter-Pogossian, and Cook,” and by Green, Ticho, and 
Richardson." All of these experiments have yielded 
evidence for gamma-rays of 1.32 and 0.99 Mev, indi- 
cating that the positron transition of V* leads to the 
second excited state of Ti**, 2.31 Mev above the ground 
state. The first excited state may lie at either 0.99 or 
1.32 Mev; both results are consistent with Pollard’s 
value of 1.1+0.4 Mev. The decay scheme of Sc** has 
been studied by Peacock and Deutsch® and by Hamer- 
mesh ef al.!* The results of the latter group show evi- 
dence for three gamma-rays, one of energy 1.33 Mev 
and two of energy about 0.98 Mev. These results are 
consistent with the above interpretation of the positions 
of the excited states of Ti‘® and indicate in addition 
that the third excited state lies in the region of 3.3 Mev. 

The other titanium nucleus whose energy levels are 
are known is Ti**. A number of investigations" indicate 
that the first excited state may be at either 0.89 or 1.12 
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Fic. 1. First excited states_in Mev 2s proton number up to Z= 20. Mass numbers of nuclei are given beside level positions. 
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Hamermesh, Hummel, Goodman, and Engelkemeir, Phys. Rev. 87, 528 (1952). 
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Fic. 2. First excited states in Mev vs neutron number up to V = 24. 


Mev, but the second excited state is definitely estab- 
lished at 2.01 Mev. 


II. EXPERIMENTAL METHOD 


The experimental procedure used in this work has 
been employed before.'*—'* The bombardments in which 
protons at 90° to the direction of the incident beam 
were measured were carried out in a chamber built by 
Martin.'* The arrangement is shown in Fig. 3. A dif- 
ferent chamber,‘one with a gold window thick enough 
to stop the beam, was used to measure protons at 0°. 
The electronic circuits associated with the proportional 
counter have been described elsewhere.'*-"” 

The technique used was the peaked proportional 
counter method. Pulses from the counter are amplified 
and then put through a biased diode discriminator and 
into a blocking oscillator for shaping before recording. 
If the discriminator is adjusted so that the pulse from 
every proton passing through the counter is recorded, 
integral curves will be obtained when the proton 
yield for a fixed number of deuterons is plotted as 
a function of range.'* If an appropriate discriminator 


“W. O. Bateson, Phys. Rev. 80, 982 (1950); P. W. Davison, 


Phys. Rev. 75, 757 (1949). 

16 B. B. Benson, Phys. Rev. 73, 8 (1948). 

16 A. B, Martin, Phys. Rev. 71, 127 (1947); 72, 378 (1947). 

17H. A. Schultz and E. C. Pollard, Rev. Sci. Instr. 19, 617 
(1948). 

18 M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 245 
(1937). 


adjustment is made so that only those pulses with 
amplitudes greater than a certain fixed value are 
recorded, the peak in the Bragg ionization curve may 
be used to restrict observation to a small interval of 
range; in this way nearly differential or “peaked” 
group spectra are obtained. High peaking corresponds 
to a small range interval and vice versa. 


deuteron 
beam 


c ——4 
Pb boffle 


forget 
on Au foil 


Proportional 
counter 
u 
Al tot 


fe—_aa— 


to beam 
integrator 
$& teflon insulation —— 


Fic. 3. Arrangement of apparatus for counting of protons at 90° 
to the direction of the incident beam. 
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Tasxe I. Composition of titanium samples.* 








Enriched 
48 
82.68+0.09 1.83+0.03 0.16+0.01 
82.05+0.09 0.32+0.01 
14.62+-0.06 98.90-+0.02 
0.81+0.01 0.48+0.01 
0.69+0.01 0.14+0.01 


Natural 
Ti 


Per- 
cent 


50 
1.25+0.01 
1.23+0.04 

10.99+0.07 
1.84+0.03 
$4.69+-0.04 


46 47 49 


1.09+-0.03 


46 7.95 
47 
48 
49 
50 


7.75 5.24+0.04 
73.45 10.394-0.04 
5.51 0.86 +-0.02 
5.34 0.84+-0.02 





* The following impurities were also detected but in no case was the amount of the 
impurity greater than 0.08%: Al, Na, Si, Mg, Cu, Ca, Ag, ¥e, Cd, Cr, Mn, and Sn. 


In this work, integral curves were used to determine 
the mean ranges of the few groups sufficiently well 
isolated to allow such observation. In most cases the 
increased resolution obtainable from peaked data was 
required. The approximate Q values determined from 
peaked data (extrapolated range-extrapolated beam 
approximation) were corrected by means of an em- 
pirical correction curve based upon integral data for 
each reaction and upon the accurate Q value! for the 
ground-state transition in the reaction O'*(d,p)O", 
oxygen having been the chief contaminant in each 
target material. 

The five stable isotopes of titanium occur in nature 
with the abundances” given in Table I. Through the 
United States Atomic Energy Commission, it was 
possible to obtain samples of titanium dioxide highly 
enriched in each isotope. The composition of these 
enriched samples” is also given in Table I. The samples 
were in the form of finely, ground TiO2 powder. Thin 
targets were constructed by painting on thin gold foils 
small amounts from suspensions of the TiO: samples in 
ethyl alcohol. 


III, RESULTS 


In view of the large amount of data obtained in this 
work, only a few curves of results can be shown. Figure 
4 shows the proton groups observed at 90° in the reac- 
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Fic. 4. Proton groups from Ti**(d,p)Ti*® observed at 90° at 
medium peaking. Each group is labeled by the mass number of 
the target nucleus and the number of the excited state to which 
it is attributed; lettered groups are unassigned. The dashed curves 
show the resolution of multiple groups into their components. 


'® Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 

2” A. O. Nier, Phys. Rev. 53, 282 (1938). 

2! These samples were prepared by the Stable Isotopes Research 
and Production Division of the Oak Ridge National Laboratory 
by the method of electromagnetic separation and were analyzed 
in their laboratory. 
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tion Ti‘*(d,p)Ti*® in a single cyclotron run at medium 
peaking. In addition to the groups from the 48-49 
reaction, groups from the ground state and first excited 
state transitions in the reaction O'*(d,p)O" are evident. 
The group labeled B may be due to the ground state of 
the C"(d,p)C'* reaction. Carbon was probably present 
in all targets, since ethyl alcohol was used in their con- 
struction. The Q value as computed for the carbon 
reaction is 2.85+0.15 Mev, which is in fair agreement 
with the result of Buechner ef al.,” 2.729+0.009 Mev. 
The assignment has been left uncertain since the group 
did not appear consistently in all the data. 

Ti*® was chosen as the target for the first investigation 
of the series because of the high purity of the sample. It 
was advantageous to locate the groups from the 48-49 
reaction first, since each of the other enriched samples 
contained Ti** as its chief impurity. It was convenient 
to be able to recognize these groups in later work. In 
some of the other reactions they interfered with the 
group spectrum under study to some extent; it was 
then necessary to subtract the yield from the 48-49 
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Fic. 5. Proton groups from Ti**(d,p)Ti‘? observed at 90°. 
Dashed curve represents yield from competing reaction Ti**(d,p)- 
Ti**. The labeling system is explained in Fig. 4. 


reaction to determine what was left from the desired 
reaction. 

The proton groups observed at 90° from a target of 
enriched Ti** are shown in Fig. 5, the result of a single 
cyclotron run at medium peaking. Just inside the 
group of longest range, there is a group of small yield 
whose extrapolated range agrees with that of 48-0, 
the ground-state group from the 48-49 reaction. It has 
been assumed that this group is 48-0. On the basis of 
this assignment, the dashed curve has been drawn in 
Fig. 5 to represent the yield from the 48-49 reaction. 
This curve was calculated from a run on Ti*® made 
under similar peaking conditions as were used for the 
46-47 data; the calculation was based on equalizing 
the yields of group 48-0 in the two cases. It is note- 
worthy that the largest maximum of the dashed curve 
corresponds quite well with one of the maxima of the 
solid curve. In view of the uncertainties involved in 
matching yields, due in particular to the critical de- 


* Buechner, Strait, Sperduto, and Malm, Phys. Rev. 76, 1543 


(1949). 
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pendence of yield on peaking, the agreement has been 
accepted, and the peak so labeled has been assigned to 
group 48-1. Extrapolated ranges of the inner groups 
were obtained from a curve of subtracted results, deter- 
mined by taking the difference between the solid and 
dashed curves of Fig. 5. In all cases these ranges were 
in reasonably good agreement with those obtained from 
Fig. 5, neglecting the effects of the Ti** contamination. 
This result is fortuitous; it means that the Q values for 
the inner groups are not strongly dependent on the 
accuracy with which the relative yields from Ti** and 
Ti* are known. 

The same procedure of subtracting the 48-49 yield 
was used where necessary in the cases of the other three 
reactions. The only case in which almost no inter- 
ference was encountered was that of Ti®(d,p)Ti®. 
Figure 6 shows the proton groups observed in this 
reaction at 90°. It is noteworthy that the first excited 
state group 50-1 lies very near the ground-state group 
50-0; with no other isotope was this the case. The 
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Fic. 6. Proton groups from Ti*(d,p)Ti® observed at 90°. The 
dashed curves show the resolution of a multiple group into its 
components. The labeling system is explained in Fig. 


group 50-2 is too wide to be a single group and is 
almost certainly double. The indication is also strong 
that there is a large group from the 50-51 reaction in 
the region of the oxygen groups. Some indication of 
group 50-1 appeared in each of several runs made 
under various peaking conditions, but better resolution 
than that shown in Fig. 6 was impossible. Nor could 
the probable double structure of 50-2 be resolved. Data 
taken at low peaking showed the presence of a very 
weak group whose Q values agreed with that of 48-0; 
the subtraction of the yield from the 48-49 reaction 
from the yield from the Ti® sample made no difference 
in the Q values of any of the Ti® groups. 

The results of the entire study are summarized in 
Table II. In cases of severe interference the Q values 
are only estimates or have large probable errors. 


IV. COMPARISONS 


The ground-state Q values for the series of reactions 
Ti(d,p)Ti can be compared to those calculated from the 
masses of Collins, Nier, and Johnson* (CNJ) and to 


LEVELS 


Taste IT. Energy levels of titanium nuclei. 





Relative 
yield 
Energy level— Mev at 90° 


__ Reaction 


6.45+0.05 i 0 

5.05+0.08 1.40+0.08 
4.06+0.09 2.39+0.09 
3.8140.09 2.64+0.09 
3.36+0.09 3.09+0.09 
2.75+0.09 3.70+0.09 
2.27+0.09 4.18+0.09 


Ti(d, p) Ti 


: 


Vue we wee 
a koe 


8.14+0.05 
6.81+0.09 
5.83+0.16 
4.83+0.09 
— 12 


Ti"(d,p) Ti 0 
1.334+0.09 
2.31+0.16 
3.3140.09 
4.50-+0.12 
5.0 

; 3 5.3 


5.81+0.04 Ti 0 

4.46+0.05 1.35+0.05 
4.11+0.07 1.7040.07 
3.40+0.07 2.41+0.07 
2.70+0.05 3.1140.05 


Ti*(d,p)Ti*® 


8.62+0.05 0 
7.04+0.06 1.58+0.06 
5.6 3.0 
4.48+0.06 4.14+0.06 
3.74+0.09 4.88+0.09 
3.2340.10 5.39+0.10 
2.6340.10 5.99+0.10 


Ti"(d,p) Ti” 


4.11+0.07 Ti 0 

3.50+0.12 0.61+0.12 
2.96-+0.08 1.150.08), 08 
2.5 1.6 J é 


Ti*(d,p)Ti® 





those reported by Harvey.? This comparison is made 
in Table III. The agreements in all cases are very good, 
except for the reaction Ti‘’(d,p)Ti*®. 

In the study of this one discrepancy, the following 
considerations are pertinent: (1) If the discrepancy is 
due to an error in the CNJ masses, then there must be 
at least two errors of the same magnitude since the Q 
values are computed from mass differences and the dif- 
ferences on either side of the one in question lead to O 
values in good agreement with the measured ones. The 
possibility of a systematic error in the mass measure- 
ments would appear to be very slight, especially in 
view of the use of different substances for the doublet 
comparison in each case. (2) Since Harvey’s experiments 
were carried out using natural titanium, it is possible 
that the Q value he attributed to the 47-48 reaction 
should in fact be assigned to the 49-50 reaction. It 


Taste III. i. Compastonn of guna state ev values. 





Ground-state Q value-—-Mev 


Collins, Nier 


and Johnson Pieper 


6.45+0.05 
8.14+0.05 
5.81+0.04 
8.62+0.05 
4.11+0.07 


Harvey 
“6A140. 10 6.5140. 10 
9.49+0.11 8.82+0.4 
5.75+0.07 5.92+0.05 
8.66+0.06 


Reaction 


Ti*(d,p) Ti? 


Ti*(d,p)Ti*™ 
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Tas.e IV. Binding energies of titanium nuclei in Mev. 








Binding 
energy per 
particle 


Total 
binding 
energy 


397.80+0.09 
406.48+0.07 
416.85+.0.05 
424.89+0.07 
435.74+0.08 
442.08+0.10 


Binding energy 
of last 
neutron 


Neutron 
number 


Mass 
number 





8.648+0.002 
8.649+0.001 
8.684+0.001 
8.671+0.001 
8.715+0.002 
8.668+0.002 


8.68+0.05 
10.37+0.05 
8.04+0.04 
10.85+0.05 
6.34+0.07 








would be in good agreement with the other results, con- 
sidering its rather large probable error. (3) Recently 
Harvey”® has observed the inelastic scattering of 
7.7-Mev protons from a number of targets, including 
natural titanium. The first excited level in the case of 
titanium occurred at 1.00+0.05 Mev and the second 
level at approximately 2.4 Mev. (4) In the present 
work the low yield made the detection of the group of 
Q value 8.14 Mev quite difficult. Although a search 
made at both 90° and 0° for a longer range proton group 
produced no result, the only conclusion which can be 
drawn is that any such longer range group must have a 
yield less than about 15 percent of the yield of the 
group of Q value 8.14 Mev. 

The most reasonable conclusion from these con- 
siderations is that the true ground-state group in the 
reaction Ti‘’(d,p)Ti*® was not observed in the present 
study; the group assigned as 47-0 would then corre- 
spond to the first excited state transition. If this is the 
case, the energy level scheme would agree with that 
determined from the inelastic proton scattering work 
of Harvey ; the ground-state Q value would be 9.13 Mev. 
Since this latter value is not in particularly good agree- 
ment with CNJ’s value of 9.40 Mev, even this conclu- 
sion cannot be accepted without reservation. The radio- 
activity studies discussed earlier throw no light on this 
matter, since all the gamma-rays involved can be fitted 
with equal ease into the two schemes in which the 
group of Q value 8.14 Mev corresponds to the ground 
state or to the first excited state. 


V. BINDING ENERGIES 


From the well-established value for the binding 
energy of the deuteron,*4 2.226+0.003 Mev, and the 
Q values measured in this work, the binding energy of 
the last neutron in each of the nuclei Ti’ through Ti® 
can be calculated. In addition, if the mass value of one 
of the isotopes is assumed (e.g., that of Ti’, which is 
the best known‘), it is also possible to calculate from 
the present results the total binding energy and binding 
energy per particle of each of the nuclei Ti*® through 

J. A. Harvey, Phys. Rev. 88, 162 (1952) and private commu- 
me RC. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
or E. Duckworth and R. S. Preston, Phys. Rev. 82, 468 
(1951); H. A. Bethe, Elementary Nuclear Theory (John Wiley and 
Sons, Inc., New York, 1947). 
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Ti®. It is of interest to examine all these values to 
determine whether there is any significant change in 
these binding energies as a result of the completion of 
the 1/7/2 shell at 28 neutrons. The information is given 
in Table IV. 

The values of the binding energy of the last neutron 
show readily the odd-even effect, that nuclei containing 
even numbers of neutrons have higher neutron binding 
energies than those with odd neutron numbers. It is 
noteworthy also that the binding energy of the 29th 
neutron is 1.7 Mev less than that of the 27th neutron, 
while the difference between the binding energies of the 
27th and 25th neutrons is only 0.6 Mev. The weak 
binding of the 29th neutron is a definite indication of 
the closing of the 28-neutron shell. The same feature is 
shown in the values of the binding energy per particle, 
although the odd-even effect is smoothed here. The dif- 
ference in the two cases is essentially that the effect is 
attributed entirely to the last neutron in the one case 
and is spread among all the nucleons in the other. In 
either approach the change in binding with the addition 
of the 29th neutron is noticeable, although it is much 
smaller than the discontinuities observed in the regions 
of the higher magic numbers.” No use has been made of 
the semiempirical mass formula for comparison pur- 
poses, in view of its lack of accuracy in this region of 
the nuclide chart.”* 


VI. ENERGY LEVELS 


A complete summary of the energy levels found in 
the present work is shown in Fig. 7. The most striking 
feature of this plot is the position of the first excited 
state as a function of neutron number; it rises slightly 
with the addition of the 27th and 28th neutrons and 
then drops sharply at 29. This behavior is in agreement 
with that previously noted at the lower magic numbers, 
although here the effect is not so marked. 

Another way of plotting the results of these experi- 
ments is shown in Fig. 8, in which the neutron binding 
energy (Q plus 2.23 Mev) for each state is shown. It 
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Fic. 7. Energy levels of titanium nuclei. The long lines represent 
actual values of the energy levels; the short lines above and below 
are the probable limits of error. Solid lines in parentheses indicate 
that the existence of a level is known, but its accurate measure- 
ment was impossible. Excited states of Ti**, as determined from 
radioactivity studies, are given as dotted lines; the parentheses 
in this case indicate that the first excited state may lie at either of 


the two values shown. 


%*E. Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, Illinois, 1950), p. 8. 
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is noteworthy that the level pattern seems to show a 
series of regularities, in all states of binding energy less 
than about 7 Mev, in the states of even A nuclei, and in 
those of odd A nuclei. The ground state of Ti* seems to 
have corresponding states in the other nuclei. Unfor- 
tunately, not much significance can be attached to these 
regularities at this stage. 

The results of a recent study by Kinsey and Bar- 
tholomew”’ of the neutron capture gamma-rays from 
natural titanium (Ti*® contributes 95 percent of the 
total capture cross section) can be combined with the 
present results concerning excited states of Ti**. 
Gamma-rays were observed corresponding to ten 
transitions; four of these were in good agreement with 
the four excited levels of Ti*® found in the present study. 
No gamma-ray was found corresponding to the ground- 
state transition, nor was any such ray expected since 
it would presumably involve electric octupole radiation. 
Figure 9 summarizes the situation. 

Kinsey and Bartholomew’s results indicate extremely 
strong transitions to the first two excited states of Ti**. 
The relative intensities of the gamma-rays to the first 
and second excited states were 53 and 32, respectively ; 
no other ray had a relative intensity greater than 5. 
The possibility that the first excited state is a 2p, level 
is in accord with the strength of the transition, for the 
capture gamma-ray would then be electric dipole 
radiation. Breit*® has suggested that the approximate 
ratio of 2 to 1 in the intensities of these two transitions 
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Fic. 8. Neutron binding energies of all observed states. 
*7 B. B. Kinsey (private communication). 
*8 G. Breit (private communication). 
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Fic. 9. Energy levels of Ti. The figures at the left are the 
energy levels in Mev and relative yields at 90° of proton groups 
determined by Pieper using the reaction Ti(d,p)Ti®; those next 
to the arrows are the energies in Mev and relative intensities of 
the gamma-rays determined by Kinsey and Bartholomew from 
the reaction Ti**(n,y7)Ti*. Tentative level assignments are also 
given for some states. 





might be interpreted as an argument that the second 
excited state is a 2/, level. He points out that for dipole 
radiation and pure s; to p transitions, neglecting fre- 
quency differences, the theoretical ratio of 2 to 1 applies; 
since the two strongest lines have intensities in approxi- 
mately this ratio, with the higher energy ray the 
stronger, and since the energy difference is nearly the 
same as for the ground-state doublet of Li’, there 
appears to be reason for speculatively considering the 
first two excited states of Ti‘® as forming a p-neutron 
doublet. Should these level assignments be correct, the 
splitting of the p doublet in Ti*® is 0.3520.09 Mev from 
the (d,p) work and 0.345+0.008 Mev from Kinsey and 
Bartholomew’s data. A situation which might be inter- 
preted in a similar manner exists in the case of Ca", 
which has been studied by Sailor*® and by Kinsey, 
Bartholomew, and Walker.” Here the splitting (if such 
exists) is 0.530.05 Mev, while the intensity ratio is 
83 to 11. 

It is a pleasure for the writer to express his gratitude 
to Professor E. C. Pollard, who suggested this inves- 
tigation and guided the work through all its stages, and 
to Professor G. Breit for many helpful discussions. 
Thanks are also extended to Dr. B. B. Kinsey and Dr. 
J. A. Harvey for making available some of their results 
before publication. 

*V.L. Sailor, Phys. Rev. 75, 1836 (1949). 


© Kinsey, Bartholomew, and Walker, Phys. Rev. 85, 1012 
(1952). 
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It is found that an electron in the kev range frequently accompanies the large-angle scattering of u-mesons, 
x-mesons, and protons in photographic emulsions. For u-mesons of energy between 1.6 and 4.1 Mev which 
are scattered through angles greater than 28°, there is observed an electron of energy greater than 10 kev 
in 21+6 percent of the scatterings. The electron energy distribution seems to follow an inverse 7/2 power 
law. These electrons are interpreted as being ejected as the result of the direct Coulomb action of the incident 
particle on the electrons of the scattering atom. The high probability of ejection arises from the fact that an 


incident particle which undergoes a large-angle 


scattering always passes through the region of greatest 


electron density. The probability of ejection is calculated from second-order perturbation theory using 
approximations valid at high energies. Although the approximations limit the usefulness of the result, the 
assumed mechanism seems adequate for the description of the phenomenon. 


I. DESCRIPTION OF THE PHENOMENON 


A STUDY of the tracks in photographic emulsions 
of u-mesons, m-mesons, and protons which have 
been scattered through large angles reveals that fre- 
quently a low energy electron track appears to originate 
from the point of scattering. A typical example of a 
large-angle scattering of a w-meson accompanied by 
such an electron is shown in Fig. 1. Electron tracks of 
range greater than about 1.5 microns were studied, 
which corresponds to an energy of about 10 kev. The 
number of the electrons ejected per unit energy interval 
decreases rapidly with increasing electron energy. There 
appears to be no correlation of the electron energy with 
the angle of scattering. 

The probability that a 2-Mev u-meson produces a 
5-ray of energy greater than 10 kev in an atomic col- 
lision is very small (~10~5). However, in a large-angle 
scattering the probability is greatly increased because 
the impact parameter is necessarily small, and conse- 
quently the incident particle passes through a region of 
high electron density. In fact, if the angle of scattering 
is greater than 30°, the impact parameter is less than 
&Z/(Mv* tan15°), where M is the mass of the u-meson 
and Z is the atomic number of the scattering atom. If 
the energy of the incident particle is greater than 1 Mev, 
the impact parameter is always much less than the 
radius of the innermost Bohr orbit of the scattering 
atom 

We can form a simple estimate of the probability of 
electron ejection in large-angle scattering by neglecting 
the momentum distribution of the electrons and using 
the Bohr formula for 6-ray production, 


(2re'Z,?/mv*) (de/e)N Ax, (1) 
where Z,e is the charge of the scattered particle, € is 
the energy acquired by the electron, and NAx is the 
* Work performed in the Ames Laboratory of the AEC. 
t Supported in part by a joint program of the ONR and AEC. 
t AEC Postdoctoral Fellow. Present address: Department of 
Physics, University of Wisconsin, Madison, Wisconsin. 


product of the electron density and distance traversed 
by the incident particle. We assume that the 2n? elec- 
trons of the mth shell are uniformly distributed over a 
sphere of volume (42/3)(aon?/Z)*, where dp is the radius 
of the first Bohr orbit of hydrogen. The product of the 
electron density and the distance traversed in passing 
through this shell VAx is approximately 3Z?/(ma,?n”). 
Writing «, for the average binding energy of the elec- 
trons in this shell and using (1), we find for the prob- 
ability that an electron be ejected in the energy range 
eto et+de: 
6e'z,7z 1 de 
p(e)\de=——_ ©» — —— (2) 


mode? n n? (Ente)? : 


This formula when integrated gives a total probability 
of about 2 percent that a 2-Mev u-meson which under- 
goes a large-angle scattering from an atom with Z=40 
eject an electron of energy greater than 10 kev. This 
value is low, and the deficiency is to be found in the 
initial motion of the electrons. 


II. OBSERVATIONS WITH u-MESONS 


A study has been made of the phenomenon using slow 
u-mesons. For these particles large-angle scatterings are 
relatively frequent and the interaction with nuclei is 
through the Coulomb field; nuclear interactions other 
than Coulomb interactions are negligible. 

Electron sensitive G-5 plates of 400 microns in 
thickness were exposed behind absorbers to slow 
positive -mesons from the 122-Mev m-meson channel 
of the University of Chicago cyclotron. The plates were 
searched for w-» decays in which the u-meson was sub- 
sequently scattered through an angle greater than 28° 
and the energy of the u-meson was greater than 1.6 Mev 
at the point of scattering. A study was made of the 
u-meson scatterings in which an electron track occurred 
with its origin within about a one-half micron along the 
u-meson track from the scattering point. 

From a total of 60 u-meson scatterings, 13 have such 
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an electron track. The probability that a normal 6-ray 
occurs within one-half micron of the scattering point 
was determined experimentally and found to be about 
3 percent. The electron energies were estimated from 
the ranges with the aid of the range-energy relationship 
of Zajac and Ross.' Electrons with energies greater than 
about 10 kev could be detected. Thus it was found that 
u-mesons of energy between 1.6 and 4.1 Mev which are 
scattered through angles greater than 28° have a prob- 


Fic. 1. A projection drawing of a w-u-e decay and a w-meson 
scattering is shown in part (a). A low energy electron track asso- 
ciated with the large-angle scattering of the u-meson is shown in 
the photomicrograph ( (b). The low energy electron track accom- 
panying the scattering is indicated by the arrow. The electron 
energy is about 18 kev. 


1B. Zajac and M. Ross, Nature 164, 311 (1949). 
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Fic. 2. The differential energy distribution of electrons from scat- 
tered u-mesons is shown in the above histogram. 


ability of 18-+6 percent of ejecting an electron of energy 
greater than about 10 kev. 

The energy Sean of the ejected electrons is 
shown in Fig. 2. This histogram contains the 13 scat- 
terings cn tet above and an additional 94-meson 
scatterings having associated electrons. The distribution 


seems to follow roughly an inverse 7/2 power law. 


A study was made of the relative probability of 
forward and backward ejection as compared to the 
direction of the incident u-meson. In three cases the 
electron was ejected in the backward hemisphere, and 
in eight cases it was ejected in the forward hemisphere. 
In 13 cases it was not possible to determine the initial 
direction of the electron. 


Ill. THEORETICAL CONSIDERATIONS 


The differential probability p(e)de of electron ejection 
in large-angle scattering is the ratio of the transition 
probability for large-angle scattering with electron ejec- 
tion to the total transition probability for large-angle 
scattering. Both transition probabilities are integrated 
over the solid angle of scattering. The first transition 
probability is calculated by means of a second-order 
time-dependent perturbation scheme. The perturba- 
tions are the Coulomb interactions of the incident 
particle and the atomic nucleus and of the incident 
particle and the atomic electrons. 

Of the four terms comprising the total matrix element, 
one involves only interactions with the nucleus and is 
identically zero, one contains only interactions with 
electrons and is negligibly small, and the other two have 
both kinds of interactions and are equally important. 
By representing the states of the electronic system by 
Hartree-type wave functions, the ejection probability 
is reduced to a sum of probabilities for the initial one- 
electron states. By assuming that the energy of an 
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Taste I. Differential and integral probabilities (multiplied by 
100) for the ejection of an electron from an atom of atomic 
number 40 by a slow u-meson. ‘ 








Differential probability Integral prob- 
(per 5 kev) ability 
Electron energy Minimum electron 
(kev) energy (kev) 
50 75 100 25 50 75 
0.62 0.21 0.022 10. 2. 0.6 
0.41 0.14 0.015 d 1. 0.4 
5. 1. 
1. 





0.32 0.11 0.012 0.3 
0.27 0.092 0.010 0.2 


ejected electron is large compared to the binding energy 
in the atom, it is permissible to represent the ejected 
electron by a plane wave. All states of the particle 
undergoing scattering are also represented by plane 
waves 

Consider the ejection of an electron from the one- 
electron state designated by the quantum numbers nlm. 
The two terms of the matrix element are 


H,=e'Z2Z lim 


70 k’ 





| (k\ 1/r,| k’) (ke | 1/(#,—#) | kondm) | 
x “ a , 
| (h2/2M)(k’?— ko?) + (h/2M)(x2-+ a2) — inh 


Ls (3) 
Ay=e'Z/Z lim > 


0 ke 
(ke|1/(#,—#)| knlm)(k’ | 1/r,| bo) | 
(h/2M)(k’2— ko?) —inh 





In these expressions, hk; and hk are the initial and final 
momenta of the scattered particle, respectively; hk is 
the momentum of the ejected electron; — h?a*/2m is the 
initial energy of the electron; and #, and #, are position 
vectors of the scattering particle and electron, respec- 
tively. The n appears as the result of assuming that the 
perturbation builds up an expnf and serves to define 
the integrals uniquely. For the evaluation of these quan- 
tities, the wave function for the initial state of the 
electron is transformed to momentum space. The sum 
over intermediate states of the product of integrals is 
then combined into one multiple integral. 

In both H, and H; this integral reduces to an integral 
of the form 


f ictrrn i) | aa *| +R haa 
X[|kotimo—k!2?—k2—inh]}—, (4) 


where ¢nim(o) is the momentum wave function for the 
state nlm. It is seen that this integral contains a de- 
pendence on the angle of ejection of the electron. 
However, since the integral is difficult to evaluate, it is 
replaced by 


erin(a)| k—ko|* f ARR-T| kot R|*— 2_ inh}. (5) 


In this approximation, which is best at high electron 
energies, the angular dependence is lost. The momentum 
wave functions are written aS gnim(k)= Pri(x) Vim, where 
Y jm is a normalized spherical harmonic. 

After integrating over the angle of ejection and 
dividing by the probability of scattering, the probability 
for ejection becomes 
(2e/eo)* 
p(e)de=———{ x*+ 16[ tanh~"(k/ho) ]*} 

X Lou 2(2/+ 1)ao7*| Paix) |%de, (6) 


mv* 


where €)= 27 ev. 
In the numerical evaluation of this formula, the 
Pri(k) are taken to be 
241+5(J4-1) 98 x! 
" re 


(+1)! J (2 pa2)? 


(—iater| 


where a=Ze¢;/(nay) and Zest is Slater’s effective charge. 
It is readily seen that almost all the ejections come from 
the innermost electrons of the atom. Table I gives the 
differential and total probabilities for the ejection of an 
electron from an atom of atomic number 40 by an 
incident u-meson of four different energies. Since the 
binding energy of a K-electron in such an atom is 20 
kev, the condition that the energy of the ejected electron 
be large compared to the binding energy is not met 
below about 50 kev; hence the values for 25 kev have 
limited validity. 
IV. DISCUSSION 


We note that Eq. (6) for the probability of ejection 
of an electron in a large-angle scattering does not 
depend on the minimum angle of scattering. The choice 
of 28° in the u-meson observations insures a high prob- 
ability of single scattering as compared to multiple 
scattering. Furthermore, there appears to be no corre- 
lation of the electron ejection probability or electron 
energy with the angle of scattering of the u-meson. 

The authors are indebted to Dr. M. Schein and Dr. 
J. K. Knipp for their continued interest in the problem 
and for many stimulating discussions and to Dr. H. L. 
Anderson for the use of the facilities of the cyclotron. 
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Cross sections for several nuclear reactions induced by 14-Mev neutrons were measured by the activation 
method. The number of activated atoms was determined by absolute beta-counting. Corrections for finite 
sample thicknesses were determined experimentally in every case. Cross sections for the following reactions 
were measured: (#,2n) for Cu®, Cu®, Ag'®’, and Ag'®; (#,p) for AP’, P®, Fe*, and Cu®; (m,a) for AF’. 





I. INTRODUCTION 


F a nuclear reaction leads to the formation of an 

unstable isotope, the resulting radioactivity provides 
a means for determining the reaction cross section. In 
particular, if there are beta-particles emitted from the 
product nucleus, they may be counted in order to 
determine the total number of active atoms present. 
The cross section for the formation of these active atoms 
can then be found from the neutron flux, sample weight, 
and the number of activated atoms. In cases invol'ring 
K-capture, beta-counting may still be employed if a 
known fraction of the disintegrations involve beta- 
particle emission. Similarly the cross section for the 
production of isomers may be determined to obtain the 
cross section for the production of a particular isotope 
provided each isomer decays at least in part by beta- 
emission. 

Activation methods have been applied to the measure- 
ment of reaction cross sections by Wiaffler,' using 
neutrons from the D+Li and D+B reactions, and by 
Cohen,’ using neutrons from the D+Be reaction. 
Fowler and Slye® investigated the Cu®(n,2m) reaction 
cross section near the threshold, using neutrons from 
the D+ D reaction; and more recently Paul and Clarke* 
measured activation cross sections for forty elements 
using neutrons from the T+D reaction. The present 
activation experiments® utilized 14.1-Mev neutrons 
produced by bombarding a thick tritium-zirconium 
target with 125-kev deuterons. 


Il. METHOD 


For a measurement of the cross section o for the 
production of a particular radioactive isotope, one 
needs to know the neutron flux nv, the number of atoms 
N in the sample, and the equilibrium activity A of the 
sample. Then for a thin sample, 


o=A/(nvN). 


By absolute beta-counting and from a knowledge of 
the bombarding and counting schedule, the half-life, 


* Work done under the auspices of the AEC. 

t Now at Phillips Petroleum Company, Idaho Falls, Idaho. 

1H. Waffler, Helv. Phys. Acta 23, 239 (1950). 

2B. L. Cohen, Phys. Rev. 81, 184 (1951). 

4 J. L. Fowler and J. M. Slye, Jr., Phys. Rev. 77, 787 (1950). 

‘EF. B. Paul and R. L. Clarke, Phys. Rev. 86, 605 (1952). 

5S. G. Forbes, Ph.D. thesis, Oregon State College, June, 1951 
(unpublished). 


and the decay scheme of the isotope under considera- 
tion, the equilibrium activity was found. 

The neutron flux from the D+T source was deter- 
mined by counting the alpha-particles produced by the 
reaction. Samples were located so as to receive neutrons 
emitted from the target at an angle of 90° with respect 
to the deuteron beam. By collision mechanics the 
number of neutrons per cm? incident on the sample was 
calculated from the number of alpha-particles entering 
a proportional counter at 135° to the deuteron beam. 
The angular distribution of the neutrons is known to be 
isotropic in the center-of-mass system at low bom- 
barding energies.® 

The number of atoms in each sample was calculated 
from the sample weight. 


Ill. BETA-COUNTING 


Two counters were used. One was a Tracerlab type 
TGC-2 end-window Geiger counter and the other was 
a side-window proportional counter using a flow filling 
of methane at atmospheric pressure. The samples for 
the end-window counter were supported below the 
window on an adjustable shelf which was used in three 
positions to provide different counting efficiencies. The 
samples for the side-window counter were placed di- 
rectly on the counter window (0.5 mg/cm?® rubber 
hydrochloride) to obtain a high counting efficiency. 
Tests were performed on the proportional counter in 
order to show that it possessed a well-defined sensitive 
volume inside of which beta-particles were detected 
with essentially 100 percent efficiency. This was shown 
both by analysis of the pulse-height distribution curve 
produced by beta-particles from RaE and by inter- 
calibration with the Geiger counter at two beta-energies. 
The pulse-height distribution indicated that less than 
1 percent of all the pulses fell below the bias setting of 
the scaling unit. The relative sensitivity of the counter 
was the same for the 1.17-Mev beta-particles from RaE 
as for the 0.51-Mev beta-particles from Cs’. 

Calibrations of the counters were obtained by 
counting RaDEF standards certified by the National 
Bureau of Standards. In order to use these standards a 
correction must be applied because of scattering by the 
thick backing on which they are supplied and for the 


*D. L. Allen and M. J. Poole, Proc. Roy. Soc. (London) A204, 
500 (1951) 
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scattering in the active deposit itself which is about 1 
mg/cm* thick. The corrections to be applied cannot be 
readily determined experimentally, but Burtt’? found 
that (for source-to-window distances greater than about 
1 cm) a correction factor of 1.79 for the combined effects 
gave good agreement with standards prepared in the 
laboratory. Therefore, for the three Geiger-counter 
geometries in the present work, the disintegration rate 
quoted by the Bureau of Standards was used to obtain 
geometry factors G from the following relation: 


1.79G& disintegrations/min= counts/min. 


Intercalibration of the one close (47 percent) propor- 
tional counter geometry with the Geiger-counter geome- 
tries was then accomplished by counting rate compari- 
sons using a thin deposit of Cs? on Zapon. The geometry 
factors thus obtained were in good agreement with the 
values calculated from geometry considerations. Since 
the counter sensitivities varied slightly with time, 
frequent checks on the geometry factors were made 
using the standards. 

Background, coincidence loss, and window and air ab- 
sorption corrections were applied to the observed 
counting rates. Scattering by the housing was assumed 
to be negligible. Backscattering was made negligible by 
using Zapon films of about 40 yug/cm? to support all 
samples. The samples were in the form of disks } inch 


SPECIF! 


APPARENT 


200 300400 500600 
SOURCE THICKNESS, (mg/cm*) 

Fic. 1. Effect of sample thickness on apparent specific activities 
for Cu™ beta-rays in copper foils for the three Geiger-counter 
geometries of 4.5, 13, and 23 percent, and for the 47 percent pro- 
portional counter geometry 


7 B. P. Burtt, Nucleonics 5, No. 2 (1949). 
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in diameter in order to simulate closely the size of the 
RaDEF beta-standards. 

Because of complications introduced by scattering 
effects, the self-absorption and scattering in the sample 
were determined experimentally in every case. This 
was done by measuring the apparent specific activity 
(GX counts/min-mg) as a function of the source 
thickness (mg/cm?) and extrapolating to zero thickness 
to obtain the true specific activity which would be 
observed in the absence of scattering and absorption in 
the sample. Typical results of such an experimental 
determination are shown in Fig. 1 for four different 
counting geometries. These curves were obtained by 
giving a series of foils of different thicknesses equal 
bombardments with 14-Mev neutrons so that the true 
specific activities of all the foil were equal. Similar 
curves have been obtained by other observers.*-!° The 
use of a thick sample support tends to flatten these 
curves somewhat but does not remove the necessity of 
extrapolation to zero sample thickness and the deter- 
mination of the corresponding backscattering factor. 

Curves similar to those shown in Fig. 1 were obtained 
experimentally in the 23 percent and 47 percent geome- 
tries for every beta-activity used in the cross-section 
determinations with one exception. The self-scattering 
of Ni® beta-particles by the copper sample was assumed 
to be the same as that of Mn** beta-rays scattered by 
iron. All the curves showed the same general shape, 
although the magnitude and location of the peaks for 
the 23 percent geometry varied considerably. 

An attempt was made to simulate a thick foil by 
stacking several thin foils, but the experimental data 
consistently fell below that obtained from single layers 
and was considerably more erratic. Evidently poor 
contact between successive layers permitted sufficient 
“leakage” of the beta-particles emitted in the plane of 
the sample to reduce the fore-scattering appreciably. 

In practice, the shape of the curves of activity vs 
sample thickness was determined by bombarding a 
series of foils simultaneously in the strongest neutron 
flux available in order to obtain reasonable counting 
statistics for the very thin foils. The absolute cross- 
section measurement could then be made by bombarding 
a relatively thick foil at a greater distance from the 
source in order to increase the precision of the flux 
determination. 

IV. RESULTS 


The values of the cross sections found from the 
measurements are listed in Table I. The isotopic cross 
sections were calculated on the basis of isotopic abun- 
dances and branching ratios for beta-decay as given by 
the National Bureati of Standards summary of nuclear 


8 Collie, Shaw, and Gale, Proc. Phys. Soc. (London) A63, 282 
(1950). 

® Solomon, Gould, and Anfinsen, Phys. Rev. 72, 1097 (1947). 

10K. D. George, National Research Council of Canada, Docu- 
ment CR TEC-309 (1946) (unpublished). 
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data." A correction was made to the decay of Cu® for 46 
percent K-capture. No other K-capture corrections were 
made. The half-lives quoted in Table I are those used 
in the calculations. Deviations from published values 
are based on actual observations. 

The cross section for the Cu®(n,p)Ni® reaction was 
found by comparing the activity of the 2.56-hour Ni® 
to the activity of the 12.8-hour Cu™. The cross section 
for the (7,p) reaction is relatively small, so that it was 
necessary to follow special procedures in order to 
resolve the two activities. A relatively thick foil of 120 
mg/cm? was used in order to attenuate the lower energy 
Cu beta-rays. The activation was made in the strongest 
flux available to improve the counting statistics, and 
the bombardment was limited to two hours in order to 
avoid saturation of the longer-lived Cu™. The counting 
was done in the 47 percent geometry to avoid complica- 
tions in estimating the self-scattering correction for the 
Ni® beta-rays. 

The ratio of the Al(m,a) and Al(n,p) cross sections 
was found also by comparing the activities produced by 
a single bombardment. The resulting ratio was 
a(n,a)/o(n,p)=1.70, which is in excellent agreement 
with the ratio obtained from the individual deter- 
minations. 

V. DISCUSSION OF ERRORS 


The largest error in many cases is introduced by the 
calibration of the counters with the RaDEF beta- 
standards. The standard error in the disintegration rates 
of the standards is given as 3 percent. An additional 
error of 2 to 3 percent is introduced by the necessity 
of making long extrapolations of the absorption curves 
in order to correct for absorption in the window and air. 
The error in the product of the backscattering and 
self-scattering factors is not known but is believed to be 
about 5 percent on the basis of the results obtained by 
Burtt. The estimated standard error in the counter 
calibration is therefore 6 percent. This could be reduced 
to 1 or 2 percent if accurately calibrated thin beta-ray 
standards free from alpha-radiation and mounted on 
thin backings were available. 

Determination of the true specific activity from the 
extrapolation to zero sample thickness is another source 
of large error. For elements of low atomic number such 
as aluminum for which very thin foils are readily ob- 
tained, the extrapolation has about 2 percent uncer- 
tainty. In cases where the beta-energy is low or where 
the atomic number is high, the use of very thin foils is 
required in order to determine the shape of the initial 
portion of the curve. The effects of wrinkles in the foils 
or variations in the thickness become more prominent 
in this region, and the accuracy of the measurements is 
reduced. 


" Way, Fano, Scott, and Thew, Nuclear Data, National Bureau 
of Standards Circular 499 (1950). 
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Taste I. Reaction cross sections for 14.1-Mev neutrons. 





Estimated 
error — 
(percent) 


Isotopic cross 
section 
(millibarns) 


Reaction Half-life 


AFP?(n,p)Mg*? 





9.6 min. 79 
AF"(n,a)Na™ 15.0 hr 135 
P®(n,p)Si™ 170 min 91 
Fe*(n,p)Mn* 2.5 124 
Cu®(n,2n)Cu® ‘ i 510 
Cu®(n,2n)Cu® 970 
Cu®(n,p) Ni®* : 19 
Ag"?(n,2n)Ag™* i 560" 
Ag"®(n,2n)Ag'®* 1000 


* Cross section for the production of the 24.5-min isomer only. 


The standard error for the neutron flux is estimated 
as 2 percent. This value is based on the sentivity of the 
calculations to variations in the different parameters 
involved. At the low bombarding energies (125-kev 
deuterons) used, the corrections for the asymmetry in 
the angular distribution of the particles in the labora- 
tory system of reference is not very great, and hence 
the, calculations are not very sensitive to changes in 
the bombarding energy, the rate of deuteron energy 
loss in the thick target, or uncertainties in the variation 
of the D+T reaction cross section with energy. Errors 
in the distance between source and sample introduced 
by motion of the deuteron beam over the target will 
cancel out if several runs are averaged. 

The purity of all samples used was known to be at 
least 99 percent ; hence the number of atoms is subject 
to errors of less than 1 percent from this source. 

It is unlikely that any of the observed activities are 
assigned to the wrong radioisotope, since such a wrong 
assignment would involve either an improbable reaction 
or the presence of an impurity with an extremely large 
cross section. Small amounts of an activity having a 
half-life similar to that under investigation would be 
difficult to detect, however, since no chemical separa- 
tions were made. 

Errors in the sample weights and statistical errors in 
the beta-counting were less than 1 percent in most cases. 

The estimated error in Table I is the rms value of the 
standard errors directly involved in the measurements 
and does not include estimates of the uncertainties in 
the decay schemes. 

The relative values of the cross sections should be 
more accurate than the absolute values since the counter 
calibration error does not enter. There will be 1 or 2 
percent error remaining caused by fluctuations in the 
counter sensitivities even though these were checked 
periodically. 

The author wishes to express his appreciation to Dr. 
E. R. Graves and to Dr. J. H. Coon for their interest 
and helpful suggestions during the course of this 
research and to the AEC whose graduate program made 
this work possible. 
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A cloud-chamber experiment shows that positive and negative particles at sea level in the momentum 
range 0.3-3.1 Bev/e scatter in 5 cm of lead in the same manner. The experimental scattering distributions 
have a large-angle “tail” which agrees rather well with the theoretical distributions of Moliére and of Snyder 
and Scott who assumed that the nucleus scatters like a point charge. These distributions should not be valid 
here because the charge distribution within the nucleus must be considered in detail for such energetic mesons. 
The recent calculation of Olbert specifically neglecting the scattering of particles which penetrate the nucleus 
predicts a much smaller probability for large-angle scattering than observed. A rough extrapolation of the 
calculations of Amaldi et al. to the case of lead shows that it is possible to explain perhaps 10 percent of the 
observed large-angle scattering as due to inelastic electric scattering within the nucleus, if the radius of the 
electric charge on a proton is taken to be 2X 10- cm. Negative particles observed at 3.4-km altitude scatter 
in lead much the same as the sea-level particles. The scattering of positive particles observed at 3.4-km 
altitude indicates that protons in the momentum range 1-4.8 Bev/c suffer a small amount of nuclear scat- 
tering in lead corresponding to (0.13+0.07)¢,, where a, is the geometrical cross section. All nuclear inter- 
actions combined give a total interaction cross section for lead of (0.38+-0.09)¢,. These surprisingly small 





cross sections are compared with other data from the literature. 





I. INTRODUCTION 


CLOUD-CHAMBER experiment has been per- 

formed at sea level and at 3.4-km altitude to study 
the scattering of cosmic-ray mesons and protons in lead. 
The results of this investigation are presented in two 
parts. The first part, including Secs. III and IV, deals 
with the electrical scattering of mu-mesons. The second 
part (Secs. V to VII) deals with the interactions of 
protons in lead, including star production and meson 
production in addition to the nuclear scattering of 
protons. 

The multiple Coulomb scattering of charged particles 
has been investigated theoretically by several authors.!~* 
The various results are generally in agreement in the 
region of highly multiple scattering and predict a 
distribution which is approximately Gaussian. However, 
some of the results differ for the region of plural and 
single scattering. The single scattering depends upon the 
assumptions made concerning the charge distribution 
within the nucleus. Moliére? and Snyder and Scott* 
assumed a point charge which gives a differential distri- 
bution in (86) for single scattering varying for large 
angles (pB@>~3 degree-Bev/c for the present in- 
vestigation) about as 1/(p86)*, where p is the mo- 
mentum, 8=0/c (v and ¢ are, respectively, the velocity 
of the incident particle and the velocity of light), and @ 
is the angle of scattering projected on a plane. On the 
other hand, Olbert® has assumed that the probability of 


scattering of fast particles through angles larger than 

* Work done 3 Brookhaven National Laboratory under the 
auspices of the 

: W, Bothe, Handi uch der Phystk (Julius Springer, Berlin, 1933), 
Vol. 22, II, p. 1. 

3 a * Williams, Proc. Roy. Soc. (London) 169, 531 (1939); S. 
Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940); 58, 36 
(1940). 

3G. Moliére, Z. Naturforsch. 3a, 78 (1948). 

4H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949) ; W. T. 
Scott, Phys. Rev. 85, 245 (1952). 

®S. Olbert, Phys. Rev. 87, 319 (1952). 


Omax X/R is identically zero, where A=h/p is the wave- 
length of the incident particle and R=1.4X10~%A} is 
the nuclear radius. A stands for the atomic mass num- 
ber. The resulting distribution indicates a much reduced 
probability for large-angle scattering of particles of high 
energy. For the approximations used in all of the 
calculations as well as for the present observations, only 
angles @<1 radian are to be considered. Thus, for A> R, 
Olbert assumes no cutoff within the angular range con- 
sidered, and the different theories become identical. 

The modification of the scattering due to the charge 
distribution inside the nucleus must be taken into 
account when A<R. A calculation by Amaldi ef al.® 
shows that the amount of elastic Coulomb scattering 
(coherent scattering) inside the nucleus is very small. In 
this respect, Olbert’s assumption is valid. On the other 
hand, the calculation of Amaldi et al. for the effect of 
incoherent scattering within the nucleus indicates that 
Olbert’s assumption may have to be modified, as will be 
shown later, for those particles which penetrate the 
nucleus. 

The work of Hanson ef al.’ on the multiple scattering 
of 15.7-Mev electrons has shown that electrons scatter in 
gold according to the predictions of Moliére’s theory 
within the experimental accuracy of 2 percent, with the 
possible exception that Moliére’s theory predicts slightly 
fewer scatterings in the region of plural scattering. Since 
A>R for 15.7-Mev electrons Moliére’s distribution 
should here be valid for all angles. Very few data are 
available for the scattering of energetic mu-mesons 
capable of probing the nucleus. Previous experiments*-” 
on mesons, which gave simultaneous information on the 


*Amaldi, Fidecaro, and Mariani, Nuovo cimento VII, 553 
950). 

7 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 
8 F. L. Code, Phys. Rev. 59, 229 (1941). 

9jJ.G. Wilson, Proc. Roy. Soc. (London) A174, 73 (1940). 

J. A. Vargus, Phys. Rev. 56, 480 (1939). 
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momentum and scattering angle, have not provided 
sufficient information at the large angles to decide be- 
tween the various theories. Amaldi and Fidecaro" have 
obtained experimental results for very large-angle scat- 
tering (pB@>~ 15 degree Bev/c) revealing a small cross 
section (of the order of 2X 10-*° cm?/nucleon) for mesons 
with energies greater than 300 Mev, but since they dealt 
only with very large angles, their experiment did not 
provide details of the distribution at intermediate scat- 
tering angles. The purpose of the first part of the present 
experiment was to obtain sufficient data on the elec- 
trical scattering of mu-mesons in the region of plural and 
relatively small-angle single scattering to check the 
various theories. 

The second part of this experiment concerns the 
interaction of protons with lead nuclei. The cosmic-ray 
flux at 3.4-km altitude is rather rich in protons, as previ- 
ous results have indicated." At this altitude protons 
form about 20 percent of the total penetrating com- 
ponent in the momentum range from 0.3 to 9.6 Bev/c. 
Thus protons constitute a large fraction of the positive 
penetrating component alone. Therefore, a cloud-cham- 
ber investigation of the interactions of particles with 
positive charge only should lead to measureable results. 

Until quite recently only meager information was 
available on the interaction in lead of protons with 
momenta in the range 1-5 Bev/c. Anderson and 
Neddermeyer" performed an experiment at 4.3-km 
altitude with a cloud chamber in a magnetic field. The 
arrangement was such as to provide in principle the 
desired information. However, this experiment was per- 
formed before the various components of cosmic rays 
were known, and the results cannot be applied here. 
Other experiments'*—'’ were performed later at moun- 
tain altitudes with cloud chambers containing various 
arrangements of metal plates, but these experiments did 
not include a magnetic field to measure the momentum 
or the sign of charge of the particles involved. Therefore, 
the effects due to protons alone could not be isolated 
except in the cases where multiple scattering measure- 
ments and relative ionization could be used to identify 
the protons. In these cases the energy was still largely 
undetermined. Thus it seemed of interest to make a 
study of the proton-interaction cross section, where the 
momentum of the proton would be measured directly. It 
is the purpose of the second part of this paper to give the 
results of the present experiment on the interaction of 
protons in lead and to discuss these in view of the recent 
results of others. 


1! EF, Amaldi and G. Fidecaro, Nuovo cimento VII, 535 (1950). 

” Miller, Henderson, Potter, and Todd, Phys. Rev. 84, 981 
(1951). 

13 W. L. Whittemore and R. P. Shutt, Phys. Rev. 86, 940 (1952). 

“C. D. Anderson and S. Neddermeyer, Phys. Rev. 50, 263 
(1936). 

16 W. E. Hazen, Phys. Rev. 63, ong ay, Fb my 67 (1944). 

16M. J. Dandin, Compt. rend. 218, 830 ( 

17 W. M. Powell, Phys. Rev. 69, 388 (1946). 


YTERACTIONS IN Pb 


Il. APPARATUS 


The experimental arrangement, designed specifically 
to measure simultaneously the momentum and scat- 
tering of cosmic-ray particles has been described briefly.” 
A few additional details will now be given. The appa- 
ratus is similar in principle to that used by Brode for 
mass measurements!® and by Glazier ef al.!® for mo- 
mentum measurements. Two cloud chambers were 
mounted one above and one below the air gap of a 
permanent magnet”’ providing a field of about 9000 
gauss. Through the center of the lower chamber a lead 
plate, 5 cm thick, was mounted horizontally. A 1-cm 
plate was mounted below the 5-cm plate. An arrange- 
ment of Geiger counters connected in coincidence 
selected particles which traversed the air gap of the 
magnet as well as the two cloud chambers. It was pos- 
sible, although very unlikely, that a meson not originally 
in the solid angle determined by the counter system 
could be scattered into it by the iron pole pieces. 
Fiducial wires were located in the cloud chambers in 
order to enable one to recognize events of this type. A 
system of mirrors allowed one camera to view both 
cloud chambers simultaneously along the axis of each. A 
second camera viewed both chambers in a similar 
fashion with a stereoscopic angle of 20°. 

The circular expansion cloud chambers were of con- 
ventional design, 6 inches deep and 19 inches in diame- 
ter. The cylindrical walls of the chamber were made of 
35-inch Plexiglas coated on the inside with a thin solu- 
tion of polystyrene dissolved in toluene. This thin 
coating prevented the alcohol vapor from destroying the 
surface of the walls. The pressure of argon and con- 
densable vapor (a 50-50 mixture of water and ethyl 
alcohol) in the chamber when fully compressed was 1.4 
atmospheres at sea level and 1.1 atmospheres at 3.4-km 
altitude. Fixed-volume expansions were made in the 
usual way by releasing air from behind a Neoprene 
diaphragm through a fast-acting valve.?° The time of 
0.008 sec between passage of a particle and completion 
of the expansion was sufficiently short to give tracks of 
less than one-millimeter width. After a 5-second delay 
following a fast expansion caused by an incident particle 
the chamber was recompressed. Thereafter three slow 
expansions taking about one second each followed at 15- 
second intervals. Finally, the chamber was allowed to 
recover in the compressed state for an additional 70 
seconds, making the minimum total time between fast 
expansions two minutes. 

Illumination for each chamber was provided by 2 
fourteen-inch quartz flash tubes, 5-mm inside diameter, 
mounted in parabolic reflectors and placed on both sides 
of the chambers. Each flash tube was energized by a 
condenser bank of 120 microfarads charged to 2000 


1®R. B. Brode, Revs. Modern Phys. 21, 37 (1949). 
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18 Glazier, Hammermesh, and Safanov, Phys. 
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* R. P. Shutt and W. L. Whittemore, Rev. Sci. 


(1950); 22, 73 (1951). 
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volts. The lead plates in the bottom cloud chamber were 
covered on both sides by polished ferrotype plates to 
improve the illumination in the region around the 
plates. The light delay after expansion was 0.05~0.10 
sec. The photographs were made on 35-mm Linagraph 
Ortho perforated film, using a demagnification of about 
The cameras located at the front and at the 20° 
position had apertures of f/9 and f/11, respectively. 
The momentum ? is given by p=5.3/0,, when p is 
measured in units of Bev/c, and 6, is the angle in 
degrees between the track in the top chamber and in the 
top half of the bottom chamber. This approximate ex- 
pression for p is no longer valid when 8,>20°; but for 
the mesons under consideration 6,< 15°. As described," 
the scattering in the walls of the cloud chambers and 
interposed Geiger counters caused an error of less than 
one percent in the momentum measurement and was 
negligible compared to the distortions due to turbulence. 
The momentum p could be measured in the range 
0.300+0.006 to 1144 Bev/c. The lead plates in the 
bottom chamber were used for the study of the pro- 
jected angle 6 of scattering for particles whose momenta 
were measured. For each singly occurring particle the 
quantity @ could be evaluated. The scattering theories 
show that the proper variable to study is p80, not p6, 
which is determined by the above measurements. For 
mesons of the momenta under consideration, however, 
the value of 8 is very nearly unity, and therefore, the 
quantity p@ can actually be used to characterize the 
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Fic. 1. The differential distribution F(@) in projected scattering 
variable p@ below 5 cm of lead for megative mu-mesons with 
0.30 < p<3.1 Bev/c observed at sea level. In all distributions only 
those particles were included which ionized at the minimum rate 
above and below the 5-cm plate. 
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scattering. On the other hand, protons of the same 
momentum as the mesons under consideration have a 
value of 8 substantially less than unity, ranging down to 
0.31 for protons with p=0.30 Bev/c. Therefore, a correc- 
tion to the measured quantity p@ must be applied for 
protons. 


III, RESULTS OF EXPERIMENT ON SCATTERING OF 
MU-MESONS IN LEAD 


The differential distributions F(p6) of scattering in 5 
cm of lead of negative and positive mesons observed al 
sea level are given in Figs. 1 and 2, respectively. Mesons 
in the momentum range from 0.300 to 3.1 Bev/c have 
been included with the exception of positive particles in 
the range 0.70 to 1.0 Bev/c. The omission of the latter 
group from the data as well as the inclusion of only those 
particles which ionized at the minimum rate both above 
and below the 5-cm plate aids in the elimination of a 
contribution due to nuclear interactions of protons in a 
momentum range where protons may still be numerous.” 
Protons with ~<0.7 Bev/c were stopped in the 5-cm 
plate by ionization losses. Protons with p>1.0 Bev/c 
could not have been stopped by ionization losses alone. 
It should be noted that except for somewhat larger 
statistical fluctuations the same distributions are ex- 
hibited individually for positive as well as for negative 
particles if the data are subdivided into groups with 
momenta in the ranges 0.3-1.0, 1.0-1.9, and 1.9-3.1 
Bev/c. The distributions in both Fig. 1 and Fig. 2 are 
normalized so that the total area under each curve is 
unity. 

Some of the scattering data were affected by errors in 
measuring 9, and 6 which tended to distort the distribu- 
tions. The data included in Fig. 1 and Fig. 2 were 
affected only to a negligible extent by these errors; 
however, data for momenta > 3.1 Bev/c which were not 
included were affected to a very important extent in the 
following manner. The scattering distribution can be 
represented approximately by a Gaussian curve except 
for a “tail,’”’ starting at p9=7 degree-Bev/c, which is 
small compared to the bulk of the scattering. This “tail” 
contains the large angles, compared to which the 
measuring errors are negligible. The measuring errors 
can also be represented by Gaussian curves having a 
root-mean-square width representing an average magni- 
tude of the error. If o; is the root-mean-square width of 
the true scattering distribution and ¢, is the root-mean- 
square deviation of a large number of measurements of 
~@, caused by the various measuring errors, then the 
root-mean-square width oo of the observed scattering 
distribution is given by oo’=0/?+ 02. Thus the Gaussian 
curve with width o; broadens to a Gaussian curve with 
width oo because of the measuring errors. The average 
measuring error for #, was taken to be about 0.3°. The 
error in the measurement of the projected angle of 
scattering below the 5-cm plate was taken to be 0.5°. 


™M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 404 (1951). 
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Therefore, o, increases with p, since px<1/@,, but is 
constant with @. For mesons with p<3.1 Bev/c, the 
scattering data for the 5-cm plate were not appreciably 
affected by these errors, as a computation shows. For 
p>3.i Bev/c, however, the effects of these errors be- 
came important, resulting in an observed scattering 
distribution about twice as broad as the true distribu- 
tion for particles in the range 4.8< p< 11.0 Bev/c. For 
the 1-cm lead plate, the situation was much worse be- 
cause the error in measuring the scattering angle below 
the 1-cm plate was at least 1.0°, due to the added 
turbulence and poor lighting in the bottom section as 
well as to the splitting of the tracks caused by electro- 
static charges on the Plexiglas walls of the cloud 
chamber. Thus all of the scattering data from the 1-cm 
plate were affected in a significant and nonuniform 
manner by the various errors. Since it was preferred to 
use only those data for which the computations show 
that corrections were unimportant, only the data in 
Fig. 1 and Fig. 2 were used to exhibit the Coulomb 
scattering in lead. 

A different type of error might affect the “tail” of the 
distributions given in Fig. 1 and Fig. 2. As mentioned 
above, the “tail” contains particles scattered into angles 
large compared to the measuring errors. Moreover, the 
momenta involved could also be measured with good 
accuracy. The only serious source of error for these 
events lay in the possibility that an incident particle not 
in the solid angle selected by the counter trays was scat- 
tered into the bottom counter and cloud chamber by the 
pole tips of the magnet in such a manner that the ap- 
parent momentum was considerably increased. This 
effect would have made the observed values of p@ too 
large and contributed falsely to a “tail.”” The observed 
“tail” was larger than the curve of Olbert (approxi- 
mately Gaussian) by a number of events corresponding 
to 2.5 percent of the incident particles. A calculation 
shows that the number of mesons scattered in the pole 
tips could not have amounted to more than 0.15 percent 
of the incident flux. Furthermore, a detailed examina- 
tion of the individual events forming the “tail,” making 
use of the fiducial wires mentioned above, showed no 
case where a meson hit a magnet pole face. Therefore, 
the experimental distributions in Fig. 1 and Fig. 2 were 
not influenced significantly by measuring errors or 
instrumental uncertainty. 


IV. DISCUSSION OF RESULTS ON 
MU-MESON SCATTERING 


The theoretical distributions of Olbert (curve 1) and 
Snyder and Scott or Moliére (curve 2) are shown also in 
Fig. 1 and Fig. 2, together with the experimental data. 
The theories of Moliére and of Snyder and Scott are 
represented by the same distribution. The results of 
Olbert, however, are quite different. As discussed in 
Sec. I, the difference between the theories lies in the 
treatment of the electric charge distribution within the 
nucleus. Since A is about 2X10-“ cm (KR=8X10-" 
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Fic. 2. The differential distribution F(~@) below 5 cm of lead for 
posilive mu-mesons with 0.30< p<3.1 Bev/c observed at sea level, 
omitting 0.70< p< 1.0 Bev/c. 


cm) for a meson with p=1 Bev/c, one sees that the 
theories of Moliére and of Snyder and Scott cannot be 
applied here, since the nucleus can no longer be con- 
sidered as a single point charge. Surprisingly enough, 
their theories agree rather well with the experimental 
results up to much larger values of 6 than expected. As 
pointed out in Sec. III, mesons with momenta in smaller 
intervals (e.g., 0.3-1.0, 1.0-1.9, 1.9-3.1 Bev/c) sepa- 
rately gave the same experimental distributions. 

The scattering distribution predicted by Olbert does 
not agree with the experimental results. In fact, even for 
values as small as p@=7, the distribution of Olbert, 
assuming no scattering within the nucleus, predicts a 
probability for scattering which is smaller than observed 
by a factor of two, and it becomes progressively smaller 
than observed for larger values of p@, reaching a value 
10° times too small at p9= 15, and 10° times too small at 
p@=20. The theory of Olbert could be brought into 
substantial agreement with the present results only by 
requiring that the electric charge of the whole lead 
nucleus is concentrated in a volume with radius of less 
than one sixth of the nuclear radius of 8X10-" cm. 
Unless one attributes the observed excess scattering to 
the nuclear interaction of mu-mesons, one must con- 
clude that the theory of Olbert has to be modified to 
include the effect of the distribution of charge within the 
nucleus. 

The difference between Olbert’s and the experimental 
distributions represents a “tail” containing about 2.5 
percent of the total area_under the curves. It must be 
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emphasized that neither protons nor electrons nor pi- 
mesons could cause the “tails” observed in Fig. 1 and 
Fig. 2. In the first place, since the scattering distribution 
of negative particles showed the same “tail” as that 
observed for the positive particles, protons could not be 
the cause. Moreover, protons with p>1 Bev/c form not 
more than 1 percent of the penetrating component at 
sea level.*! Since the mean free path for nuclear scattering 
in lead for protons will be shown in Sec. VI to be about 
1200 g/cm’, the 5-cm lead plate caused only about 5 
percent of the protons to suffer nuclear scattering. 
Therefore protons gave rise to less than 0.05 1=0.05 
percent of all the scattering. Furthermore, electrons 
were not sufficiently numerous at sea level to cause this 
“tail.” For the momentum region above 0.300 Bev/c, 
only about one percent of the ionizing tracks were due to 
electrons.” Cascade theory* indicates that of those 
electrons which existed in this momentum range only 
5-10 percent should have produced a shower containing 
just one particle below 5 cm of lead. This indicates that 
not more than 0.1X1=0.1 percent of the incident 
particles were electrons which could have given a falsely 
identified large angle event. Furthermore, this expected 
number of one-particle electron showers agrees also 
with that which one can predict on the basis of the 
observed electron showers with two or more particles. 
The number of pi-mesons incident on the apparatus 
must be very small (<0.1 percent), since it is known that 
very few mu-mesons (and hence, pi-mesons) are pro- 
duced below 3.4-km altitude™ and also that few protons 
(~1 percent)” are incident at sea level with sufficient 
energy to produce energetic pi-mesons. Thus the effects 
of protons, electrons, and pi-mesons on the production 
of the “tail” are negligible at sea level. 

It might be noted that, if the electrical scattering 
theory of Olbert were assumed to be strictly correct, the 
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Fic. 3. The differential distribution F(~@) below 5 cm of lead 
for negative particles observed at 3.4-km altitude with 1.0<p<4.8 
Bev/c. 
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“tail” observed for mu-mesons would indicate a non- 
electrical interaction. The cross section one obtains by 
attributing to nuclear effects all large-angle scattering 
beyond that predicted by Olbert is about 10-*° cm? per 
lead nucleus. This is a value very similar to that ob- 
tained previously by many workers, who attributed to 
nuclear scattering the difference between the observed 
scattering and that predicted by the theory of Williams. 
In this regard, see Code,® Wilson,® Vargus,'® Shutt,* 
Sinha,”* and Sahiar.”* The cross section obtained from 
the present experiment would be essentially the same 
whether Williams’ or Olbert’s theory is used. The 
present results are compatible with those of Amaldi 
et al.," obtained by a different method for very large 
scattering angles only, if one attributes to the electron 
component the few particles we observed to be scattered 
through p@> 15. 

To investigate whether the observed scattering for the 
larger values of p@ could be wholly due to electrical 
interactions within the nucleus, the theory by Amaldi 
et al.® has been used to estimate the effect of incoherent 
scattering resulting in excitation of the nucleus. While 
Amaldi’s calculations apply only to light nuclei such as 
lithium and carbon, these calculations, nevertheless, 
should give an indication of the order of magnitude to be 
expected for this type of scattering in a heavy nucleus 
like lead, if a correction factor is introduced to take 
account of the Z dependence of the incoherent Coulomb 
scattering. A computation shows that incoherent scat- 
tering within the nucleus might account for 5 to 10 
percent of the observed large-angle scattering if the 
radius of the charge distribution in the individual 
protons is taken as 2X 10~* cm, and for only about one 
percent if the radius is taken as 1.4X10~" cm. This 
theory as applied to lead is too crude to allow any de- 
tailed conclusions. However, it seems unlikely that a 
detailed calculation carried out for lead specifically 
would yield a cross section larger by an order of magni- 
tude. Hence, the large observed cross section may indi- 
cate some non-Coulomb interaction in addition to an 
electric charge distribution for single protons (as well as 
mu-mesons) much smaller than the size corresponding 
to the proton radius of 1.4 10~-" cm. We conclude that 
the present experiment is sufficient to indicate the need 
for a treatment of the contribution to scattering of an 
incident mu-meson by the individual protons within a 
lead nucleus. 


V. NUCLEAR SCATTERING OF PROTONS 
OBSERVED AT 3.4-km ALTITUDE 


The equipment described in Sec. II was operated at an 
altitude of 3.4 km in the same manner as at sea level. 
Since protons form a significant part of the penetrating 
component at 3.4 km, one would expect to observe not 
only the electrical scattering of the incident particles, 


™*R. P. Shutt, Phys. Rev. 61, 6 (1942). 
25M. S. Sinha, Phys. Rev. 68, 153 (1945). 
26 A. Sahiar, Proc. Indian Acad. Sci. 34, 201 (1951). 
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but also nuclear scattering of protons and other events 
such as stars and meson production. 

Figure 3 shows the differential distribution observed 
at 3.4-km altitude for negative particles with momenta 
in the range 1.0-4.8 Bev/c. It is in very good agreement 
with the sea-level data exhibited in Fig. 1 and Fig. 2, 
except that, for the larger angles where p@>15, about 
6.0+4.2 times as many particles were observed at alti- 
tude as at sea level. This excess number forms about 0.5 
percent of all the scattered particles. Although this small 
excess for large angles might be taken to indicate the 
nuclear scattering of pi-mesons in the natural cosmic-ray 
beam, it probably only indicates the presence of a 
considerable number of electrons in the incident beam at 
3.4-km altitude,”’ some of which triggered the apparatus 
even though anticoincidence counters were used at the 
sides. As shown in Sec. IV, an energetic electron (E>1 
Bev) has less than a 10-percent chance to produce a one- 
particle shower below 5 cm of lead. This would imply 
that electrons may have formed 5 percent of the incident 
flux, if the additional large-angle scattering is due to 
electrons. Additional evidence of a rather large com- 
ponent of electrons occurring singly in the cloud chamber 
is provided by the fact that the intensity of electron 
showers with two or more particles observed at 3.4-km 
altitude was about 2 times the intensity observed at sea 
level in spite of the use of anticoincidence counters. An 
auxiliary experiment, making use of carbon placed above 
the apparatus in order to increase the number of pi- 
mesons observed, showed that pi-mesons scattered by 
nuclear interactions contributed less than 0.1 percent to 
the scattering distribution. Furthermore, a computation 
of the intensity of pi-mesons expected at 3.4-km altitude 
on the basis of the meson production spectrum of Sands”* 
gives a value of about 0.25 percent of the penetrating 
component. The rather good agreement in the range 
0< p@<15 with the results obtained at sea level is taken 
as evidence that the negative particles observed here are 
mainly mu-mesons. 

The positive particles at 3.4-km altitude scattered in 
quite a different manner from the negative particles at 
the same altitude. Figure 4 shows the scattering results 
obtained for positive particles alone in the momentum 
range from 1.0 to 4.8 Bev/c. The lower limit of 1.0 Bev/c 
was chosen to lie considerably above the upper limit of 
0.7 Bev/c for absorption of protons by ionization losses 
in the 5-cm lead plate, so that both protons and mesons 
had to ionize at the minimum rate below the plate. Also 
protons with less momentum could have suffered suffi- 
cient Coulomb scattering in the lead to scatter out of the 
illuminated volume. The upper limit of 4.8 Bev/c was 
chosen because protons of larger momenta formed a very 
small part of the incident beam. The large range of 
momenta (1.0-4.8 Bev/c) was chosen to include enough 
protons to make the results significant. 


27 B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
28 M. Sands, Phys. Rev. 77, 180 (1950). 
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Fic. 4. The differential distribution F,(p@) below 5 cm of lead 
for positive particles observed at 3.4-km altitude with 10<p<4.8 
Bev/c. Approximately 27 percent of the incident positive particles 
were protons; the rest were mainly mu-mesons. 


The scattering distributions for positive (Fig. 4) and 
negative (Fig. 3) particles differ in the following manner. 
In the first place, the area under the scattering distribu- 
tion for p§>15 for positive particles is 2.0+0.7 times 
that for the rfegative particles. This fact alone might 
indicate only a fluctuation in the number of electrons. 
However, one should note that the distribution for 
negative particles agrees with the sea-level distributions 
everywhere except for p@>15, whereas the distribution 
for positive particles deviates for values below p@= 15 as 
well as for larger values, as should be the case if protons 
were included. The deviation for values of p@<15 
nearly disappears when one makes a correction for the 
fact that the scattering distribution for protons included 
in Fig. 4 should be plotted as a function of p86 instead of 
p90, since 8 for many of the protons included is con- 
siderably less than unity. 

Using the data already presented in a previous 
publication,” one finds that 590+60 protons*® were 
incident on the apparatus accompanied in the same 
time interval by 1589+40 positive and 1392+37 nega- 
tive particles, which penetrated the 5-cm lead plate. 
These particles were mainly mu-mesons except for a few 
electrons, as noted above. This information is included 
in Table I, where V, stands for the number of protons; 
N,*, positive mu-mesons; V,~, negative mu-mesons. 

The total experimental scattering distribution F ;(p@) 
for positive particles can be expressed as the sum of 
several individual distributions: 


F (p60) =n,*+F (p0)+n,(1—w)F .1'(p8) 


nye { F,(p0')F '[p(0— 0’) \d(pe’), (1) 


—2 


2?This number is about 10 percent less than the number 
calculated from the data of reference 13 because, of those particles 
whose momenta could be measured, 10 percent fell too near the 
edges of the scattering plate to provide reliable scattering data. 
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Fic. 5. The differential distribution of the difference AF(p@) 
between the total experimental scattering distribution for positive 
particles and that for negative particles. It is shown in the text 
that AF(p@) for p@>10 represents the nuclear scattering of 
protons. The data obtained at 3.4-km altitude show evidence for 
nuclear scattering, whereas the data obtained at sea level for mu- 
mesons do not. 


where 


f F,(p0)d(p0)=1, n,+=N,+/(N,t+N,), 


ny=N,/(N,*++Nz). 


F ,:(p@) is the differential electric scattering distribution 
of mu-mesons where 8 is essentially unity, F'.:'(p0) is the 
electrical scattering distribution of protons and depends 
on 8, because many of the protons included are rela- 
tively slow, w is the fraction of the V, protons which 
suffers nuclear scattering with a distribution given by 
F,(p0). w and F,(p@) are to be determined. Since the 
momentum distribution of protons is given,"® one can 
determine the distribution F.;'(p6) from the distribution 
F ..(p@) by transforming from the variable p@ to p8@ and 
remembering that F,:(p8@) is a universal function in all 
electrical scattering theories. In order to eliminate the 
effect of electrens from the results, the experimental 
distribution for negative particles (Fig. 3) has been used 
for F.,(p@). The last term in the integral Eq. (1) gives 
the distribution of nuclear scattering modified by the 
ever-present scattering due to electrical interaction. It 
will be shown that the distribution of nuclear scattering 
in the laboratory frame of reference is much broader 
than the distribution for electrical scattering. Therefore, 
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one can write 


+00 
f F,(p0')Fi'[p(0—0")]d(p0") 


~F (90) { FalTp(0-0) MC p6") =F 5(00), 


—x 


f F.i'[p(0—9’) ]d( pd’) =1. 


With this simplification one obtains from (1) 
F(p6) ae (nyt F o(p0)+ nF .1' (pO) ] 
=n,w[F ,(p0)—F'(p0)]=AF(p6). (2) 


Therefore, the difference between the total differential 
scattering distribution F,(~@) and the electrical scatter- 
ing distribution [,+F ..(p0) + pF .1'(p6) | represented as 
AF(p6) does not give directly the nuclear scattering 
distribution for protons, but is decreased by the elec- 
trical scattering of the fractional m,w protons that were 
scattered by nuclear interactions. However, the elec- 
trical scattering distribution decreases rapidly as 6 
increases. For a sufficiently large value of p@ (10 for the 
present experiment) F,;'(p) can be neglected corapared 
to F,(p6). For larger values of p0, AF(p@) gives the 
nuclear scattering directly. It should be mentioned that 
elastic diffraction scattering of protons is completely 
negligible for p9> 10 for two reasons. In the first place, a 
computation has shown that this type of scattering 
decreases to a very small fraction of its maximum when 
pé> 6. Furthermore, the cross section for this scattering, 
even for small angles, should be very small compared to 
electrical scattering because the nucleus is presumably 
not completely opaque (see discussion below). 

Figure 5 gives the experimental values of AF(p@) for 
the data obtained at sea level and 3.4-km altitude. Since 
protons formed less than one percent of the penetrating 
component with p>1.0 Bev/c at sea level, one would 
expect that here AF(p@) should be identically zero for all 
values of p@. The data of Fig. 5 seem to be consistent 
with this view for the data obtained at sea level, except 
for statistical fluctuations. In particular, for 20<p6 
<40, AF(p6@) is identically zero and for p§>40 no 
particles of either sign of charge were observed. On the 
other hand, AF(p@) obtained at 3.4-km altitude has 
small but finite positive values for 10<p<80. For the 
smaller values of p@ the effect of the electrical scattering 
of the mu-mesons and protons becomes very important 
and obscures the effect of nuclear scattering of the 
protons since the absolute error becomes relatively 
much larger. Also shown in Fig. 5 is the electrical distri- 
bution —n,wF,,'(p@) for protons. As pointed out above, 
for p@> 10 the electrical scattering is negligible compared 
to the observed scattering. 
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The final net nuclear scattering is obtained by 
subtracting AF(p@) obtained at sea level from AF(p6) 
obtained at 3.4-km altitude. Subtracting the values 
obtained at sea level will tend to eliminate any instru- 
mental errors. The resulting values have statistical 
significance only for p@>10. An extrapolation must be 
made to account for the scattering between p§=0 and 
p@=10. Two extrapolations were performed assuming 
for the scattering in the center-of-mass system an 
isotropic distribution and a cos’@ distribution, re- 
spectively. Each extrapolation was joined to the experi- 
mental value at p9@=10, where AF(p@) represents the 
true nuclear scattering. For the isotropic distribution 
the total area under the curve corresponds to the nuclear 
scattering of 2512 out of V,=590+60 protons. For 
the cos’@ distribution, the area corresponds to 30-+15 
out of 590-60 protons. One sees that the precise nature 
of the scattering distribution is relatively unimportant 
with the present experimental error, since these two 
very different distributions yield similar results. We will 
assume that the average of these, 28+14, is the best 
estimate of the number of protons which scatter by 
nuclear interaction in 5 cm of lead. The mean free path 
for nuclear scattering can be calculated in the usual 
manner from these data. In 5 cm of lead (57 g/cm’), 
590+60 protons yield 28+14 scattered protons. The 
mean free path for nuclear scattering in lead is 
57X (590+ 60)/28+14= 12004600 g/cm?. Since the 
geometrical cross section o, for lead nuclei corresponds 
to 160 g/cm?, we see that our scattering results imply a 
cross section for nuclear scattering of ¢,= (0.130.07)a,. 

A fractional error in NV, produces a larger fractional 
error in a, which is not only inversely proportional to 
N, but also depends on AF which itself depends sensi- 
tively on NV, (Eq. (2)). As an example, if V, were 
actually 40 percent smaller than indicated by the 
present experiment,’* one would obtain ¢,=0.31la,. 
However, such a large error in Vy, which would be 4 
times the statistical error given, appears to be quite 
unlikely. 


VI. OTHER NUCLEAR INTERACTIONS OF PROTONS 


In Sec. V we have derived from the data obtained at 
3.4-km altitude a cross section for nuclear scattering. By 
examining the data for other evidence of nuclear 
interactions we can obtain a total interaction cross 
section. Nuclear stars have been classified by the 
symbols V=0, V=1, and N=2, referring to the lower 
limit of the number of densely ionizing prongs observed 
below the 5-cm lead plate, since others may be absorbed 
in the lead. Protons with p>1.0 Bev/c could only be 
stopped (V =0) by some nuclear interaction in the 5-cm 
plate, but the class of events with V=0 could include 
electrons stopped by multiplication in the lead plate. 
However, if many more positive than negative particles 
stop, the excess should be attributed to protons since 
there must be equal numbers of positive and negative 
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electrons. At 3.4-km altitude in the momentum interval 
1-4.8 Bev/c, 17 positive particles stopped in 5 cm of 
lead, whereas only 3 negative particles did likewise. 
This indicates that approximately 17—3=14 particles 
were not electrons and hence should be designated as 
protons. On the other hand, at sea level 5 positive and 4 
negative particles with 1.0<~<3.1 Bev/c stopped in 
the 5-cm lead plate. There was no indication in this for 
the presence of protons. 

Using the above classification, we have included the 
available information in Table I. Also included in 
parentheses are the corresponding data for the 1-cm lead 
plate. In some instances, the 1-cm plate could not supply 
the data. For instance, the measuring errors were so 
large that no scattering data were obtained. Also, it was 
impossible to identify events in which mesons were 
definitely produced because the criterion for this event 
was that the produced particles pass through an addi- 
tional 1-cm plate without deflection or multiplication. 
This criterion could obviously not be used for the 
bottom plate. 

The data listed in Table I under “Possible meson 
production” consist of shower events with low multi- 
plicity (2-5), hard to distinguish from electron showers, 
because they did not satisfy the criterion for meson 
production listed above. However, these events did have 
two distinguishing features. First, about one-third of 
these events gave secondaries which appeared to diverge 
from a point rather deep in the 5-cm lead block, while 
ordinary electron showers of 4 or 5 particles appear to 
diverge from a point very near the surface. Second, all of 
the incident particles were positive. At sea level, the 
present experiment gave shower events with similar 
numbers of positive and negative initiating particles. 
Therefore, the observed events may well represent the 
production of mesons by protons. 

Before calculating the total interaction cross section, 
we will corapare the data obtained from the 1-cm plate 
with those from the 5-cm plate. The number 41+7 of 
events in the 5-cm plate (4th to 6th row, last column, of 


Taste I. Data from 5-cm lead plate used for computing the 
scattering and total interaction cross sections for protons. Paren- 
theses indicate same data for 1-cm lead plate. 








Momentum range 
1.9-3.1 3.1-4.8 
Bev/c Bev/c 
122425 90+15 
694 442 
317 


0 (0) 


1-4.8 
Bev/c 


590+ 60 
2179 
1392 


14 (0) 
16 (1) 
11 (7) 
3 


1-1.9 
Bev/ 


378+50 
1043 
596 

11 (0) 





N, 
(N,*+N,) 


ahd 


479 


3 (0) 
2 (0) 
4 (5) 
1 


Stars V=0 
Stars V=1 12 (1) 2 (0) 
Stars N=2 5 (1) 2 (1) 
Definite meson prod. 0 2 
Possible meson prod. 4 + 0 


8 
Nuclear scattering 18+11 10+8 28+ 14 


Total No. of nuclear 80+ 16 


interactions 

















1320 We Es 


Table I) can be compared directly with the correspond- 
ing number 8-+3 for the 1-cm plate if the latter number 
is increased by a factor of 4/3 to account for the differ- 
ence in solid angle covered by the two plates. The 
resulting ratio of similar events becomes (41+7)/ 
(8+3)4/3=3.9+1.6. This is somewhat smaller than the 
ratio of 5.0 for the thicknesses of the two plates, but it 
is not unreasonable for the small number of events 
observed. Therefore, this is additional evidence that all 
events occurring in the 5-cm plate were counted. 

The mean free path for the total interaction of protons 
with 1.0<p<4.8 Bev/c in lead will now be calculated on 
the basis of the data given in Table I. When 590+60 
protons are incident on 5 cm of lead, 80+-16 nuclear, 
interactions are produced. Calculating the mean free 
path for total interaction, one finds (590-+60)57/ 
(80+16)=420+95 g/cm?. Since the geometrical cross 
section corresponds to about 160 g/cm? of lead, one finds 
that the above interaction length corresponds to 
(0.38+0.09)o,. This cross section is actually averaged 
over the momentum range from 1.0 to 4.8 Bev/c. Since 
a large part of the incident protons have momenta in the 
range 1.0 to 1.9 Bev/c, it is possible to calculate the 
cross section for this group alone. Table I gives all the 
necessary data. One calculates, therefore, a total interac- 
tion length of (378+50)57/(50+13) = 430+ 140 g/cm’. 
This corresponds to (0.37+0.12)a,. 


VII, NUCLEAR INTERACTIONS OF PROTONS: 
DISCUSSION AND CONCLUSION 


The present experiment has provided a cross section 
for the nuclear scattering of (0.13+-0.07)o¢, and for the 
total interaction of (0.38-+-0.09)¢, for protons in lead. 
rhe total cross section appears considerably smaller 
than one would expect on the basis of observed cross 
sections for neutrons and protons of lower energy. The 
experiments performed with 85- and 280-Mev neutrons 
indicate that lead exhibits nearly a geometrical cross 
section.*® Presumably protons should interact with a 
lead nucleus in a similar manner. However, the present 
experiment deals with a more energetic beam of protons 
(0.43-3.5 Bev) which may exhibit a different interaction 
in lead nuclei. Recent experiments have given some 
information on the interaction of protons in photo- 
graphic plates. Bernardini ef a/.4' have performed an 
experiment in which the interaction of protons of 0.375 
Bev was studied. They obtained a total interaction cross 
0.56+0.11)¢,. Camerini et al. have in- 
vestigated in photoplates nuclear interactions produced 


section of 


by very energetic cosmic-ray particles. Their results 


show that protons with energies < 1.0 Bev suffer elastic 
interactions in silver and bromine and that other types 


*® Fox, Leith, Wouters, and MacKensie, Phys. Rev. 80, 23 
1950 

3! Bernardini, 
(1952) 

® Camerini, Davies, Franzinetti, Lock, Perkins, and Yekutieli, 
Phil. Mag. 42, 1261 (1951). 


Booth, and Lindenbaum, Phys. Rev. 85, 826 
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of interaction become of comparable importance only 
for energies > 2.0 Bev. Their results do not provide an 
absolute cross section for total interaction. In view of 
the results of Bernardini et a/. and Camerini et al. ob- 
tained essentially for the interaction of protons with 
silver and bromine, one would expect that protons 
should interact with nearly geometrical cross section 
with a heavier nucleus like lead. Nevertheless, the 
results of the present experiment indicate a weaker 
interaction. 

Experiments performed on the particles producing 
penetrating showers have shown that the more energetic 
particles (energy > 10 Bev) interact strongly in matter. 
Boehmer and Bridge* have demonstrated that the 
neutral particles (presumably neutrons) producing 
events with the highest multiplicity have a mean free 
path in carbon of 85+12 g/cm? and in lead of 143+30 
g/cm?. Lead and carbon perhaps display a smaller cross 
section for neutrons of lower energy, but this is not 
certain because the efficiency of the detector of pene- 
trating showers decreases in a complicated manner as 
the multiplicity and hence the energy of the incident 
particle decreases. Froehlich ef al. have shown that 
protons of about 10 Bev which produce penetrating 
showers have a mean free path in lead of about 160 to 
190 g/cm’. 

The cross sections obtained in the present experiment 
indicate a weaker interaction of protons with lead nuclei 
in the energy range 0.43-3.5 Bev than is observed for 
protons of smaller and greater energy. The principal 
source of uncertainty for the result lies in the determi- 
nation of the number of incident protons. This experi- 
ment has been used to determine the proton flux at 
3.4-km altitude to an estimated accuracy of 10 percent. 
Similar measurements of Miller et al. gave a flux of 
protons which at an energy of 0.43 Bev is 25 percent 
smaller than that deduced from the present experiment. 
If one were to reduce our proton intensity by 25 
percent, the scattering and total interaction cross 
sections become, respectively, ¢,=(0.27+0.09)o,, o¢ 
= (0.60+0.08)o,. If all the errors were to add in such a 
manner as to make the largest possible, although not 
likely, cross section, then ¢,=0.68¢,. The total inter- 
action cross section would be geometrical if the flux of 
protons were only 60 percent of that obtained from the 
present experiment, provided all the errors should add 
to give the largest possible cross section. Such a low 
value for the flux would not only be outside the limits of 
error of the present experiment by a factor of four but 
would also be considerably smaller than that de- 
termined by Miller. Therefore, one concludes that the 
cross section which protons (0.43-3.5 Bev) exhibit for 
interaction with lead is less than geometrical and is 
most probably (0.38+0.09)o, with an upper limit that 
might be stretched to 0.68¢,. 


33H. W. Boehmer and H. S. Bridge, Phys. Rev. 85, 863 (1952). 
% Froehlich, Harth, and Sitte, Phys. Rev. 87, 504 (1952). 
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The ratio of the scattering cross section to the total 
interaction cross section is relatively unaffected by an 
uncertainty in the proton flux. The best value of this 
ratio r is (0.1340.07) /(0.38+0.09) =0.34+0.19. If, on 
the other hand, the proton intensity should be 75 
percent of that used in the present calculations, then 
r= (0.27+0.09) /(0.60+.0.08) =0.45+0.18. 
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We have had the benefit of several discussions of mu- 
meson scattering with Professor B. Rossi, Professor W. 
Scott, and Mr. S. Olbert. Mr. Olbert kindly provided 
some of his results prior to publication. Professor Scott 
has also made available the results of the Snyder and 
Scott and the Moliére scattering calculations in a form 
directly applicable to the present experiment. 
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The Temperature Dependence of Electrical Resistance 


W. V. Houston 
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The electrical resistance of a simple metal can be computed over a wide range of temperature by con- 
sidering the thermal vibrations and the scattering from individual ions. Observations by MacDonald and 
Mendelssohn make possible a comparison with experiment from room temperature down to very low 
values. Moderate agreement for lithium and sodium can be obtained by a suitable choice of parameters, 
but the values necessary are not in close agreement with those suggested by other phenomena. 

An approximate method for taking into account all three normal modes of vibration with a given 
propagation vector also gives moderate agreement with the observations. 


HE current phase of the theory of electrical con- 
ductivity began in 1928 when Sommerfeld applied 
the Fermi-Dirac statistics to the Lorentz-Drude treat- 
ment of the conduction electrons in a metal.’ It was 
then soon recognized that the electron scattering, to 
which electrical resistance is due, is similar in many 
respects to x-ray scattering. As long as the crystal ions 
are fixed in their lattice positions the electrons move 
without any obstructions, but the presence of irregu- 
larities due to strains, impurities, or thermal motions, 
gives rise to a random scattering and to resistance. 
With this picture it is obvious why resistance 
decreases with decreasing temperature, but it was not 
at first clear why the zero-point motion of the ions does 
not produce, in all metals, a very large residual re- 
sistance. The explanation of this fact was given in 1929, 
when it was shown that the statistics of the electrons, 
combined with the conservation of energy in the scat- 
tering process, lead to a vanishing probability of scat- 
tering as the temperature approaches zero.” : 
The scattering of an electron wave occurs on a sound 
wave in the crystal. The scattering is subject to three 
restrictions: 


1. There must be conservation of propagation vectors of the 
incident electron wave, the sound wave, and the scattered electron 
wave. The propagation vector of the scattered wave must be 
equal to the sum of the propagation vectors of the incident wave 
and the sound wave. This is analogous to conservation of mo- 
mentum. 

2. There must be conservation of energy in the scattering process. 
The sound wave can gain or lose dv of energy and the electron 


1A, Sommerfeld, Z. Physik 47, 1 (1928). 
2 W. V. Houston, Phys. Rev. 34, 279 (1929). 


must lose or gain the same amount. Since Ay for the sound wave is 
small compared with the electron energies, the election will not 
have its energy changed very much. It can be scattered from a 
point near the surface of the Fermi distribution only to another 
point near the same surface. In particular, at very low tem- 
peratures, when the sound vibration in question has its zero- 
point energy and can lose no more, the electron cannot gain 
energy at all but can only lose it. 

3. The statistical distribution must be taken into account 
because of the Pauli exclusion principle. At very low temperatures 
the electron cannot gain energy because the lattice vibration has 
no energy to lose. The electron can then only be scattered if it 
can lose energy to the lattice. But at such very low temperatures, 
the surface of the Fermi distribution is quite sharp. Practically 
all the states of energy lower than the one from which an electron 
is to be scattered are occupied. Hence, the electron is practically 
not scattered at all and the resistance reaches very low values. 


The detailed analysis of these three restrictions, the 
conservation of propagation vector, the conservation of 
energy, and the Pauli exclusion principle, leads directly 
to a proportionality of the resistance to the fifth power 
of the temperature in the limit of very low temperatures. 

Thus in the two temperature limits of high tem- 
perature and very low temperature, the behavior of 
electrical resistance of ordinary metals is rather well 
understood on the basis of general principles. For high 
enough temperatures the resistance is proportional to 
the temperature, and for low enough temperatures is 
proportional to the fifth power of the temperature. The 
intervening region shows the peculiarities characteristic 
of the individual metals, and it has long been recognized 
that no one-parameter curve can describe the resistances 
of all pure metals. 

Until recently there have not been extensive measure- 
ments over a wide enough region to permit detailed 





Ww. 








| Veg (f) | 


“4.0 09 








Fic. 1. Plot of logf(7/@, a) for several values of a. 


comparison of theory and experiment. However, Mac- 
Donald and Mendelssohn’ at Oxford have published 
measurements on the alkali metals which permit an 
extension of the resistance-temperature curve from the 
high temperature region clear down to the region in 
which the resistance is proportional to the fifth power 
of the temperature. It, therefore, becomes possible to 
make a beginning at interpreting these measurements. 

The electron scattering in a metal is proportional to 
the number of sound waves per unit solid angle in the 
direction and with the wavelength suitable for a par- 
ticular scattering process. It is also proportional to the 
mean square amplitude of the sound waves. But, in 
addition, the scattering will depend on the nature and 
extent of the individual ions. For a simple Coulomb 
field the scattering will follow the Rayleigh scattering 
law, but since the ion is not isolated, it is more appro- 
priate to use a scattering law which corresponds to a 
finite ion. Wentzel gave in 1926 the scattering law for 
a shielded nucleus as‘ 


0 1 = 
S= (s+) ‘ 
2 4°}? 


If this law of scattering by individual ions is inserted 
into the theory and appropriate approximations are 
made, the resistance becomes proportional to the 
function 


1 fd xtdx 
f(a, xX)=— y ——_——_——_- ——, 
Xo%o (e*—1)(x*+a%,")? 


*D. K. C. MacDonald and K. Mendelssohn, Proc. Roy. Soc. 
(London) A202, 103 (1950). : 
4G. Wentzel, Z. Physik 40, 590 (1926). 
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where xo is taken as 6/T. The use of x» as 0/T is, of 
course, subject to all the well-known uncertainties. The 
parameter a is proportional to the square of the ratio 
of the wavelength of the shortest effective sound wave 
and the effective radius of the scattering ion. Large 
values of a correspond to small but isotropic scattering. 
Small values of a correspond to larger scattering but 
predominantly in forward directions. 

When this law of resistance was published in 1929, 
there were no observations with which it could be com- 
pared, and only a general statement of its properties 
was given. An examination of the integral shows that 
for large values of @ and of x» the resistance is inversely 
proportional to x9° or directly proportional to T°. For 
small values of a, however, when x» is not too large, the 
resistance will vary with a lower power of 7, and only for 
extremely low values of 7 will the fifth-power de- 
pendence be reached. 

Figure 1 gives the logarithm of f as a function of the 
logarithm of xo for several different values of a. The 
slopes of all of these curves approach 5 as x» becomes 
large, but for a given value of x» the different curves 
show different slopes. At x9= 10, for example, the slope 
varies from 1.9 for a=0.001 to 4.8 with a= 10.0. Hence, 
one can understand in this way the principal result of 
MacDonald and Mendelssohn. It is interesting to note 
also that the better conductors will correspond to large 
values of a and will show the T® behavior at tempera- 
tures even above ;45 the Debye temperature. 

It is to be expected that the theory would be most 
applicable to the alkali metals and so some of the 
observations of MacDonald and Mendelssohn have 
been plotted together with the theoretical curves. 
Figure 2 shows the result for sodium. Since both the 
Debye temperature and the parameter a can be ad- 
justed, the observations do not determine both of them 
with much accuracy. However, if the Debye tem- 
perature is known from other observations, some ad- 
justment of the fit is possible by means of the parameter 
a. 














. 2. Comparison of observed resistance in sodium with f(7'/@, a) 
for two pairs of values of_@ and a. 
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Blackman‘* has pointed out that in studying electrical 
resistance, one should use a Debye temperature based 
upon the velocity of the longitudinal waves only, since 
it is only the longitudinal waves that contribute to the 
electron scattering. If a is taken to be 0.10, a moderate 
fit can be attained as shown in Fig. 2, when @ is taken 
to be 273, which is near the temperature computed 
from the velocity of the longitudinal waves. If, however, 
the value of @ is taken as 157, more nearly corre- 
sponding to the characteristic temperature obtained 
from specific heat, a better fit is obtained with a= 1.0. 

For lithium a characteristic temperature of 544 
represents the longitudinal waves (see Fig. 3). It is 
moderately satisfactory with a=0.05, although a still 
better fit is obtained with 6= 238 and a= 1.00. 

Thus, although it is possible to get a reasonable fit of 
the theoretical curve and the observed points, it is 
done only by the arbitrary selection of a characteristic 
temperature which is justified neither by the elastic 
constants nor by the specific heat data, and it becomes 
obvious that one must make a more careful analysis of 
the spectrum of the elastic vibrations and their effect 
in scattering electrons. The electron scattering due to 
very short elastic waves is more important than that 
due to the longer ones. This is because in the first place 
there are more of them, and in the second place each 
of them corresponds to scattering with a greater change 
in momentum. But on the other hand, the short elastic 
waves are less accurately described by the simple 
Debye theory. 

Upon close examination of the normal vibrations of 

















Fic. 3. Comparison of observed resistance in lithium with f(7/@, a) 
for two pairs of values of @ and a. 


5M. Blackman, Proc. Phys. Soc. (London) A64, 681 (1951). 
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Fic. 4. Comparison of observed resistances in sodium and 
lithium with calculations based on both “longitudinal” and 
“transverse” vibrations. 


a crystal, it becomes evident that while the long wave- 
length vibrations rather closely follow the pattern of a 
continuum and can be strictly divided into longitudinal 
and transverse waves, the same is not true for the short 
waves near the limit of the spectrum.® In these waves, 
all three normal vibrations tend to have longitudinal 
components and will correspondingly contribute to the 
electron scattering. Hence, one might expect that while 
for low temperatures the resistance could be described 
entirely in terms of the predominantly longitudinal 
waves, for somewhat higher temperatures account must 
be taken of the other waves also. 

If one makes a very crude approximation by saying 
that the transverse waves have longitudinal com- 
ponents whose effectiveness is roughly proportional to 
the square of the frequency and that at the maximum 
frequency all three normal vibrations participate 
equally, it is possible to derive simply an expression for 
the resistance which involves two different Debye 
temperatures. One may be called the longitudinal Debye 
temperature, and the other the transverse Debye tem- 
perature. Figure 4 shows the curves obtained from this 
idealization and with the assumption of isotropic scat- 
tering by each ion. By the use of appropriate tem- 
peratures for lithium and sodium, some approximation 
to the observed resistance is obtained. A variety of such 
approximate models can be set up, but a precise ex- 
planation of the observations must await a more 
detailed analysis of the elastic vibrations in particular 
cases. 


*W. V. Houston, Rice Institute Pamphlet 32, 123 (1945). 
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Magnetic Analysis of the F'°(d, p)F*® and F'*(d, «)O"’ Reactions* 
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The energy spectrum of protons from the F%@, p)F® reaction has been analyzed at 90 degrees to the 
incident deuteron beam, using an annular magnetic spectrograph with photographic detection. Nineteen 
proton groups have been observed and identified with this reaction. These correspond to the ground state 
of F*® and eighteen excited states in the range of excitation from 0 to 5.1 Mev. Deuteron bombarding energies 


ranging from 1.5 to 2.1 Mev were used. 


Tracks of alpha-particles, arising from the F'*(d, a)O"’ reaction, were also observed on the photographic 
plates. Alpha-particle groups corresponding to the ground state and ten excited levels of O" in the range of 
excitation from 0 to 6.9 Mev were identified. Some of the groups corresponding to O" levels of sufficient 
excitation to be unstable against neutron decay exhibited a broadening which may result from the natural 


width of the corresponding O" levels. 


I. INTRODUCTION 


HE present investigation has been undertaken to 

measure the excited states of F*? using the 
F'%(d, p)F*° reaction. The levels of this nucleus are of 
particular interest since they have been reported! to be 
spaced by integral multiples of 320 kev. Additional 
information, however, has been obtained about the 
excited states of O'’ from observations on the energy 
spectrum of alpha-particles from the F!*(d, a)O” :re- 
action. The O" nucleus and its mirror nucleus F" are 
one of the few pairs of mirror nuclei whose energy 
levels are not difficult to observe. It is of particular 
interest, therefore, that their energy levels should be 
carefully measured in order that one might compare 
their energy-level diagrams. 

Of the previous investigations of the F*° energy levels, 
the largest number of levels observed thus far are 
those recently reported by Burrows, Powell, and Rot- 
blat,? who used 8.0-Mev cyclotron deuterons and meas- 
ured the proton ranges in photographic emulsions. The 
ground-state Q-value was measured to be 4.39 Mev, 
and excitation energies of 0.63, 0.83, 1.00, 1.37, 2.55, 
2.91, 3.49, 4.06, 4.31, and 4.73 Mev with errors of 
£0.05 Mev were reported for the ten excited F*° levels. 

Other recent measurements have been made by 
Shull’ and by Allen and Rall.‘ Shull made a magnetic 
analysis at 90 degrees of the proton spectrum using 
10.3-Mev deuterons and identified proton groups cor- 
responding to seven excited F*° states. A ground-state 
Q-value of 4.55 Mev was measured, and excitation 
energies of 0.69, 0.98, 2.20, 2.70, 3.12, 3.74, and 4.41 
Mev were assigned to the seven excited states. Allen 
and Rall, using 3.76-Mev deuterons and range measure- 


* This work has been assisted by the joint program of the ONR 
and AEC 

t Now at the Bell Telephone Laboratories, Murray Hill, New 
Jersey 

‘'R. C. Allen and W. Rall, Phys. Rev. 78, 337 (1950). 

? Burrows, Powell, and Rotblat, Proc. Roy. Soc. (London) 
A209, 478 (1951) 

3 F. B. Shull, Phys. Rev. 83, 875 (1951). 

*R. C. Allen and W. Rall, Phys. Rev. 81, 60 (1951). 


ments, reported eight excited levels in approximately 
the same range having excitation energies of 0.64, 0.97, 
1.31, 1.91, 2.52, 2.83, 3.45, and 4.01 Mev. The ground- 
state Q-value was measured to be 4.16 Mev. The 
results of these investigations are tabulated in Table 
II, together with those obtained in the present in- 
vestigation. 

Burrows, Powell, and Rotblat® have also investigated 
the energy levels of O'’. Measurements were made of 
the range in photographic emulsions of protons from 
the O'%(d, p)O"” reaction and of alpha-particles from 
the F!%(d, a)O" reaction. Eleven proton groups arising 
from the O'*(d, p)O" reaction and fourteen alpha- 
particle groups arising from the F!*(d, a@)O" reaction 
were identified. Excitation energies of 0.87, 3.06, 3.85, 
4.58, 5.07, 5.31, 5.76, 6.24, 6.89, 7.51, 8.27, 8.59, and 
9.06 Mev were calculated for thirteen O'” states by 
averaging the results of the two reactions. The ground- 
state Q-value for the F!°(d, a)O" reaction was measured 
to be 10.04+0.02 Mev. 

Bockelman ef al.5 at Wisconsin observed seven 
resonances in the scattering of neutrons by O'*. Using 
a binding energy of 4.14 Mev for the neutron, these 
resonances correspond to excitation energies of 4.55, 
5.08, 5.38, 5.70, 5.87, 5.94, and 6.37 Mev. The results 
obtained by Burrows, Powell, and Rotblat and by 
Bockelman are tabulated in Table III, together with 
those obtained in the present investigation. 

Range measurements on the alpha-particle spectrum 
from the F'%(d,a@)O"” reaction were also made by 
French, Meyer, and Treacy,® who observed four alpha- 
particle groups corresponding to excited O" states and 
calculated their Q-values to be 6.79, 6.03, 5.26, and 
2.81 Mev. The ground-state Q-value has previously 
been measured by this laboratory’ to be 10.050+0.010 
Mev. In addition, French, Meyer, and Treacy also 

aan Miller, Adair, and Barschall, Phys. Rev. $4, 69 
dT). 

s it Meyer, and Treacy, Proc. Phys. Soc. (London) A63, 

666 (1950). 


7 Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 
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observed an alpha-particle group that they identified 
with the F!%(d, ») Ne?**—+O'*+-a-reaction. An excitation 
energy of 9.7 Mev was calculated for the Ne” state, 
which gave rise to the group. 

The present investigation with the magnetic spectro- 
graph was undertaken to determine whether earlier 
investigations had been unable to resolve some of the 
levels in the regions surveyed and to obtain more 
accurately the excitation energies. The development of 
thin nickel-foil backings for targets made it possible to 
investigate the F®° levels up to excitations of about 
4.8 Mev, using the magnetic spectrograph. The rela- 
tively high ground-state Q-value of the F!*%(d, a)O” 
reaction, on the other hand, permitted measurement of 
the O' levels up to an excitation of 7.5 Mev. Thus, it 
was possible to check most of the regions covered in 
the previous investigations. 

The measurements on the proton energy spectrum 
were carried out over a period of about a year starting 
in July, 1950. When this was completed, a number of 
additional exposures were taken to survey the alpha- 
particle spectrum from the (d, «) reaction at bombard- 
ing energies of 1.8 and 2.0 Mev. When these exposures 
were completed and before the data were analyzed, the 
spectrograph was dismantled and moved to another 
generator. As will be discussed ina later section, there 
are indications that appreciable surface contamination 
may have been present on the targets during these 


exposures for the alpha-particle groups. The results, 
however, are reported here since it may be some time 
before there is an opportunity to repeat this portion 
of the work. 


II. APPARATUS AND EXPERIMENTAL PROCEDURE 


The apparatus and experimental procedures used in 
the investigation are similar to those that have been 
described in earlier papers.7~® 

The apparatus consisted essentially of the MIT 2.0- 
Mev air-insulated electrostatic generator, a deflecting 
magnet and slit system to define the energy of the 
deuteron beam, and an annular-magnet spectrograph 
with which the observations on the spectrum of charged 
particles leaving the reactions were made. Eastman 
NTA photographic plates were used to detect the 
charged particles deflected by the spectrograph. All 
observations were made at 90 degrees to the incident 
beam. The fluxmeter for the spectrograph was cali- 
brated through measurements on the deflection of 
polonium alpha-particles. The energy of the incident 
beam was determined by measuring the energy of the 
deuterons scattered elastically by C® and O"* nuclei in 
thin Formvar targets. 

Several types of targets were used. In the investiga- 
tion of proton groups having momenta between 210 


* Buechner, Strait, Stergiopoulos, and Sperduto, Phys. Rev. 74, 
1569 (1948). 

* Buechner, Strait, Sperduto, and Malm, Phys. Rev. 76, 1543 
(1949). 


AND F'!*(d,a)O!? 


REACTIONS 1325 
and 350 kilogauss-centimeters at 1.8-Mev bombarding 
energy, thin layers of PbF, evaporated onto 10-mil 
platinum sheets were employed. In the range of Hp 
values below 272 kilogauss-centimeters, thin aluminum 
foils were placed in front of the photographic plates to 
absorb deuterons scattered elastically by ‘the platinum 
nuclei in the target backing. These foils were of such a 
thickness that they would pass the protons at reduced 
velocity and absorb all the deuterons. 

At still lower Hp values, below 210 kilogauss- 
centimeters, a thin-target technique was employed. The 
use of thin nickel foils as target backings has already 
been described by Bashkin and Goldhaber.'® A some- 
what modified method of using these foils has been 
found satisfactory for the present investigation. 

Nickel foils of thicknesses 1000A and 750A, with 
attached copper backings, were obtained from the 
Chromium Corporation of America, Waterbury, Con- 
necticut. In the present investigation, these were fixed 
to $x -inch wire frames with glyptal, the latter being 
in contact with the nickel rather than the copper. The 
frame was then mounted vertically in a jig and lowered 
into a chromic-acid solution which dissolved away the 
copper. While still wet, it was then successively im- 
mersed in several beakers of water to wash away the 
acid. By using extreme care in raising and lowering the 
foils in and out of the liquid, it was found that only 
about 10 percent of them were ruptured by the surface 
tension of the water, despite their extremely small 
thickness. Thin layers of BaF, were then evaporated 
onto the foils. Targets made in this manner seemed 
capable of withstanding almost indefinite bombard- 
ment (at least several thousand microcoulombs) at a 
beam intensity of 0.4 microampere. 

In the investigation of the higher energy part of the 
alpha-particle spectrum, targets of BaF; and PbF, on 
platinum backings were used. The BaF, targets with 
thin nickel backings were again used in the study of the 
region in which elastically scattered deuterons would 
otherwise have covered the photographic plates. 

In calculating the Q-values for the various groups, 
small corrections were applied, which took into account 
the following: 


(1) A small measured departure of the median angle 
of observation from 90 degrees. 

(2) The effect of the finite angle of acceptance of the 
spectrograph magnet (+0.2° about the median angle). 

(3) The approximation in using the nonrelativistic 
Q-equation. 


The first of these corrections arose from an earlier 
measurement which indicated that the incident deu- 
teron beam was not quite perpendicular to the planes 
of the pole faces of the magnetic spectrograph and, 
hence, that the median angle of observation was not 
quite 90 degrees. 


1S. Bashkin and G. Goldhaber, Rev. Sci. Instr. 22, 112 (1951). 
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Ill. RESULTS AND CONCLUSIONS 
A. The F"*(d, p)F™” Reaction 


The spectrum of protons observed from the bombard- 
ment of fluorine targets with 1.8-Mev deuterons is 
shown in Figs. 1 and 2 as a function of their momentum 
in kilogauss-centimeters. In Fig. 1 the group of protons 
on the right, marked F!*%(QO), results from individual 
events in which the ground state of F?° has been formed. 
Groups arising from eighteen excited states of the F* 
nucleus are marked with the numbers 1 through 18. 
Other groups resulting from reactions with contaminant 
elements are marked according to the contaminant 
nuclei. The spectrum was surveyed using several tar- 
gets so that it was necessary to normalize the yield 
of the various fluorine groups. This was done by taking 
exposures on the ground-state group for each target. 

The energy of each group has been taken to be that 
corresponding to the point at one-third height on the 
high energy side of the peak. Selection of this point has 
been previously discussed.* Each of the fluorine groups 
was observed at two different bombarding energies. In 
the case of all except groups (6) and (15), a change in 
bombarding energy of 0.3 Mev or more was used. For 
groups (6) and (15), a change of 0.2 Mev was used. 
Bombarding energies of 1.5, 1.8, 2.0, and 2.1 Mev were 
used at various times during the investigation. 


BUECHNER 


The two intense groups at Hp values of 287 and 150 
kilogauss-centimeters have been observed in all previous 
surveys of this energy region and result from the 
C*#(d, p)C™ reaction, leading to the formation of the 
ground state and first excited state, respectively, of 
C, Similarly, the two intense groups with Hp values 
of 263 and 228 result from the O'*(d, p)O" reaction, 
leading to the formation of the ground state and first 
excited state of O!. 

Identification of the weaker contaminant groups was 
made through calculation of their Q-values, assuming a 
given reaction, and comparison with the results previ- 
ously measured for the same reaction. A list of the 
Q-values observed for the reactions leading to the 
weaker contaminant groups, together with those previ- 
ously measured at this Laboratory for the same reac- 
tions, is given in Table 1.74% 

Each contaminant group was also observed at a 
different bombarding energy to make certain that there 
was not a weak fluorine group superimposed on it. By 
changing the bombarding energy, groups resulting from 
reactions with contaminant elements shift in energy by 
different amounts than do the fluorine groups, because 
the residual nucleus in the case of a reaction with a 
contaminant element is of different mass than that of 
the F*? nucleus and carries away a different proportion 
of the change in bombarding energy. For an 0.3-Mev 
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Fic. 1. Spectrum of protons from PbF; target bombarded with 1.8-Mev deuterons. 


“ R. Malm and W. W. Buechner, Phys. Rev. 80, 771 (1950). 


12 Laboratory for Nuclear Science and Engineering, Massachusetts Institute of Technology, Progress Report, May 31 (1951) (un- 
published). The Q-value for this level, erroneously listed as —0.316+0.006, should be —0.136+0.006. 
‘8 Sperduto, Holland, Van Patter, and Buechner, Phys. Rev. 80, 769 (1950). 





F'*(d,p)F?* AND 


F'*(d,a)O!? 


REACTIONS 





ey 
° 
° 


NUMBER OF PROTONS 
3 
o 



































Hp IN KILOGAUSS CENTIMETE 


Fic. 2. Spectrum of protons from fluorine targets bombarded with 1.8-Mevdeuterons. 


increase in deuteron energy, a Si** group would increase 
in energy by 12.9 kev more than a F"® group, while a 
N" group would increase 13.5 kev less than the F!® 
group. Since the widths of the fluorine and contaminant 
groups were usually between 9 and 15 kev, this shift 
in bombarding energy should have produced a definite 
structure to the observed group if it were comprised of 
a superposition of groups from two reactions. No such 
structure was observed, however. 

The proton group at an Hp value of 226 kilogauss- 
centimeters in Fig. 2 was not observed when exposures 
were taken with targets having thin nickel backings. 
It is concluded therefore that this group definitely does 
not result from the F!%(d, »)F®° reaction. It may be 
related in some manner to the oxygen group at an Hp 
of 228 kilogauss-centimeters, since no other contami- 
nant groups are known to exist in this region; the 
reason for its appearance, however, does not seem easy 
to explain. 

The proton groups with Hp values 133 and 136 
kilogauss-centimeters were first observed on two ex- 
posures made with a PbF; target having a thin nickel 
backing. Later, the higher-energy group was again 
observed on an exposure taken with a BaF, target at 
the same bombarding energy. Several other attempts to 
observe these groups yielded no tracks at all on the 
photographic plates. Further efforts to determine the 
origin of the groups were not pursued, since extremely 
long exposures were needed, and the proton tracks in 
this energy region were sufficiently short so that count- 


ing was difficult and inaccurate. The group with the 
lower energy probably results from a reaction with a 
contaminant element which has accumulated on both 
sides of the target, since its width is considerably greater 
than would be expected for a fluorine group. The 
higher energy group, however, may quite possibly be 
another fluorine group. Its Q-value has been calculated 
on this assumption and is tabulated in Table IT, along 
with the Q-values calculated for the other eighteen 
proton groups. 

Also shown in Table II are the F excitation energies, 
together with those observed by Burrows ef al., by 
Shull, and by Allen and Rall. The excitation energies 
measured by these latter observers are listed on the 
same line as the closest excitation energy measured in 
the present investigation. In some cases, however, 
these observers may actually have been observing 
neighboring levels of greater intensity or were not 
able to resolve two or more closely spaced levels. The 


Taste I. Q-values of contaminant groups. 








Contami- Kilogauss 

nan . 

N¥ 310 
N* 309 
H? 270 
N* 243 
N* 237 
N“ 191 
Si* 177 
cs 165 


Obs. Q-value Previously measured 
ev) Q-value (Mev) 


3.336 3.33940.005 
3.310 3.310+0.005 
4.031 4.030+0.006 
1.447 1.451+0.005 
1.309 1.306+0.005 
0.295 0.300+0.005 
—0.134 —0.136+0.006 
—0.145 —0.148+0.005 
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TABLE IT. Q-values and excited states in F® from F'%(d, p) F*° reaction. 








Level Q-value (Mev) Excitation 


4.373+0.007 0 

3.72140.006 0.652+0.008 
3.545+0.007 0.828+0.008 
3.385+0.007 0.988+0.008 
3.314+0.006 1.059+0.008 
3.064+0.006 1.309+0.008 
2.403+0.005 1.970+0.008 
2.32540.005 2.048+.0.008 
2.178+0.005 2.195+0.008 


(0) 
(1) 
(2) 
(3) 
(4) 
(5 

(6 

(7) 


(8) 


2.870-+0.008 
2.966-+-0.008 
3.491+-0.008 
3.528+0.008 
3.586+0.008 
3.681+.0.008 
3.961£0.009 
4.079-+0.009 
4.275+.0.009 
4.310-+-0.009 
(5.062-+0.011) 


1.503-+0.005 
1.407+0.005 
0.882+0.005 
0.8454-0.004 
0.787+0.004 
0,6924-0.004 
0.412+0.004 
0.294-+0.004 
0.098+0.004 
0.0634-0.004 
(—0.689--0.006) 


(9) 
(10 
(11 
(12 
(13) 
(14) 
(15 
(16) 
(17) 
(18) 
(19) 


* See reference 2. 
» See reference 3. 
© See reference 4. 


relative intensities of the proton groups observed at 
1.8-Mev bombarding energy are also tabulated. These 
are probably correct only to within about 30 percent, 
since a number of targets were used and normalization 
of the intensities was difficult. 

From Table II, it is evident that about six of the 
excited levels observed in the present investigation have 
not previously been reported. Some of these are fairly 
close to other levels, and it might be expected that the 
corresponding proton groups would not be detected 
with the lower resolution characteristic of methods used 
by other observers. 

An energy-level diagram for the F*° nucleus is shown 
in Fig. 3. A scale indicating excitation energy in Mev 
is plotted on the left-hand side, while the measured 
excitations of the various levels are shown on the right. 

Some of the separations between levels show an 
interesting regularity within the region of excitation 
investigated. As is shown to the right of the energy- 
level diagram in Fig. 3, separations having mean values 
of 0.661, 0.820, 0.989, 1.317, and 1.980 Mev are re- 
peated a number of times. It is interesting to note that 
multiplying the energy 0.165 Mev by the integers 4, 5, 
6, 8, and 12 yields the values 0.660, 0.825, 0.990, 1.320, 
and 1.980 Mev, respectively, which are in surprisingly 
good agreement with the observed spacings. It is un- 
fortunate that it was not possible to investigate the 
levels in the region of higher excitations to see whether 
the regularity continued. One would hesitate to sug- 
gest, however, that the apparent repetition of the 
spacings between some of the levels and the evident 
agreement between the repeated spacings and integral 

‘multiples of 0.165 Mev is anything more than a co- 
incidence of nature. The 165-kev spacing is approxi- 


Burrows 
etal 
excitation 


0 (Q=4.39) 
0.630.05 
0.830.05 
1.004-0.05 


Allen and Ralle 
excitation 
0 (0=4.16) 
0.64+0.03 


Shull> 
excitation 
0 (Q=4.55) 
0.69 


Rel int. 





0.98 0.97+0.05 


1.31+0.05 
1.91+0.04 


1.37+0.05 


2.52+0.04 
2.830.04 


2.55+0.05 
2.91+0.05 


3.49+0.05 3.45+0.03 


4.06+0.05 4.01+0.15 


4.31+0.05 
4.73+0.05 


mately one-half the 320-kev spacing reported by Allen 
and Rall.! 
B. The F'°(d, «)O"” Reaction 


The spectrum of alpha-particles from thin layers of 
BaF, bombarded with 1.8-Mev deuterons is shown in 
Fig. 4 as a function of their momentum in kilogauss- 
centimeters. Here the group marked F!(QO) at the 
right-hand side of the. plot results from individual 
events in which the ground state of O"” has been formed. 
Ten more groups arising from the F!°(d, a) reaction are 
numbered from 1 through 10. Figure 5 shows the track 
distribution observed on an exposure taken for an addi- 
tional survey of this spectrum, indicating more clearly 
that groups (8) and (9) are two separate groups. 

A broad distribution of alpha-particles having an 
upper limit at an Hp of 351.7 kilogauss-centimeters can 
be seen in the plot. These particles probably result 
from the alpha-particle decay of excited Ne” nuclei 
formed by the F!*(d, m)Ne”® reaction. Assuming this to 
be the case, an excitation energy of 11.85 Mev has been 
calculated for the Ne”® state of greatest excitation, 
giving rise to the distribution. This calculation is based 
on a ground-state Q-value of 10.72 Mev" for the 
F'°(d, n) reaction and a mass-difference equivalent to 
4.78 Mev" between an O'* nucleus plus an alpha- 
particle and an unexcited Ne”® nucleus. It also assumes 
that the Ne” state does not exhibit a natural width. 

At an Hp of 373 in the plot shown in Fig. 4, a group 
of particles was observed that were found to be tritons 
from the C'¥(d, ‘)C™ reaction. At a given value of Hp, 
tracks made by tritons are approximately the same 


™ Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 
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length as those made by alpha-particles. A group of 
tritons may be easily distinguished, however, using a 
change in bombarding energy. 

As has been mentioned, the exposures for the 
F'%(d,a)O" groups were made shortly before the 
spectrograph was disassembled. While the operation 
of the apparatus appeared normal during this period, 
subsequent analysis of the data gave Q-values for the 
alpha-particle groups from this reaction and from re- 
actions of various contaminants which were con- 
sistently lower than those previously measured at this 
Laboratory. 

The Q-values obtained are listed in Table III,’-'® the 
values given for each of the contaminant reactions being 
an average of two results that agreed within 3 kev or 
less in each case. 

While further measurements will be required to de- 
termine with certainty the reason for the discrepancy 
between the present values and those previously ob- 
tained, there are definite indications that the presen‘ 
low values were caused by layers of carbon contamina- 
tion on the targets used. Two photographic plates that 
were exposed during the present survey were also read 
for proton tracks from the ~"(d, p)C™ ground-state re- 
action. The ground-state Q-value for the C*(d, p)C™ 
reaction has been measured’ to be 2.716+0.005 Mev. 
The mean Q-value obtained from these two plates 
was 2.717 Mev. .It seems probable, then, that the 
lower Q-values measured for the first, second, and 
fourth reactions listed above resulted from C” con- 
tamination which accumulated on the target. The 
C(d, t)C” ground-state Q-value may have measured 
low because the observed triton groups used for the 
calculations were weak and poorly defined, making it 
difficult to estimate their energy. 

Since the excitation energies as calculated from the 
observed (-values are less affected by the presence of 
contamination than are the Q-values themselves, we 
have listed in Table IV only the excited states in O" as 
determined from the present investigation. In calculat- 
ing the probable error of these excitation energies, an 
estimate was made of the uncertainty caused by the 
target contamination. This amounted to 4 kev for the 
lower excited states and 8 kev for the six highest ones. 

Also listed are the mean values obtained by Burrows 
et al2 from the O'%(d, p)O" and F'*(d, a)O" reactions, 
together with the excitation energies obtained by 
Bockelman’ from measurements on the scattering of 

‘neutrons by O'*. These latter excitation energies are 
obtained using a value of 4.14 Mev for the neutron 
binding energy in O'’. This binding energy is obtained 
from the sum of the O'*(d, p)O" ground-state Q-value 
measured at this Laboratory’ and the binding energy of 
the deuteron measured by Mobley and Laubenstein.'* 

Because the binding energy of the last neutron of the 


% R. Malm and W. W. Buechner, Phys. Rev. 81, 519 (1951). 
16 R. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
(1950). 
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Fic. 3. Energy-level diagram for F**. Excitation energies in Mev. 


O" nucleus is only 4.14 Mev, neutron decay is at least 
energetically possible for most of the O' levels that 
were observed in the present investigation. If neutron 
decay did take place from these levels, one might ex- 
pect the alpha-particle groups involved to show widths 
greater than those usually observed with the particular 
experimental arrangement used. In the spectrum shown 
in Fig. 4, it is evident that group (7) is broader than 
others of approximately the same energy. Closer ex- 
amination showed a small but finite broadening of 
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Fic. 4. Spectrum of alpha-particles from BaF, target bombarded with 1.8-Mev deuterons. 


several of the other groups. The possibility cannot be 
ruled out, however, that group (7) and possibly some 

f the others are really superpositions of two or more 
closely spaced groups of approximately the same in- 
tensity. On the assumption that the observed groups 
are single groups of particles, the quantity Y listed in 
Table IV has been calculated as an indication of the 
relative widths of the O" levels observed. It is the 
width in kilovolts that must be added to the spread in 
energy of the alpha-particles leaving the target in the 
case of a narrow level in order to give the observed 
width of the track distributions on the photographic 
plates. 

In general, there is reasonable agreement between 
the values listed in Table IV for the excited states of 
O'’, The value of 0.883+-0.011 Mev for the first level 
is in good agreement with the value 0.876+-0.009 Mev 
previously measured at this laboratory using the 
O'*(d, p)O"” reaction. However, there are several dis- 
crepancies between the results of the three experiments 
listed. The level at 5.1 Mev, which was not observed in 
the present work, was found by Bockelman to have a 
width of 100 kev. If the alpha-particle group associated 
with this level has a corresponding spread in energy, 
it is probable it would be obscured by the background 
from the F'°(d, n)Ne?*-0'*+-a-reaction. Similarly, it 
is probable that alpha-particles corresponding to the 
broad level found by Bockelman at 6.37 Mev would 
also not have been observed. The level reported by 
Burrows et al., at 6.24 Mev, which was not observed in 
either the present work or in that of Bockelman, may 
possibly correspond with this broad level. 

The levels listed in Table IV as (11) and (12) are 
shown in parenthesis, since they were observed at 
only one bombarding energy. Although no contaminant 
nuclei are known to give rise to groups in the region of 
Hp of 278 and 267 kilogauss-centimeters where the 


groups corresponding to (11) and (12) were observed, 
there remains a question as to whether they arise from 
the F'%(d,a)O'’ reaction. In a survey taken at a 
bombarding energy of 2.0 Mev, the groups were ob- 
scured by elastically scattered deuterons. 

It is evident that the relative widths measured in 
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. 5. Track distribution on single exposure showing 
groups (7), (8), and (9). 
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the present investigation show little agreement with 
those obtained for the same levels from the scattering 
measurements of Bockelman. Group (7), which was 
the widest observed in the present work, corresponds to 
an O" level that showed relatively little width in the 
scattering measurements of Bockelman. It is possible 
that the F!%(d, a)O" reaction is able to excite two or 
more closely spaced levels in this region that are not 


TaBe III. Comparison of Q-values with previous determinations. 








Previously meas- ~ 
ured value Refer 
at MIT ence 


10.050+0.010 7 
9.137+0.006 15 
1.310+0.006 7 
3.11240.006 7 


Cale Q 
Reaction Mev 





10.028 
9.116 
1.300 
3.099 


F'*(d, a)O" ground state 
N*(d, a)C® first excited state 
C4(d, t)C® ground state 
O'*(d, a)N™ ground state 





Taste IV. Excited states in O"’. [Present results are from the 
F%(d, a)O" reaction; Burrows ef al., from O'%*(d, p)O” and 
F9(d, a)O"’; Bockelman ef al., from neutron scattering from O”.] 





Bockelman> 
Width 
Excit. in kev 


Present results Barrows 
Rel et al.» 
Excitation int excitation 


0 (Q =10.028) 
0.883 +0.011 
3.069 +0.010 
3.856 +0.011 
4.567 +0.014 


$.229 +0.013 
5.397 +0.014 
5.723 40.014 
$.875 +0.015 
5.947 40.015 





2248 


8+6 
1548 
2847 


3<¥<12 
6.24 40.02 
6.869 40.014 6.89 40.03 
(6.986 +0.015) 
(7.371 +0.015) 
7.51+0.03 
8.27 +0.04 
8.59 40.04 
9.06 +0.04 








* See reference 2. 
> See reference 5. 


excited by neutron scattering. If these levels are suffi- 
ciently close, the alpha-particle groups arising from 
them would be superimposed and give the appearance 
of a single broad group. It is also interesting to note 
that level (5), which corresponds to a fairly intense 
group of alpha-particle tracks in Fig. 4, was not de- 
tected by Bockelman. 

An energy-level diagram for the O' nucleus, con- 
structed from the results of the present investigation, 
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Fic. 6. Energy-level diagram for O" and F"’. Excitation 
energies in Mev. 


is given in Fig. 6. On the right-hand side is shown the 
energy-level diagram for the mirror nucleus F" con- 
structed from the recent measurements of Laubenstein 
and Laubenstein.'’ Some correspondence seems to be 
present between the levels of the two nuclei. 

It is a pleasure to acknowledge the assistance of the 
staff of the High Voltage Laboratory. Particular thanks 
are due Mr. Wilton Tripp, Miss Jane Pann, and Miss 
Helene Schwartz for reading the photographic plates. 


17 R. A. Laubenstein and M. S. Laubenstein, Phys. Rev. 84, 
18 (1951). 
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An elementary method which yields the partition function of a two-dimensional Ising model is described. 
The method is purely combinatorial and does not involve any of the algebraic apparatus used in this con- 


nection by Onsager and Kaufman. 


I. INTRODUCTION 


HE partition function of the two-dimensional 
square net Ising model can be easily put in the 

form! 
(coshH)*(coshH’)"> g(1, k)x'y*, (1.1) 


where 


H=J/kT, =J'/kT, x=tanhH, g=tanhH’, 

h the total number of horizontal links, v the total 
number of vertical links, and g(/,k) the number of 
“closed polygons” with / horizontal and & vertical links. 
The problem is thus purely combinatorial and consists 
in counting closed polygons. Since the exact evaluation 
of the partition function was provided by Onsager? and 
Kaufman,’ it seemed desirable to understand how the 
algebraic method of these authors performs the actual 
This was the starting point of the present 
investigation. The authors felt that the exact formulas 
(for finite lattices) of Onsager and Kaufman should 
provide a clue to the proper method of counting and 


counting. 


thus lead to an elementary combinatorial approach to 
the problem 

In the main body of the paper we shall explain in 
detail the method of counting which yields the partition 
function up to negligible terms due to boundary effects. 
Several combinatorial points will be dealt with a heu- 
ristic manner only. We do not go into the details of 
rigor because our main aim is not so much an alternative 
derivation of the Onsager-Kaufman formula but a 
demonstration that a combinatorial approach is indeed 
possible. Furthermore, the combinatorial approach 
provides a new insight into the problem and its diffi- 
culties. Although this new insight makes the three- 
dimensional Ising model look even more formidable 
than before, the authors hope that the method may 
find other useful application. 


Il. PRELIMINARIES 


The exact formula for the partition function of an 
n Xm lattice (wound on a torus) was found by Kaufman 
(see reference 3) to be of the form 


1 (sinh2H)*** | n m m m m 
I (2 cosh v4 +I] (2 sinh "1 +H (2 cosh—ye, ‘) + II (2 sinh ~ Yr ‘) ; (2.1) 
2 Qimn resk Y r=] 2 rel 2 i 2 


where 


coshy ;= cosh2H* cosh2H’—sinh2H* sinh2H’ cos(xj/n), 


or, equivalently, 
(1+2°)(1+ 9°) 


coshy;= ’ = eendiet 
2x(1—y*) 2x 


(1—2*) 2y ™j 
—— Cos 
i-y 


It is apparent that the complexity of formula (2.1) is 
due to taking boundary effects too seriously. For large 
lattices one expects the asymptotic formula 


sinh2H \ !™" m 
Z~ (= -) II (2 cosh vm), 
2 r=l 2 


which with the aid of the obvious relation, 


1 (2S+1)x 
2TT (cosho—cos-- . *), 
2l 


cosh/é= 
S=0 


‘ B. L. van der Waerden, Z. Physik 118, 473 (1941). 


2 L. Onsager, Phys. Rev. 65, 117 (1944). 
* B. Kaufman, Phys. Rev. 76, 1232 (1949). 


can be written as 


n l-1 (2S+1)x 
Z~(sinh2H)'" TT [I (costy»-— cos mo — *). 
r=1 S=0 2 


Here we set m/2=/ and assume that m is even. Making 
use of (2.2) one gets, after a few simple transformations, 


n l-1 
Z~(coshH)*(coshH’)* TJ] TT {atsyaty) 


r=] S=0 


2er rete) 
— 2y(1—x?) cos——2x(1—} y?) cos— 
n 2l 


For large lattices one can replace (28+1) by 2S and 
obtain finally 


Z~ (coshH)*(coshH’)' II I 


r=] S=1 


(1+2°)(1+ 9") 


2er 2x5 
—2y(1—2*) cos——2x(1—y*?)——}. (2.3) 
n m 
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(It may be pointed out that for a mm lattice wound 
on a torus one has A=>v=man.) If one compares (2.3) 
with (1.1) one sees that, apart from boundary effects, 
one must have 


n im 
Dell, k)atyt= II II (1+27)(1+y*) 


~ 


2ar 2m. 
— 2y(1—2*) cos—-— 2x(1—-y*) cos——}. 
n m 


(2.4) 


Ill. THE PRINCIPLE OF THE METHOD 


The way we propose to attack the problem is to 
construct a suitable determinant‘ with ones (1’s) on the 
main diagonal and 2’s, y’s, and 0’s off the main diagonal. 
The construction would have to be such that to each 
nonvanishing term in the expansion of the determinant 
there would correspond a unique closed polygon and 
vice versa. If the signs of the terms in the expansion 
of the determinant could all be made positive, the value 
of the determinant would yield the generating function 
Yall, k)x'y*. This approach meets immediately with 
several difficulties which we find instructive to discuss 
before writing down the actual determinant. A determi- 
nant with ones on the main diagonal, 

1 Ai 
Ag 1 Ao x 7 Aop 
Am Am 3 | Ae. 7+ Ae 


’ 


Aw > +s Ay 


Ay Ape 
can be expanded as follows: 
Dt (A iid ints: + * Aisin) (Astia* + * Asses) 
“2 (A yle** -A letrola) 


(3.1) 


The permutations of indices involved in these terms 
are products of cycles, and herein lies our hope of 
dentifying the terms of the expansion with closed 
polygons. In brief, we expect to identify closed polygons 


n 








-------------- Middie line 














n 
Son Fic. 1. 
‘We understand that Mr. Madox of Manchester University, 


England, has considered a similar idea. However, we are not 
aware of any publications on this subject. 
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with cycles or, in case of closed polygons of several 
components, with products of cycles. We can now state 
the first difficulty which our approach encounters. If 
there is to be a one-to-one correspondence between 
terms in the expansion (3.1) and closed polygons, then 
terms like A12A23A yAai and AA y4AgAge should 
correspond to different closed polygons. On the other 
hand, the cycles involved in both of these terms, 
namely, (1234) and (2143), are inverses of each other 
and should be associated with the same polygon. It 
would thus seem that the determinant will, at best, 
count oriented polygons, whereas we are interested in 
the unoriented ones. This difficulty can be resolved by 
the following trick. Consider an  X2m lattice (Fig. 1) 
and classify all closed polygons (unoriented) on this 
lattice into those which do and those which do not cut 
the middle line (dividing the » X2m lattice into 2n xm 
lattices). Disregarding the closed polygons which cut 
the middle line, we can associate with every other 
polygon an oriented polygon on the upper lattice by 
the following rule: The parts of the polygon in the 
upper lattice (if any) remain there and are oriented 
clockwise whereas the parts of the polygon in the lower 
lattice (if any) are replaced by their reflections through 
the middle line and are oriented counter-clockwise 
(Fig. 2). On the basis of this rule we can see that the 
generating function of unoriented closed polygons on 
the nX2m lattice is equal (up to boundary effects due 
to neglecting figures which cut the middle line) to the 
generating function of oriented polygons on the nm 
lattice. 

Since the partition function for an n X2m lattice is 
(in the limit as m and m become simultaneously infinite) 
the square of the partition function for an n Xm lattice, 
we should expect the product, 


nm 2nr 
II II} 4+2*)(1+9)—2y(1—2*) cos— 


r=1 S=1 n 
2S 
—2x(1—~y*) cos——}, (3.2) 
m 


to be the generating function of oriented closed polygons 
on the Xm lattice. There is, however, one more 
difficulty. The oriented polygon [Fig. 3(a)] does not 
correspond to any unoriented polygon, whereas the 
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oriented polygon [Fig. 3(b) ] does. This difficulty seems 
to spoil the one-to-one correspondence established 
above, but it can be resolved in the actual construction 
of the determinant. It will turn out that there will be 
no terms in the expansion of the determinant corre- 
sponding to figures like (b), whereas figures like (a) 
will be counted in a regular fashion. The fact that it is 
the “impossible” ones that one counted rather than 
the “possible” ones is of no consequence since, for 
counting purposes, the distinction is immaterial. 

It should be noted finally that and m enter sym- 
metrically in (3.2), whereas in the Kaufman-Onsager 
formula they do not. This fact makes it apparent that 
the oriented closed polygons are the natural ones with 
which to deal. This in turn lends support to the natural- 
ness of the determinant method because it is in this 
way that one is forced into considering oriented 
polygons. 


IV. CONSTRUCTION OF THE DETERMINANT. 
FURTHER DIFFICULTIES AND 
THEIR RESOLUTION 


We shall illustrate the construction of the determi- 
nant by considering a 4X4 lattice. The generalization 
to arbitrary size is easy and will be left to the reader. 
The oriented polygon shown in Fig. 4 is described as 
follows: (1.2)RD(2,6)DD(6,10) DL(10,9)LU (9,5) UU 
(5,1) UR(7,11)DR(11,12)RU(12,8)UL(8,7)LD. The 
numbers indicate which neighboring points are con- 
nected ; the first of the letters R, L, D, U (Right, Left, 
Down, Up) indicates the direction in which the line 
joining the points is traversed, and the second letter the 
subsequent direction of motion. Symbols like (1,3) RD 
will not enter in describing closed polygons because 1 
and 3 are not nearest neighbors. Neither will symbols 
like (1,2) RL and many others. Symbols like these will 
be called improper. 

Let us now define a matrix Aq.pxy (i, 7=1, 2, 3, 4; 
XY=R, L, U, D) as follows: 

Au, pxy=0 if (i, j)XY is improper; 
Ag. yxy=x if X=R or L (and the symbol is proper) ; 


Au, »xy=y if X=U or D (and the symbol is proper). 
(4.1) 


On the main diagonal we put ones (1’s), The rows and 
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columns are labeled as follows: 
R L R L D 


13141516 15913 


1234 1234 13141516 
U D U 





15913 481216 481216 


With x’s and y’s placed according to (4.1) we see that 
to each oriented closed polygon there corresponds a 
term 

salyk (4.2) 
in the expansion of the determinant, where / and k 
denote, respectively, the number of horizontal and 
vertical lines in the polygon. We must first modify the 
matrix elements in such a way as to get only positive 
signs in (4.2). We note that the sign of a cycle of length 
C is (—1)°~", and since we are dealing with cycles of 
even length the sign is always negative. If a polygon 
consists of r components, so that the corresponding 
permutation is a product of r cycles, the sign will be 
(—1)". The modification of matrix elements must be 
accomplished in such a way as to provide a minus sign 
for each one-component polygon. This is done by 
multiplying each x and y by 


a=el®, qii=etit, or ao =1, 


according as the turning which is described by letter 
indices is through } (counter-clockwise), —42 (clock- 
wise), or 0. Thus, terms with indices RR, LL, UU, DD 
will remain unaltered, those with indices RU, UL, LD, 
DR will be multiplied by a, and those with indices 
RD, DL, LU, UR by a™. If we now take a closed 
one-component polygon, the term in the expansion of 
the modified determinant will be 


(—1)%2(—4 jaclyk, 


where Q is the total angle through which one turns in 


s § 4 
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Fic. 5. The determinant for a 4X 4 lattice. 


describing the polygon. Since QD=+27, we get +2'y* 
as desired. 

The determinant is finally as given in Fig. 5. 

Let us first see how the difficulty stated toward the 
end of Sec. 3 is resolved. Figure 6 is described symboli- 
cally as (1,2)RD(2,6)DL(6,5)LU(5,1)UR(2,3)LD(2,6) 
DR(6,7)RU(7,3)UL. This clearly does not correspond 
to any term in the expansion of our determinant because 
elements corresponding to (2,6)DL and (2,6)DR appear 
in the same row and only one element from each row 
is allowed. 

There is finally one more difficulty, which fortunately 
resolves “itself automatically. This difficulty is the 
following: There are terms in the expansion “of our 


determinant which do not correspond to closed poly- 
gons. Some of these terms are trivial, like those which 
do not involve elements of the main diagonal or those 
like (1,2)RR(2,3)RR(3,4)RR(4,1)RR. The presence of 
these terms depends clearly on our decision to put the 
lattice on a torus, and hence they correspond to 
negligible boundary effects. 

There are, however, also nontrivial terms. Such a 
nontrivial term can arise as shown in Fig. 6. Consider 
the closed polygon in Fig. 7, and note that it is a 
two-component figure and that hence it gives rise to 4 
terms x*y* corresponding to 4 distinct ways in which 
the two components can be traced out separately. But 
in the expansion of the determinant there will be 4 
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other terms which correspond to tracing out the polygon 
unicursally. We shall have terms corresponding to 
symbols: 
(1,2)RD(2,6)DD(6,10)DR(10,11)RU(11,7) UL(7,6)LL 

(6,5)LU(5,1)UR, 
(1,2)RD(2,6)DR(6,7)RD(7,11)DL(11,10)LU(10,6) UL 

(6,5)LU(5,1)UR, 
and two more in which the directions of motion are 
reversed. The terms in the expansion of the determinant 
corresponding to these “unicursal” symbols cancel. To 
see this, note that in tracing out our polygon in the 
manner indicated by the first symbol we turn through 
the total angle 0, whereas in the second case the total 
angle is 27. Since (—1)°/*=1 and (—1)?*”*=—1, the 
terms will be of opposite signs and will thus cancel each 
other. There is a general “topological” theorem which 
underlies this situation and which we state without 
proof: 

Let there be m(>1) plane closed curves such that 
each curve has a point in common with at least one 
other curve (Fig. 8). Then }-e**/2*=0, where the sum- 
mation is extended over all unicursal ways of tracing 
out the resulting figure and Q denotes the total angle 
through which one turns in a particular tracing. 

The reader is invited to check other situations, like 
that in Fig. 9, and see how the cancellation follows 
from the above theorem. We thus arrive at the conclu- 
sion that our determinant is equal, except for boundary 
effects, to the generating function of the number of 
closed polygons. It should be clear that the considera- 
tions of this section apply to lattices of arbitrary size. 
We have chosen the 4X4 case just as a convenient 
illustration. For an Xm lattice the determinant is 
4mn X4mn., 


V. THE EVALUATION OF THE DETERMINANT 


An examination of the determinant reveals that it 
has a certain amount of cyclic structure, and conse- 


! 2 





WARD 


quently it is not too difficult to guess the eigenvectors 
of the corresponding matrix.’ Let ¢« and 6 be two 4th 
roots of unity and consider the vector whose components 
are as follows: The first 32 components are obtained 
by multiplying the numbers 1, ¢, &, & by a, b, aé, 56, 
aé’, 66, aé*, 66°, and repeating them in consecutive 
groups of four. The remaining 32 components are 
similarly obtained by multiplying the numbers 1, 4, 5°, &* 
by c, d, ce, de, ce’, de’, ce’, dé. The components are thus 
a, ae, ae’, ae’, bb, bie, bbe, bide, ---, dé, dBb, db, des. 
In order that this vector be an eigenvector of our 
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matrix it is easily seen that the following four linear 
equations must be satisfied : 


(1+2e)a+0b+ a-!xec+dxed= Xa, 

Oa+ (1+x€")b+ axe“'c+ axve“"d= NO, 
dyéa+ a'ydb+ (1+ y5)c+0d= de, 
ayda+ aydb+0c+ (1+ yd) = dd. 


(5.1) 


Fic. 9. 
From these equations we get four eigenvalues ),(e, 4), 
Ao(e, 5), As(e, 5), Aa(e, 5), and it is seen immediately that 


| 1+ xe 0 am xe axe 
1+xe" 


amyb 


ays" 0 


axe aalxe7! 


1+~6 0 
1+y6" 


oe 


4 
II Axle, 5)= 


i=l ays 
lamlye-! 
= (1+2°)(1+y9)—yv(1—2) (e+ 7) 
—x(1—y")(6+8>). 


The original determinant is the product of all eigen- 


5 After the determinant has been constructed and computed, 
several of our friends pointed out that a suitable reshuffling of 
rows and columns will reduce it to a form in which cyclicity is 
much more evident. 








values and is thus equal to 


4 
IT IT Ale, )=M+a)\(1+¥)—yd 2) (e+e) 
—x(1—y)(6+5-)}, 


which is precisely (2.4). Needless to say, in the nXn 
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case ¢ and 4 are nth roots of unity but the system of 
Eqs. (5.1) remains otherwise unchanged. 

In conclusion, it is a pleasure to acknowledge the 
kind hospitality of The Institute for Advanced Study 
and to thank many of our friends for the healthy 
pessimism they showed during the early stages of this 
work. 
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A general theory of the magnetic hyperfine structure in diatomic molecules, including states other than 
'Z states, is given. The magnetic hyperfine interaction is derived from the Dirac equation for the electron 
in the mojecular potential field. First-order hyperfine structure formulas are given for the various vector 
coupling schemes characteristic of molecular states. The 'Z magnetic hyperfine structures are obtained from 
second order hyperfine interactions. Applications to the N“O"* and O"*0" microwave spectra are discussed. 





1. INTRODUCTION 


SHE general theory of the nuclear hyperfine struc- 
ture observed in atomic spectra has been worked 

ind discussed extensively,! and even the detailed 
.ures of the observed spectra are quite well under- 
stood. No such general treatment has apparently been 
given for diatomic molecules. In the case of diatomic 
molecules with no resultant electronic spin or orbital 
angular momentum ('2), satisfactory phenomenological 
treatments of the magnetic interaction of the nuclear 
moment with the electronic currents, in the form of an 
I-J coupling with the molecular angular momentum 
vector, have been given.* Investigation has shown® that 
this effect arises for the most part from the effect in 
second order of the nondiagonal matrix elements of the 
nuclear magnetic interaction with the electronic cur- 
rents. The interaction of the nuclear electric quadrupole 
moment with the electronic currents in these molecules 
has also been treated satisfactorily.‘ The development 
of microwave spectroscopy and molecular beam tech- 
niques have made it possible to examine the hyperfine 
spectra of paramagnetic gas molecules, i.e., molecules 





* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University. 

t Assisted in part by the ONR. 

1E. Fermi, Z. Physik 60, 320 (1930); G. Breit and F. W. Doer- 
mann, Phys. Rev. 36, 1732 (1930); H. B. G. Casimir, On the Inter- 
action Between Atomic Nuclei and Electrons (Teyler’s Tweede 
Genootschap, Haarlem, 1936); E. Fermi and E. Segre, Z. Physik 
82, 729 (1933). 

? Kellogg, Rabi, Ramsey, and Zacharias, Phys. Rev. 57, 677 
(1940); H. Zeiger and D. I. Bolef, Phys. Rev. 85, 788 (1952); 
D. I. Bolef and H. J. Zeiger, Phys. Rev. 85, 799 (1952). 

3H. M. Foley, Phys. Rev. 72, 504 (1947); G. C. Wick, Phys. 
Rev. 73, 51 (1948). 

4 J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 


in states other than '2. The present paper is devoted 
to the general treatment of the hyperfine spectra of 
diatomic molecules. For molecules with nonzero elec- 
tronic angular momentum, it may be anticipated that 
the nuclear moment interaction with the electrons will 
be of the order of magnitude of atomic magnetic hyper- 
fine couplings, and thus will be very much larger than 
typical nuclear electric quadrupole couplings. The 
strength and mode of the vector coupling of the nuclear 
spin to the various angular momentum vectors in the 
molecule will therefore be primarily determined by the 
magnetic interactions, and it will be sufficient in almost 
all cases to evaluate only the diagonal values of the 
electric quadrupole interaction, in a vector coupling 
representation determined by the magnetic interaction. 
The greater part of the present work will thus deal with 
the theory of the magnetic interaction of a single nu- 
clear spin with the electronic currents in the various 
kinds of molecular states. 

Typical features of the molecular magnetic hyperfine 
interactions may be compared with those of atoms. The 
interaction with electronic spins in the atomic case is 
treated quite differently in s states (L=0) and non-s 
states.' For non-s states, the spin coupling may be 
written as the interaction of two point magnetic dipoles 
in the form 3(1-R)(S-R)/R®—(1-S)/R®, where R is the 
space vector from nucleus to electron. For s-states, this 
interaction vanishes (as does the orbital interaction), 
and the actual hyperfine coupling must be accounted 
for by a more refined treatment of the magnetic inter- 
action. The most satisfactory method of treating the 
interaction of the nuclear magnetic moment with the 
electronic currents is via the Dirac equation for the 
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electron.' Advantage may be taken of the spherical 
symmetry of the potential field in which the electron 
moves to reduce the interaction for s-states to the form 


W ute= (16/3) rgrpouny,2(O)I-S, (1.1) 


where y,*(Q) is the electron density at the origin (posi- 
tion of the nucleus). 

In the case of the diatomic molecule the potential 
field possesses only axial symmetry and no classification 
of states according to a total angular momentum quan- 
tum number can be made. Thus, there can be no separa- 
tion of the hyperfine interaction into characteristic s- 
and non-s forms. Nevertheless, effects similar to the 
atomic s-state interaction are found. In particular, a *2 
or *Y molecular state with total rotational angular 
momentum zero shows a nonvanishing hyperfine 
structure. 

For molecules, there is also the complicating feature 
of the introduction, in addition to the electronic / and s, 
of a third vector, the molecular rotational angular mo- 
mentum. This brings about the well-known molecular 
coupling states (Hund’s case a and case 6),5 and makes 
possible a number of different nuclear spin couplings. 
These possible couplings will be treated in detail in 
later sections. 


2. THE MAGNETIC INTERACTION OF NUCLEAR 
MOMENT AND ELECTRONS 


The general form of the interaction of the nuclear 
magnetic moment with a single electron has been given 
by Breit and Doermann.' Their Hamiltonian was de- 
rived by reducing the Dirac equation for the electron 
in the field of the nucleus from four component form to 
the approximately correct two component Pauli form. 
The hyperfine perturbation was obtained from the 
latter equation. Due to normalization difficulties, their 
result contains a non-Hermitian term which must be 
arbitrarily excluded. 

We will derive the Pauli equation in a form suitable 
for our purposes by applying a series of unitary trans- 
formations to the Dirac Hamiltonian. This procedure, 
an extension of the method of Foldy and Wouthuysen,® 
avoids the normalization difficulty. A treatment of this 
problem using the Dirac equation with explicit con- 
sideration of normalization has recently been given by 
Karnaugh.’ 

We write the Dirac Hamiltonian in the conventional 
form 


(2.1) 


We apply to this Hamiltonian three successive unitary 
transformations of the form 


Hy= eH _,e7*5', (2.2) 


5G. Herzberg, Molecular Spectra and Molecular Structure: I. 
Spectra of Diatomic Molecules (D. Van Nostrand Company, Inc., 
New York, 1950), p. 218. 

*L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 

7™M. Karnaugh, dissertation, Yale University (1952) (unpub- 
lished). 


Hy=Bmc?—eV+ca: (p—(e/c)A). 
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where, if = —VV, 
S1= —icBa:{p— (e/c)A}/2(mc?—eV), 


—icB e 
S “(e) 
2(me?—eV)L(mc?—eV) c 

teBc 
a 
2(mc?— eV) 
—icB eV 2c? e 
Ae AE rane Ose 
2(mc?— eV) \mc?—eV ¢ 
te?V Bc? const c® e 
+ a: (ps) 
(mc?—eV)? c 


a: & 
2(mc?— eV) 
X[o-(p—e/cA Feo. 


[ —eVec 











We are left finally with 


Bc? e P 
H3= Bmc?—eV+ [>-(e~‘a) | 
2mc? ¢ 
iec* e 
eA AL 
8(mc?—eV)? c 
+terms of order 1/(mc*)*® and higher. In the above, 


[A, B] denotes [AB—BA]. This Hamiltonian yields 
the Pauli equation as 


fero—J-(or)] 


ceh e 
sate shed 
8i(mc?+ eV)? c 


taking the electron charge to be —e. In the third term, 
the divergent denominator has been set equal to 2mc’. 
A term proportional to yy? has been neglected. The 
hyperfine part of (2.5) may be written in terms of the 
electronic orbital angular momentum L’ as 

eh 2y-L’ 2ipo 2eh 
+--S-[exa + S-[e’xA], 


4m*c3 


g=0, (2.5) 


(2.6) 


2mc ry 


in which S=o/2, and we have set E+mc?+eV =2mc? 
in the denominator of the first two terms. In the case 
of an atom, Eq. (2.6) becomes 


“eral [ru . mers} 
r3 7? 
2mc*e?,r [ (I-r)(S-r) 
+ om 
[E+eV+ me? PL r? 





+1]. (2.7) 


The first term gives the hyperfine levels for non-s states 
and is zero for s-states. The second term may be 











written, after a partial integration, as (1.1). This term 
is proportional to the charge density at the nucleus, and 
is nonzero for s-states only. 

Expression (2.6) will be the basis for our treatment 
of the hyperfine spectra of molecules. In the remainder 
of the paper we will write 


2mc*e?&,/[E+eV +mce? }*= 6(r), (2.8) 


since the terms with this coefficient (except for neglected 
relativistic corrections, significant only for heavy nuclei) 
give appreciable contributions only from the region near 
the nucleus. 


3. MOLECULAR QUANTIZATION 


The rigorous theory of the quantum states of dia- 
tomic molecules, and in particular the approximate 
nature of the separation of rotation, vibration, and 
electronic motion have been discussed by Van Vleck 
and Kronig.® In a first-order theory of molecular hyper- 
fine structure, it is necessary only to know the particular 
vector coupling representation of the electronic spin 
and the orbital and rotational angular momenta. The 
most important of these representations are Hund’s 
case a, in which the spin is strongly coupled to the 
internuclear axis by the spin orbit interaction, and 
Hund’s case 8, in which the spin is decoupled by 
“gyroscopic” terms in the kinetic energy, and the spin 
vector is added to the total angular momentum of the 
molecule. Which of these vector coupling schemes most 
nearly describes any molecular state depends on the 
relative magnitudes of the spin orbit coupling and the 
gyroscopic term (proportional to h?/2/). In both of 
these cases, the component of electronic angular mo- 
mentum parallel to the internuclear axis is a good 
quantum ..umber A, and the separation of levels corre- 
sponding to different values of A is characteristically 
much greater than the level splittings due to rotation, 
spin orbit coupling, A doubling, or hyperfine structure. 
In this paper we shall be concerned for the most part 
with hyperfine and other interactions which are diagonal 
in A. Higher order effects due to matrix elements of the 
various interactions which are nondiagonal in A we 
consider in Sec. 7. 


4. THE MAGNETIC HYPERFINE INTERACTION IN A 
MOLECULAR COORDINATE SYSTEM 


The coordinate system for the molecule consists in 
the first place of a rectangular coordinate system X YZ 
fixed in the laboratory and with the center of mass of 
the molecule at the origin. The orientation of the inter- 
nuclear axis in this frame is given by the polar and 
azimuthal angles @ and y with respect to the Z axis. 
The positions of the electrons are described in a rec- 
tangular coordinate system x’y’z’, fixed in the molecule, 
with z’ along the internuclear axis and x’ constrained to 

*R. de L. Kronig, Band Spectra and Molecular Structure 
(Cambridge University Press, Cambridge, 1930) ; J. H. Van Vleck, 
Phys. Rev. 33, 467 (1929). 
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Fic. 1. Coordinates of the electron in the molecular frame of 
reference. The nucleus is located at J and the center of mass of 
the molecule at 0. 


remain in the XY plane. In the usual treatment of the 
molecular problem,’ an approximate separation of the 
Hamiltonian into electronic, vibrational, and rotational 
terms is made, and the wave function is the product of 
three corresponding factors: 


V=V.(x, ¥, 2 )ov( Ral, ¥). (4.1) 


(The electron spin may be quantized in the laboratory 
or in the internal coordinate system according to Hund’s 
case 6 or case a, respectively.) 

We shall express the magnetic hyperfine interaction 
[expression (2.6)] in the internal coordinate system, 
replacing x’y’s’ by cylindrical coordinates p’ gs’ where 
x’=p' cose and y'=p’' sing. It is clear that the ¢ 
dependence of the electronic wave function is of the 
form 

eti4e/(2x)!, (4.2) 


(The effect of the degeneracy in +A is described in 
Sec. 6.) To obtain the matrix elements of (2.6) diagonal 
in A we shall first average over ¢.} 

In the first term of (2.6): (2e/2mc)un-(tiXp)/ni', 
r; is the vector from the nucleus to the interacting 
electron. It is convenient to express this in terms of the 
orbital angular momentum about the center of mass. 
From Fig. 1, we note that r,=r—7rk’, where r is the 
distance from the center of mass to the nucleus with 
spin; and k’ is a unit vector in the 2’ direction. This first 
term becomes 


2g1HoLN 





J-E~-—-de-[ xa (4.3) 
2mc 


as | 


where Lh=rXp and po=eh/2mce. 

The second term of (4.3) has no matrix elements 
diagonal in A. 

The second term of expression (2.6) may be expanded, 
and the only terms which do not vanish on averaging 


¢ Throughout the paper the term “matrix elements” will fre- 
quently be used for operators which have been averaged over the 
electronic coordinates, but remain operators with respect to the 
spin and rotational coordinates, 
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over ¢ are 


u'S 3x’8 3y’? 32," 
+ weSe—t tySy——t te Sy——. (44) 


Lal Lal Lal rT) 
The third term of expression (2.6) contains the factor 


S-&’XA, which may be written as 


~ 


S rr; 
=— pe S+ ey (4.5) 


‘ uXny) 8m . 
s.| ex" = 
Lal r,3 


r) 


The expansion of Eq. (4.5) in cylindrical coordinates 
and the integration over ¢ yields 
; 5 E,'p'+ &,'2' 
[e’xA]-S= oS 
r? 
&,°'p’ : &,-'2;' 
¥ ua Set by Sy) ; MeSe, (4.6) 


2r; r; 


where &, and &, are the p’ and z’ components of the 
electric field produced by all charges except the inter- 
acting electron. 

We now collect the terms of expressions (4.3), (4.4), 
and (4.6), and form the complete expression for the 
effective magnetic hyperfine operator for all matrix 
elements diagonal in A. We designate the angle between 
the molecular axis*and the vector r;' from the nucleus 
to the electron by x= tan™'’/z,’ (see Fig. 1), and write 


&’=e&. We obtain the operator in the form 
aly Lyt+bl-S+cl,Sy, (4.7) 


where 
a= 2g;uoun(1/r1*)m, 


&yp'/2+ 621 


[E+eV+mce?}? r3 
3 cos*x—1 


2r,8 
Ey:p'/2—Syty 


[E+eV+meP r 


e?2mc? 
b= 2g;poun 


|, (4.8) 


e?2mc? 
C= 2erMou N 


3 3 cos?x— 
% 


2 r;3 


Fic. 2. The three molecular coupling states including nuclear 
spin. The various coupling possibilities for case b are discussed in 
Sec. 5 and appear in Fig. 3. 
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with the signs as indicated (uo positive). This expres- 
sion (47) may be employed to discuss all features of 
the hyperfine spectra in both Hund’s case @ and case 
arising from matrix elements diagonal in A. The quan- 
tities in brackets [ ]4 are to be averaged over the 
electronic space coordinates for the particular states. 
The first term of } or c yields a nonvanishing contribu- 
tion only in regions closer to the nucleus than the 
classical radius of the electron, e?/2mc?. In this region 
the nonvanishing component of the electron wave func- 
tion is spherically symmetric (within our approxima- 
tion). If we write &,:p’= &,7; sin’x and 8,2; = &,7; cos?x, 
upon performing the average (assuming spherical sym- 
metry) we obtain 
2 &(r;) 3cos*x—1 


b= Zermns| ie ’ 
3 r;? 2r,3 Ay 


3 cos*x—1 
c= Sern] — —| : 
Ay 


r3 


(4.9) 


The term in 4 with coefficient 6(r:) arises because of 
the quasi-relativistic treatment leading to expression 
(2.6), and represents the departure of the actual hyper- 
fine coupling from that expected from the interaction of 
two-point dipoles. If the electronic charge distribution 
were exactly spherical, the term 3cos*x—1 would 
vanish and the term referred to above would give the 
whole hyperfine structure. In this case Eq. (4.7) reduces 
to the Fermi formula for s-states, Eq. (1.1). On the 
other hand, if this “s-term” interaction was absent we 
should have 36+c=0. Thus, the value of 3b+c from 
any observed spectrum is an indication of the presence 
of some spherical charge density bearing a free spin near 
the nucleus. 

If more than one electron contributes to the total 
orbital or spin angular momentum, the hyperfine inter- 
action operator has the form of expression (4.7), but 
the coefficient [Eq. (4.9) ] contains a term from each 
interacting electron. 


5. COUPLINGS AND MATRIX ELEMENTS 


We consider now the vector coupling possibilities of 
a single nuclear spin to the various angular momenta of 
the molecule. In principle, representations can occur in 
which the nuclear spin is quantized either in the labora- 
tory coordinate system or in the internal coordinate 
system of the molecule. Now a coupling of the nuclear 
moment to the internuclear axis will come about through 
the magnetic interaction with the electronic orbital 
angular momentum (and with the electron spin in 
Hund’s case a). This interaction is the analog of the 
coupling of the electron spin to the molecular axis which 
leads to Hund’s case a, but is about 1000 times smaller 
in magnitude since the magnetic moment of the nucleus 
is much smaller than that of the electron. The “gyro- 
scopic” terms which act to decouple the spin from the 
axis are of the same order of magnitude for molecular 
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and electronic spins since they depend on the spins 
rather than the magnetic moments of the particles. 
We may distinguish the following important cases of 
vector coupling as (a) case ag: Hund’s case a with the 
nuclear spin space quantized with respect to the inter- 
nuclear axis. (This includes the case where S=0); 
(b) case ag: Hund’s case a with the nuclear spin space 
quantized in the laboratory frame. (This includes the 
case where S=0); (c) case bg: Hund’s case 6 with the 
nuclear spin space quantized in the laboratory frame. 
The vector coupling possibilities are shown in Fig. 2. 
The several possible coupling schemes for case } are 
discussed later in this section. 

Actually, because of the weak magnetic coupling of 
the nuclear spin to the molecular axis, case a, is 
expected to be of extremely rare occurrence, and in the 
interests of brevity will not be considered here.® 


Case a 


The magnetic hyperfine operator (4.7) may be 
written as 


alyLy +b leSet+lySy)+(b+0IeSy. (5.1) 


The second term has only nonzero matrix elements 
which are off-diagonal in Q, and hence, in a molecule 
which is in a good case a state, the effects of this term 
will be very small and are neglected here. For a discus- 
sion of this term in cases intermediate between Hund’s 
case a and case } and in 'Z states, see Sec. 7. Thus, the 
part of expression (5.1) diagonal in A becomes 


[aA+(b+c)2 J, =d1-k’, 


where d=aA+(b+c)3, and k’ is the unit coordinate 
vector along the molecular axis. The magnetic hyperfine 
structure problem in case ag is thus reduced to the 
calculation of the diagonal value of Eq. (5.2) in a repre- 
sentation in which the electronic wave function is that 
designated as Hund’s case a, and the nuclear spin is 
quantized in the fixed laboratory system. To express 
this result, we require the matrix elements of the com- 
ponents of the unit coordinate vector k’ in the fixed 
system. In Appendix I are given such matrix elements 
for the vectors of the internal molecular coordinate 
system. We write the matrix of (5.2) first in the “‘de- 
coupled” representation in which J/m sm, are good 
quantum numbers. Expansion of the scalar product and 
reference to Appendix I yield for the matrix elements 
diagonal in J 


(5.2) 


Q 
d I-J. 
J(J+1) 


(5.3) 


It should be pointed out that the coefficient of the J, J 
coupling varies with J. We may make use of the addi- 


®R. A. Frosch, dissertation, Columbia University (1952) (un- 
published). 
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ISKF,F m, 
Fic. 3. The three simple coupling cases in case bg. The “g: 
quantum numbers are indicated in each case. 


tion formulas of Condon and Shortley’® to obtain the 
matrix elements in the weak field // Fm, representation: 


(JI Fmp|1-k’| J Fm,r) 
F(F+1)—J(J+1)—1(I+1) 
2J(J+1) 





(IJ Fmy|1-k’|1J—1F mp) (5.4) 


1 (J?—-9)! 


=~ — [(F+J—1(F+I-J+1) 
2 J(4J*—1)! 


x (FLIF J+) U+I-F)}. 


The J—J+1 matrix element follows from the Hermitian 
property of the matrix. It is expected that the effects of 
matrix elements nondiagonal in J will be small (inas- 
much as the rotational energy is very much greater 
than the hyperfine structure) and may be taken into 
account as a second order perturbation. 


Case b; 


Here both J and S are space quantized in the labora- 
tory coordinate system. We may write expression (5.1) 
as 


aA(I-k’)+d(I-S)+c(1-k’)(S-k’). (5.5) 


In a completely “decoupled” representation (good 
quantum numbers are /SKmymgmx) the matrix ele- 
ments of I-k’, S-k’, I-S may be evaluated directly from 
Appendix I, and the last term calculated by matrix 
multiplication. The zero field problem is rather compli- 
cated, however, inasmuch as it involves the coupling of 
the three vectors J, K, S. The simplest possibilities are 
(see also Fig. 3) 


K+I=F,, K+S=J, I+S=F;, 
F,+S=F, J+I=F, F;+K=F. 


We shall refer to these three representations as the F,, 
J, and F; representations, respectively. The good quan- 
tum numbers are indicated in Fig. 3 for each case. 
The part of the Hamiltonian of the system which 
must be discussed in the determination of the appro- 
priate representation for this case includes the hyper- 
fine couplings of expression (5.5) and the electron spin 
orbit interaction contained in the third term of Eq. 


10 EF. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951), pp. 69, 71. 
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(2.5). The appropriate part of this term may be written 


2 


Fi) 
——o:[eXp]=— din 6,-—(Sz sing—Sy cos¢g) 
4m*c? dz’ 


1 @ 
+ s.|-= —(S,» cose+Sy sing) 
p dg 


a & a 
+ —( —Ss sing+Sy cose) |+ 5 Ne ba , (5.6) 
dp’ p’ do 


where S=o/2. Only the last term of (5.6) yields matrix 
elements diagonal in A. In case b, S is quantized in the 
laboratory frame, and it is appropriate to write the 
part of (5.6) diagonal in A as 


&, Sy 
2ueta(- -) S:k’=2u'(—) A? 
p’ Ay p’ Ay 


forthe term¥diagonal7in K. Thus the electron spin 
orbit interaction represents a coupling of S to K. For 
states with A+0, expression (5.7) will in general be 
much larger than the hyperfine coupling term (5.5), 
and thus the J representation will be approximately 
correct. For 2 states, however, (5.7) vanishes, and the 
remaining effects of the spin orbit coupling are obtained 
from the second-order effects of the matrix elements of 
(5.6) between ¥ and II states. This coupling of S to K, 
known as p doubling for *2 states,* may be shown to be 
of the form 


S-K 


——, (5.7) 


K(K+1) 


(>| Li} 
const poB - 
hysn 


Il) 
—[K(K+1) }'S2 


+const yo?(Si)?, (5.8) 
where S is the appropriate one of S,,+iS,-, and simi- 
larly for Li. The first term of (5.8) becomes finally 
constant S-K. The second term may be written as 
constant (.S?—(S-k’)*) and is a somewhat complicated 
coupling of S to K, as is seen from the discussion of 
expression (7.8) in Sec. 7. These couplings are of much 
smaller magnitude than (5.7) and are possibly of the 
same magnitude as the hyperfine interaction. A similar 
formula obtains for *2 states." 

Although the hyperfine level pattern can in principle 
be obtained from any of the three representations Fi, J, 
F; by writing out the complete matrix of the hyperfine 
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interaction (5.5) and the spin orbit coupling (5.6) in 
this representation and solving the secular determinant 
directly, it is usually much more convenient to choose 
a representation in which the diagonal values of (5.5) 
and (5.6) are large compared to off-diagonal elements. 
In this case the energy levels may be obtained by second 
order perturbation theory. 


Hyperfine Matrix Elements in Case bz, 


We give here the complete matrix elements (diagonal 
in A) of the operators I-k’, I-S, S-k’, from which the 
hyperfine energy levels may be calculated by matrix 
multiplication according to (5.5), for the following cases: 


I.S, I-k’, S-k’, for all 7, S, K, 
1-S, I-k’, for all J, S, K; and 
S-k’, for S=4, landall J, K, 
I-S, S-k’, for all J, S, K; and 
I-k’, for 7=4, 1 andall S, K. 


(a) F; representation: 
(b) J representation: 


(c) F, representation: 


Diagonal valuey of S-k’ in the J representation and of 
I-k’ (for all S and J, respectively) may be written down 
directly from the vector model. We have made use of 
the results of Racah,!* Condon and Shortley,’® and 
Bardeen and Townes‘ in calculating these matrix ele- 
matrix elements. Details of the method are given in the 
dissertation of Frosch. The actual formulas for the 
energy levels and spectral line frequencies in these 
representations are rather complicated, and it has not 
appeared worth while to work out the complete formulas, 
which may be obtained from the matrix elements below. 
One example is worked out in Sec. 10. The notation 
(|A/B]|) refers to the element of A or of B. When a 
double sign appears either the upper or the lower sign 
is to be taken throughout. Unlisted matrix elements are 
either zero or follow directly from the Hermitian prop- 
erties of the matrices in the usual manner. We note, 
first of all, that in all representations 


(Kik’:K)=A/K(K+1), 
(Kik’:K—1)=(K*—A*)!/K(4K?—1)}, 
(TS:1/SiTS) = (KSi1/S:KS) =(KII/S:KI) =1. 


(5.9) 


Now 
(KF;F|1-S| KF;F) 
=4(F;(F3+1)—7(1+1)—S(S+1)]. (5.10) 


We note 


F;(F3+1)—S(S+1)+J7U4+1)) 





(SIF :SIF,)=——_—— 


2F3(F3+1) 


((Fs—S+ I (Fst S+I+1)(S+I—Fs+1)(Fit S—D} 





(SIF, SIF3— 1) =+- 


uM. H. Hebb, Phys. Rev. 49, 610 (1936). 


2F[(2Fs— 1)(2F +1) }* 


® G, Racah, Phys. Rev. 61, 186 (1942); 62, 438 (1942); 63, 237, 368 (Eq. 4) (1943). 
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The similar quantities for S are obtained by interchanging J and S and inverting the double sign. Then, 
(F;KF\I-k’/S-k’| F;3KF) =4(Kik’iK)(F3iI/S:F;){F(F+1) —Fi(Fs+ 1) —K(K+D}, 
(F;KF|I-k’/S-k’| F:;K—1F)=+4}(Kik'i!K—1)(F;iI/SiF;) 
X((F+K—Fs)(F+Fs—K+1)(F+Fit+ K+1)(Fs+K—F)}, 
(F;KF\I-k’/S-k’ | F;— 1K F) =3(Kik':K)(F3:1/SiF;—1) 
<((F+F:—K)(F+K—F3+1)(F+F;:+K+1)(F:+ K—F)}, 
(F;KF|I-k’/S-k’ | F;—1K—1F) = —4(Kik'iK—1)(F3iI/SiF;—1) 
X((Fst+ K+ F+1)(Fi + K+F)(Fs+K—F)(Fs+K—F—1)}, 
(F3KP|I-k’/S-k’ | F3+1K—1F)=4(Kik’iK—1)(F3iI/SiF;+1) 
<[((F+K—F;—1)(F+K—F;)(F+F;—K+1)(F+F;—K+2)}, 
In the J representation, 
(JIF\1-S| JTF) =4(2:E:D) (JS) {(F(F+1) —J(J+1)—-1U+D}, 
(JIF\1-S| J—1IF) = ¥F4(ED) (JiSiJ — )[(F+J—D)(F+1—J+1)(F+J+14+1)\(J+I-—F)}, 


where 
heb bee J(J+1)—K(K+1)+S(S+1) 
(KSJ:S:KSJ)=(KS:S:KS) : 
2 (J+1) 


[(J—-K+S)(J+K+S+1)(K+S—J+1)(J+K-S)}! 
(KSJ:SiKSJ—1)==F (KS:S:KS)-— ———— 
2[ (2J-+1)(2J—1)}* 








(JIF\I-k’ | JTF) =4 (Sik J) {F(F+1)—J(J+1)-10+ Db}, 
(JIF\I-k’ | J—1F) = 44(Jik'J — 1) [(F+J—D(F+I—J+1)(F+/4+-J4+1)J4+I-F)}, 
I IT+1)—S(S+1)+K(K+1) 
(KJ:k'}KJ) = (Kik’:K) — 
2 (J+1) 
LU RS+ RU +S+ Kt IS+K-DUFS~ KADY 
, 2I(J+1) 
[(J—S+K)(J+S+K+1)(S+K—J+1)\(J+S—K)]}! 
(KJik’iKJ—1)=7(Kik’:K) eee, 
2IT(2J+1)(2J—1)}! 
[(J-—S+K)(J+S+K+1)(J-—S+K—1)J+5+K)]}! 
(KJik'iK —1J—1)=(Kik’iK-—1)— , 
2IT(2I+1)(27—1)}* 
[(S+K—J)(J+S—K+1)(S+K-—J—1)(J+S—K+2)}! 


2(J+1)[ (27+ 1)(2J+3) }* 








(KJ:k’iK—1J)=+(Kik’iK— 














(KJik’iK —1J+1)=—(Kik’:K—1) 





For S=}, In general, for all S, the diagonal elements are 


(KJ =K—}|S-k’|K-1J=K-}) (KJ|S-k’| KJ) 


=+(K*—A%4/2K, (5.17) ‘ 
Lm a A{J(J+1)—K(K+1)—S(S+1)} 


(KJ=K|S-k’| K—1J=K) 2K(K+1) 


+ (K*— 4%)! (K+1)! In the F; representation the matrix elements are to be 

K(2K+1)! , obtained from those in the J representation by inter- 
(5.18) changing J and S, and letting J become F. 

(KJ=K—1|S-k’'|K—1J=K—1) In the case of triplet states, where two electron spins 

(K?—A2)} add to a resultant S=1, in addition to the matrix 

== --—__—_—(K—1), elements given above there are also some elements be- 

K(2K—1)! tween the triplet states and singlet states of the same 





(5.19) 
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values of A. These connect states with considerable 
energy difference, and are considered as higher order 
effects. The appropriate matrix elements of the hyper- 
fine operators may be obtained using the methods out- 
lined by Frosch,® in conjunction with the formulas of 
Condon and Shortley.'® 

The effect of the “‘s-state” part of the magnetic hyper- 
fine interaction obtained specifically from the relativistic 
treatment, discussed in Sec. 4, becomes especially 
apparent in the case of the zero rotational state of a 2 
electronic level (K=0, A=0). The appropriate repre- 
sentation is F's, and the diagonal hyperfine energy levei 
formula is 


4(3b+c¢){F(F+1)—S(S+1)-1(+)}. 


In Sec. 4, it was shown that the nonvanishing of the 
coefficient of this expression is directly related to the 
presence of a distribution of electron spin moment near 
the nucleus similar to that of an atomic s-state. 

Matrix elements in the partially decoupled repre- 
sentation in a weak magnetic field (quantum numbers 
ISKF ympyms, ISKJmymz, ISKFymrymx) may also be 
obtained from the above operators using the formulas 
of Condon and Shortley.'” 


(5.20) 


6. THE EFFECT OF THE LAMBDA-DOUBLING 


The treatment of hyperfine interactions in the previ- 
ous section has been concerned only with matrix ele- 
ments diagonal in A. Before discussing the effects due 
to interactions connecting electronic states of very 
different energies, it is appropriate to consider the effect 
of the near degeneracy of states of value +Q2 (+A in 
case b). This degeneracy is raised in some order of the 
perturbation theory by the action of a part of the kinetic 
energy of rotation which was neglected in the separation 
of rotation and electronic motion.® The matrix elements 
of this operator are given in Sec. 7, expression (7.9). 
The correct linear combinations of the degenerate wave 
functions are the symmetric and antisymmetric func- 
tions, e.g., [f{(AZ)+/(—A—) ]/(2)! in Hund’s case a. 
For both case a and case 6, we write these as 
[ f(+)+/f(—)]/(2)!. The matrix elements of the hyper- 
fine operator now may be written as 

(a) Diagonal in A doubling state: 


)=nceimit) 
(6.1) 


symmetric! |symmetric 
| "| antisym. 
+(—|H|—)+2(-—|H|+)}; 
(b) Off-diagonal in A doubling state: 
symmetric] |antisym. 
. | Hnts € ‘ 
antisym. | [symmetric 
=3{(+|H|+)—(—|4|—)}, 
where the matrix elements (+ | H|+) etc., are obtained 
from the /(+-), f(—) states, in which A is a good quan- 


tum number. The matrix elements (+|H/+) and 
(—|H|—) are thus diagonal in A and are among those 


antisym. 


(6.2) 
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already derived in Sec. 5. For case ag, the hyperfine 
matrix elements diagonal in A and Q are of the form 


faA+(b+c)z](I-k’). (6.3) 


The matrix elements of this operator which are also 
diagonal in J are the same for the states +2 whose 
degeneracy is removed in A doubling. The matrix 
elements nondiagonal in J are of opposite signs for +Q2 
so that (+|H|+)=—(—|A|—) for AJ=+1. 

In addition to the magnetic hyperfine elements 
diagonal in A of Sec. 5, there are also matrix elements 
connecting states differing in A by AA= +1, +2. Thus, 
there are interactions between the degenerate states 
for II states only. Some of the matrix elements are 
diagonal and some off diagonal in J, and they yield the 
various quantities of Eq. (6.1). The hyperfine matrix 
elements nondiagonal in A and @ are worked out in 
Sec. 7, and we employ here expression (7.3) written as 


(+|H|—)=(4+11|t|-)(S.+iS,)I-(x’+iy’). (6.4) 


We shall give here explicit formulas for the hyperfine 
splitting for a case ag *II; molecular state, neglecting 
the hyperfine matrix elements nondiagonal in J. The 
matrix elements for AJ = +1 may be worked out from 
Sec. 5 and the Appendix. Thus, we have for the sym- 
metric and antisymmetric A doubling states 


W sa=(+|H|+)4(+/4]-), 


with 


b+ce I-J 
are 


(+/H +)=(0- 
y 


d(J+4) 
(+|H| -)=——I J, 
2J(J+1) 


where 


d=(+II|¢| —I1) 


£TMOMN 6(r;) 3 : 
95 neo ——-—— } sin*x]. 
2 re r,3 Ay 


Electronic wave functions which contribute to this 
+II—— II matrix element will vanish near the nucleus 
sufficiently rapidly so that the first term of the above 
expression for d will be negligible compared to the 
second, 

For case 6 molecular states the same symmetry 
properties of the matrix elements obtain as in case ag 
and the discussion given above applies for case b with 
the rotational angular momentum K replacing J. Ex- 
pressions similar to Eq. (6.5) may be developed from 
the formulas of Sec. 7, with the important difference 
that in case } the electron spin is quantized in the 
laboratory rather than in the molecular frame. 


7. SECOND-ORDER EFFECTS 


In this section are considered effects which arise from 
those matrix elements of the magnetic hyperfine inter- 
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action [Eq. (2.6] which are off diagonal in A, or off 
diagonal in A in Hund’s case a. Levels which correspond 
to different values of the axial orbital angular momen- 
tum A, or in case a to differentel ectron spin com- 
ponents, are in general separated by energy intervals 
which are very large compared to the hyperfine inter- 
action energy. The special features due to the +0 
degeneracy (A doubling) are treated in Sec. 6. These 
second-order effects in the general case give only small 
corrections to the first-order hyperfine structure, the 
theory of which is developed in Secs. 4 and 5. There are, 
however, several special cases in which these effects are 
of importance. In addition to the A doubling effects, 
there is the large class of molecular states with no first- 
order hyperfine structure, e.g., ‘2 states, in which these 
second-order effects (and the nuclear electric quadrupole 
perturbation) constitute the whole of the hyperfine 
structure. The treatment of the hyperfine level structure 
in molecular cases intermediate between Hund’s case a 
and case 6 also involves some of these off diagonal 
matrix elements. 

The matrix elements of the first term of Eq. (2.6), 


e ul’ 


mc r}* 





, (7.1) 


may be written 


| 1 
2ernasn( A | sUele’+ TyLy'] 
ry) 





st1), (7.2) 


The magnetic interaction of the nuclear spin moment 
with the electron spin moment [Eq. (2.6) ] yields matrix 
elements off diagonal both with respect to A and -with 
respect to 2. The elements off diagonal in A arise from 
the terms in (2.6) of the form (I-r)(S-r), which appear 
both in the ordinary spin-spin interaction and in the 
‘relativistic’ term. The terms which contribute off 
diagonal matrix elements may be expanded in the 
molecular frame of reference as 


om) 


r 
es - 
x | ye eye tiie) 





3 
2ernaus| —— 
r;? 


+e%*(T.—ily)(Se—iSy)] 
+sinx cosx[e~‘*{ (J+ ily) Sy 
+(Set+tSy Me Hee {le —ily Se 


+(S2—iSy)e DH}. (7.3) 


Clearly, the first term, with factors e**‘*, in this ex- 
pression connects states of AA=+2. These terms are 
discussed in connection with the A doubling of II states 
in Sec. 6. 
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Terms in the hyperfine coupling which are off di- 
agonal in 2 only are of interest in cases intermediate 
between Hund’s case a and case 5. Such matrix ele- 
ments arise from the spin components perpendicular to 
the symmetry axis (in I-S) in Eq. (4.7). In a Hund’s 
case a representation, the operator may be written 
conveniently in the form 


F(p, xat Te— ily)(Se+ iSy’) 
a i ae +ily)(Se— tSy')} 
= F(px)}{I-(x’—iy’)(Se+iSy) 
+1. (x’+iy’)(Se—iSy)}. (7.4) 
The S,+iS, operator acts only on the internal elec- 
tron spin wave function, and the matrix elements of 
(x’+-iy’)/2 are, with respect to the rotational wave 
function, the same as those of a unit vector i’, and are 
given in Appendix I. Thus, the matrix elements of 
expression (7.4) connecting [+2+1 and 2--2+1 have 
the form 
A(1-#’)((S+2)(S—Z+1)]}'. (7.5) 
For a good case a state, the effect of these matrix 
elements between members of a multiplet may be taken 
into account as a second-order perturbation. For a real 
intermediate case these matrix elements would be sub- 
jected to the appropriate transformation from case a. 
There is another interaction with matrix elements off 
diagonal in A which should be mentioned here. This is the 
interaction of the electric quadrupole moment of the 
nucleus with the electrons. This interaction has been 
discussed extensively by Casimir,! and its matrix ele- 
ments diagonal in A have been given by many authors.** 
In our notation, this interaction may be written 


eQ 3 cos*x—1 3J,?—J? f 3 sinx cosx 
1(2I—1)|—2r3 5 eee 
X (Ue Ue -ily)+ ae —Ty Ta Je” 
+e (le t+ily)+ le+ily le je*} 





3 si 
oY 
8 





n? 
~[etie(Le—ily) ele tilly) , (7.6) 
"1 


where Q is the electric quadrupole moment of the 
nucleus as defined by Bardeen and Townes.‘ The terms 
in e**‘* may affect the A doubling in case b. 

Except for the case of A doubling described in Sec. 6, 
the matrix elements of (7.2) or (7.3) would by them- 
selves yield negligible effects in a second-order calcula- 
tion. There are, however, certain “molecular” matrix 
elements which are off diagonal in A and which, when 
taken in cross terms with (7.2) or (7.3) yield observable 
hyperfine structures, even in 'Z states. 

We shall give here the effects in 'Z states which arise 
in second order from the interactions with the electron 
orbital currents, expression (7.2). The spin effects of 
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Eq. (7.3) are of the same general form. Semiclassical 
treatments (large values of J) have been given previ- 
ously.’ We write (7.2) in the form 


hal (Le +ily’) Te —ily)+(Ly'—iLy’)Te+il,) J. 
(7.7) 

This term in second order yields§$ 

a? (2|L’1|11)? 

—¥ fk) 10+ 1), (78) 
4u AEsn 
in which the summation is extended over all II states 
to which there is a nonvanishing (2|Z.1!II) matrix 
element. The dependence on F of the expression in 
square brackets is given by C(C+1) with C=F(F+1) 
—I(I+-1)—J(J+1). This is of exactly the same form 
as the hyperfine level perturbation developed by an elec- 
tric quadrupole moment. The quantity }-n (Z| Z+| Il)’, 
AExn cannot, in general, be evaluated. For a very simple 
model with the total orbital angular momentum a good 
quantum number (Van Vleck’s hypothesis of pure pre- 
cession),* the value L(L+1)/AEsn, is obtained for 
this quantity. The order of magnitude of this effect is 
Exts?/AEzn, which will be quite negligible in almost 
all cases. 

The perturbation terms in the molecular Hamiltonian 
which arise from the nonseparability of electronic and 
rotational motion, and which lead to the “A doubling” 
observed in molecular spectra give nonvanishing ma- 
trix elements between 2 and II states and these may 
form cross terms with the magnetic hyperfine operator 
(7.2). The A doubling operator is® 
B(2| Lil MCJ(J+1))}! 

| Tpx| 
-2B(2)Ly'+" — n)LU+)}. (7.9) 
h | 

Another molecular operator with similar properties 
is the interaction of the electrons with an external mag- 
netic field. For ' molecules there is no first-order inter- 
action, but there exists the operator 


po(Lex’+L,-y’)-H, 


which has matrix elements of the form yo(2| 2 1| 1)i’- H. 
The cross term of the first term of (7.9) with (7.2) is 


(7.10) 


(>| LZ’ 1] 1)? 
2 4aB 
tl iAEzn 


[J(J+1) }'d-7’) 


(3|-L' 1| 11)? 
= > —————2aB(I-J). (7.11) 
0 AEsn 


This term accounts for most of the observed I-J inter- 
action in 'S states. There is a small contribution from 
the ‘direct’ I-J interaction of the nuclear motion dis- 

§ In Eqs. (7.8), (7.11), and (7.17) the matrix elements have been 


written as if the radial integrals could be factored from the angular 
momentum operators. 
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cussed in Sec. 8. For the case of a positive nuclear 
moment the term above is positive. 

The cross term of the second term of (7.9) with (7.1) 
gives a negligible hyperfine level shift. We will now 
examine the second-order cross term involving the 
matrix elements of the second term of (7.9) with those 
of Ly’ We have 
e 
—T Hy’ 
mc 

(2| pz | 1)(M| L,-’/r,3| 5) 
ys Fe Prt pe |2) 
u 


AExn 





(7.12) 


The summation is extended to all excited ITI states. Now 
since 


Pin i 
—* [E.-— E, Jrin; 


mih 


(7.13) 


* 


this expression becomes 


€ im LE. 
—rhy—( 2- 
me h 


and since [L,’, x’ ]=—iz;’ we have for the cross term 


(7.14) 


B 
) =—&.(y-J)r, (7.15) 
Ay he 


e 2B ms 
- wer JI+1) 
c h ri} 


noting that the matrix elements of w-y’ are just 
un(I-J)/2[J(J+1)]!. &, is the magnitude of the elec- 
tronic field produced by the electrons at the nucleus. 
The first term of Eq. (7.2) gives a contribution equal to 
(7.15), giving finally 


2(B/he)&.(u-I)r. (7.16) 

This term is just canceled by an equal contribution 

from the rotational motion of the nuclei (see Sec. 8). 
The cross term of (7.2) with (7.10) is 


(=|Z.| 1)? 
E eu— (e—ily)(He+iHy) 
ul 


AExsn 


(2|aZ.| 0)? 
=5 ow——-——_{1-H-(1-k’)(H-k’)]._ (7.17) 
il 


“20 


This expression represents the effect of the diamag- 
netic shielding of the nucleus by the electrons in the 
presence of an external magnetic field. This effect has 
been discussed extensively by Ramsey’ and will not 
be considered further here. 

For completeness we consider the cross term of (7.9) 


3 N. F. Ramsey, Phys. Rev. 78, 699 (1950). 
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and (7.10): 


gmeale 
x 2B ey LI T+ Dh’ —iy’)-H 


bt iA Ail 


(2|Li| 1)? 
= 2uoBX ————(J-), 


“Ill 


(7.18) 


which yields the electronic contribution to the molecular 
rotational magnetic moment: 


(=| £1] 1)? 
—— —--J. 
n AExny 


(7.19) 


2 wo. 


8. NUCLEAR SPIN-ROTATION INTERACTION 
IN '% STATES 


In addition to the second-order electronic I-J inter- 
action of Sec. 7, there is also the interaction of the 
nuclear magnetic moment with the magnetic field pro- 
duced by the rotation of the heavy particles themselves. 
This interaction term is 


[exp] 
—Z2—w1' ; 
Moc p* 


(8.1) 


where M, is the reduced mass, p the distance between 
the nuclei, and p=f2=—/;. Account must be taken 
here of the relative motion of the two nuclei. Following 
the procedure of Sec. 7, we write (8.1) in the form 


ui [o2Xp] 
Mcp? 


Z ur rk’ xp] 


cp*Mo 


THI Sh poh 
+ &y—— uJ, 
M op’ CM op? 


(8.2) 


=ON 


where &y is the electric field produced at the position of 
nucleus 1 by nucleus 2. p: is the distance from the cen- 
ter of mass nucleus 2. The first term of (8.2) added to 
(7.16) gives just 


th 
x [total electric field at 1). 
M op*c 


(8.3) 


The electric field at the equilibrium position of a nucleus 
is zero. The second term of (8.2) is to be added to (7.11) 
and contributes to the I-J interaction. 


9. INTERACTION WITH AN EXTERNAL FIELD: 
SELECTION RULES AND INTENSITIES 


The contribution of each electron to the electronic 
dipole moment is the vector er’ with components ex’, 
ey’, and ez’ in the molecular coordinate system. 

The magnetic dipole moment operator in case ag is 
the sum of two parts: 
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(1) The electronic contribution, a vector in the mo- 
lecular frame of reference with components: 


(uols+2uoS2)x’; 
(uoly+2uoS,)y’ ; 
and = (poly +2yoS,’)2. 
(2) The nuclear moment vector gryyI in the labora- 
tory system. 
In case bs, the magnetic moment is the sum of: 


(1) polsx’; wolyy’; uoAz’ in the molecular coordi- 
nate system. 


(2) The vector 2ueS+gzuyl in the laboratory system. 
Diagonal values of the magnetic moment operator yield 
the first order Zeeman effect. Nondiagonal values of the- 
electric and magnetic dipole operators give the selection 
rules and the intensities in electric and magnetic dipole 
transitions, as well as higher order Zeeman and Stark 
effects. The diagonal matrix elements of the magnetic 
interaction in case a are 
(9.1) 


Q 
(A+22) uo m H+ grunmsH 
J(J+1) 


in strong fields, and 
Q FF+1)+JU+0)—-10+9) 
(A+ 22)us—— 
J(I+1) 2F(F+1) 
F(F+1)— JJG+Y)+1C+0) 
2F (F+1) 








+ £1bn 


in very weak fields. The presence of A doubling does not 
affect these diagonal values. In case 6 the diagonal 
magnetic interaction is 


A? JI+1)—S(S+)+K(K+1) 


—— om 


K(K+1) 2 (I+1) 
JI+1)— K(K+1)+S(S+1) 


—— my 


2J(J+1) 





+2p0- 


+grunmy (9.3) 


in strong fields, and in weak fields for the J representa- 
tion (Sec. 5) it is 
JJ+1)— S(S+1)+K(K+1) 


2J(J+1) 
J(J+1)— K(K+1)+S(S+1) 
Lapa RNS SA Rr aR I 


2I(J+1) 
—_ | 
mrp 


A? 
fine i 
K(K+1) 


2F(F+1) 


F(F+1)—JJ+1)+10+1) 
+ 814.—-—— mp. (94) 
2F(F+1) 
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The off diagonal matrix elements of the electric or 
magnetic dipole moment components may be worked 
out from the matrix elements of the direction cosines 
of the molecular coordinate system given in the Ap- 
pendix, together with the formulas taking into account 
the vector coupling.” In the interest of brevity the 
results will not be given here.® 

Some examples of the use of the off diagonal matrix 
elements have been given in Sec. 7. The selection rules 
for the diatomic molecule are well known‘ and need only 
be extended to include the usual rule, AF=0, +1. 


10. APPLICATIONS 


The oxygen and nitrogen oxide molecules appear to 
be the only examples so far observed of a first-order 
magnetic hyperfine spectrum. 


O'4O!7 


The coupling of the electron spin to the molecular 
rotation in a *Y state has been shown"! to arise in part 
from the second-order effect of the spin orbit interaction 
orbital angular momentum components perpendicular 
to the axis, and the A doubling interaction [expression 
(7.9) }. Matrix elements of these operators between *2 
and *II states yield in second-order energy perturba- 
tions in the *S level of the form discussed in Sec. 6 
Eq. (5.8). Kramers" has shown that, in addition to 
these second-order terms, there is the spin-spin inter- 
action of the electrons, which contributes terms of the 
same form as the above. The final energy positions of 
the levels J/= K+1, K, K—1 are then 


+1 
W y= Wo—2A——+- un K +1), 
2K+3 


Wx=Wo, 


a -— pK, 


Wei= Wo—2d 
2 


for AB. A ‘nore exact formula has been given by 
Schlapp" for the case BX. 

The first-order magnetic hyperfine structure for a *Z 
state is given by the case bg expression (5.5): 


bI-S+c(I-k’)(S-k’). (10.2) 


This quantity must be expressed in the Fy, J, or F; 
representation. For O2 we have \=1.984 cm~! and 
n= —0.0084 cm~!5 Thus, it appears likely that the 
coupling of S to K will be greater than the hyperfine 
interaction, and the J representation is appropriate. 
The diagonal expressions for the hyperfine levels in this 


“H. A. Kramers, Z. Physik 53, 422 (1929). 
 R. Schlapp, Phys. Rev. 51, 342 (1937). 
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representation are 
F(F+1)—J(JJ+1)—I(+1) 
2J(J+1) 
(K+2)[b+c/(2K+3)] for J=K+1 
X4b+e for J=K 
(K-1)[—b+c/(2K—1)] for J=K-1. 





W rsK= 


(10.3) 


Higher order corrections, proportional to b?, and c?, etc., 
may be obtained from the matrix elements of (10.2) 
according to the methods given in Sec. 5. A comparison 
of (10.3) with the spectrum of O"*0" will be published 
separately by Dr. S. L. Miller. 


Noe 


Beringer and Castle'® have observed the microwave 
spectrum of NO gas in rather strong magnetic fields. 
Margenau and Henry, and Henry” have given theo- 
retical analyses of the spectrum. Their results are de- 
rived from an incomplete Hamiltonian. 

In the experiments of Beringer and Castle, the A 
doubling was not resolved. Its effects are not included 
in our analysis. (The writers have been informed by 
Professor Beringer'* that in a considerably more accu- 
rate experiment, the A doubling and the related hyper- 
fine structure effects in NO have been resolved. For this 
reason only, a summary of the analysis of the previous 
results will be given here.) 

The ground state of NO is represented quite well by 
Hund’s case a. In this representation the hyperfine 
Hamiltonian including all effects diagonal in A is 


CaA+(b+0)D](I-k) +b eSetlySy). 


The second term gives matrix elements only between 
*I1, and *II, states (see Sec. 7). This effect is expected 
to be small, and in fact it was possible to account for 
the observed spectrum without including it. 

The energy levels in a strong magnetic field (~ 8500 
gauss) were obtained in the following way: The Zeeman 
matrix, including elements of the Zeeman Hamiltonian 
connecting J= 3/2 and J = 5/2 was solved exactly. (The 
effect of the J=7/2 level on J=3/2 states was found 
to be negligible.) The resulting states were then cor- 
rected by a second-order calculation of the effects of 
the states of *II;. This calculation employed the matrix 
elements of the magnetic field between *II,; and 7, 
states, and the rotational] distortion of the spin multi- 
plets® (incipient case 6). The final linear combination 
of eigenfunctions was employed to obtain the magnetic 
hyperfine structure from (10.4). An agreement with 
the observed spectrum to 0.05 percent was obtained 
employing (aA+(b+c)2) = 0.002607 cm—. 

© R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950). 

17H. Margenau and A. F. Henry, Phys. Rev. 78, 587 (1950); 


A. F. Henry, Phys. Rev. 80, 549 (1950). 
18 R. Beringer (private communication to the authors). 


(10.4) 
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APPENDIX 
We require matrix elements of operators of the form, 


eFike].(x’ iy’), (Al) 


where k=O, 1, 2. Since the wave functions are of the 


form, 


Ose u(O)eteeiM¥, (A2) 


the integrals giving matrix elements are of the form, 


SOs wre iA %¢ iM ¥ pF ik e] 


+(x’ tty’) Osa eA” eeiM'Vd7, (A3) 


If we perform the ¢ integral, we are left with the 
quantity, 


S Osam*e- 1 (x’ biy’) Oya we™’¥ sinddédy, 


to evaluate. In this connection it is convenient to define 
a Cartesian coordinate system with unit vectors i’j’k’, 
related to the fixed space frame through the usual 
Eulerian angles (see Fig. 4). In this Eulerian system, 
the x’ axis is along the line of nodes, and the y’ axis is 
related to it in the usual right-handed way. The electron 
is located on the i’ axis. We may write 


(A4) 


i’=x’ cose¢+y’ sing 
= (x’+ iy’) (e~*#/2)+ (x’—iy’)(e'*#/2), (AS) 
and hence, we see that 


(Q|i’|9+1)=} fO som* 


Kei M(x’ iy) Oyoriwe™’Y sinddedy. (A6) 


The unit vectors i’j'k’ are T vectors in the notation 
of Condon and Shortley," that is, they commute with 
the components of J in the laboratory system according 
to [J., Ty ]=ihT., etc. Then, their matrix elements are 
of the form, 

(aJm|T | a’ J+1m+1)=¥(aJiTia’J+1) 
«4 (Jam+1)(Jam+2) (iti), 
(aJm|T| a’ J+1m) = (aJ?Tia’ J+1) 
XC(J+1)?—m?*]ik, 
(aJm|T | a’ Jm+1) = (aJ?Tia’J) 
X$[(JFm)(J+m-+ 1) }(i+7), 
(aJm|T| a’ Im) =(aJiTia’J)mk, 
(aJm| Ta’ J—1m+1)=+(aJ:Tia’J—1) 
X4[(Jm)(J=m— 1) }(i+ij), 
(aJm|T | a’ J—1m) = (aJ?Tia’ J—1)(J?—m?*)'k 


(A7) 


in which i, j, k are the XYZ unit vectors in the labora- 
tory system. From King, Hainer, and Cross” we obtain, 
with a change of phase to conform to the choice of 


rs Cross, Hainer, and King, J. Chem. Phys. 12, 210 (1944). 
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Fic. 4. The Eulerian coordinate system i’j’k’ with @ and Was 
chosen by King, Hainer, and Cross. The plus and minus x’ and 
minus y’ axes are marked. For proper phase and angles as chosen 
by Condon and Shortley and Van Vleck one should let j—i, 
i+—j, and (ou+-=. t then is the angle between the i axis and 
the projection of k’ on the ij plane. 


angles of Van Vieck® and the phases of Condon and 
Shortley,”” 
CJ+2+1)(J-2+1)}! 
(JQik’:J+12)=— , 
(J+1)[(2J+1)(2J+3)]? 


{ 





(JQ:k’:JQ)=——,, 
J(J+1) 
(2-2) 


—12)=— 
Tas? 21)! 


(JQik’ J 
(A8) 
_ (Ut0+IUt0+3) )} 


UHI ME (27-+1)(254+3)}" 


g33" (J+0)J+0+1)} 
(JQii'/ Fi JN+1)=- 


(JQiy'/F a'2J+12+1)= 


2J(J+1) 
eo [(J2)(JFQ—1)}! 
(JQ: /F aT — 10+ 1) = +—_—____——_——_ 
2J(4J?—1)4 
It should also be noted that, in the rotating frame, 
(2|Sy+iS,|2+1)=[S(S+1)—2(S41)}, (A9) 
and, in the laboratory frame, 


(ms|Sx=FiSy|ms+1) 
=[S(S+1)—ms(ms+1)]', (A10) 


etc 
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rhe nuclear spectra of Rb® (6.3 hr) and Rb™ (34 days) have been measured with a magnetic lens spec- 
trometer. Rb® emits two positron groups of energies 0.775 and 0.175 Mev. It also decays by orbital] electron 
capture. A large number of gamma-rays accompanies the disintegration (Table I). Reasonable agreement 
with the gamma-rays emitted by Br® has been obtained. Rb* emits three groups of positrons having 
end-point energies of 1.629, 0.822, and 0.373 Mev. One gamma-ray whose energy is 0.890 Mev has been 
found. Level diagrams for these disintegrations are discussed. 





1. INTRODUCTION 


HE radioactive nuclei Rb® and Rb™ have been 

studied by a number of authors. Bombardment 
of bromine by high energy a-particles produces Rb* 
(4.7 hr), Rb® (6.3 hr), Rb® (107 days), and Rb* (34 
days). The mass assignment and periods of these 
activities were studied carefully by Reynolds, Karraker, 
and Templeton! and by Karraker and Templeton.’ The 
mass assignments were made with the help of a mass- 
spectrograph and the half-lives were measured with a 
counter. They found that, for lower energy a-particles 
(<20 Mev), the a-2n reaction was weak compared to 
the a-n, so that activities were characteristic of Rb® 
and Rb™. Both Rb® and Rb* are positron emitters, 
and there is some orbital electron capture. They state 
that the end point of the positron spectrum of Rb® is 
0.670+0.05 Mev and that of Rb® is 1.5 Mev, with a 
lower energy group about 0.37 Mev. 

Beckham and Pool* bombarded krypton with a- 
particles and deuterons. The rubidium activity showed 
a half-life of 38 days. They found that both positrons 
and electrons were emitted, the positrons having an 
end-point energy of 1.3 Mev, as measured by aluminum 
absorption. This activity is ascribed to Rb*. 

Taste I. Gamma-rays of Rb®™. Energies are in kev. 
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1 Reynolds, Karraker, and Templeton, Phys. Rev. 75, 313 
(1949). 

2D. G. Karraker and D. H. Templeton, Phys. Rev. 80, 646 
(1950). 

*C. Beckham and M. L. Pool, Phys. Rev. 80, 125 (1950). 


It is clear that Rb® decays to Kr® and that Rb™ 
decays to Kr* with some possibility of decay to Sr™. 
The energy levels of both Kr® and Kr™ have been at 
least partially investigated from a study of the decay 
of Br® and Br®™. 

Siegbahn, Hedgran, and Deutsch,‘ and Hubert and 
Laberrigue-Frolow,® have studied the radiations from 
Br®. The former studied the gamma-rays by means of 
photoelectrons and internal conversion electrons, while 
the latter measured only the photoelectrons. In all, 
some eight gamma-rays were observed. Their energies 
are shown in Table I. Work on the beta-ray spectrum 
has not been published, but Siegbahn® has found at 
least three groups. The decay scheme appears to be 
quite complicated. 

The beta-rays of Br* have been investigated by 
Duffield and Langer’ who found four groups of beta-rays 
having end-point energies of 4.679, 3.45, 2.53, 1.72 Mev. 
The gamma-rays were not measured. 

In order to obtain additional information on the 
levels of Kr® and Kr™ an investigation of the radiations 
from Rb® and Rb* has been undertaken. 

2. PREPARATION OF SOURCES 

The sources were prepared by bombarding am- 
monium bromide with alpha-particles in the Indiana 
University cyclotron. The material was covered with a 
1-mil copper foil to reduce the energy of the alpha- 
particles, originally 23 Mev, below the threshold for 
the a,2m reactions. The current to the target had to be 
kept low, around 5 microamperes, in order not to 
vaporize the NH,Br. 

After bombardment the source was dissolved and 
any extraneous copper removed by precipitation with 
H.S. The material was then made 0.1V in HCl and 
run through an ion column, measuring the activity of 
aliquots as a function of time. The rubidium which 
came through the column was essentially carrier free. 

Beta-ray sources were prepared by evaporating a 
drop of the concentrated material onto a thin zapon 
film. Gamma-ray sources were prepared by soaking up 
~ 4 Siegbahn, Hedgran, and Deutsch, Phys. Rev. 76, 1263 (1949). 

5 P. Hubert and J. Laberrigue-Frolow, Compt. rend. 232, 2420 
(1951). 


* K. Siegbahn (private communication). 
7R. B. Duffield and L. M. Langer, Phys. Rev. 81, 203 (1950). 
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NUCLEAR SPECTRA OF Rb** AND Rb*! 


a few drops of the concentrated material on cotton and 
placing this in a copper capsule. 


3. MEASUREMENT OF THE SPECTRA 








Measurements of the spectra were made in a magnetic 
lens spectrometer. Two different types of counters were 
used, one having a 4-mg/cm? mica window and one 
having a thin Zapon window capable of transmitting 
electrons down to 10 kev. Measurements of the beta- 
spectrum of both Rb® and Rb®™ were made. In meas- 
uring the spectrum of Rb®, short bombardments of 
about 1 hour were made, the spectrum was measured, 
and the source was allowed to sit in the spectrometer 
until the 6.3-hour Rb® had died away. The spectrum 
of the residual activity of Rb* was then measured, and 
corrections were made to the Rb® spectrum. In investi- 
gating Rb™, 5-hour bombardments were used, and the 
Rb® was allowed to die out before measuring the 
spectrum. The energies of the gamma-rays from Rb™ 
were determined by measuring the energies of the 
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Fic. 1. Spectrum of photoelectrons ejected from Pb by 
gamma-rays of Rb®. Energies are in kev. 


photoelectrons ejected from both lead and uranium 
radiators. The sources of Rb™ were not strong enough 
to permit measuring the gamma-rays in the magnetic 
lens. 


4. RESULTS ON Rb*® 


The distribution in energy of the photoelectrons 
ejected from lead and uranium radiators are shown in 
Figs. 1 and 2, respectively. It will be seen at once that 
a large number of gamma-rays are present, some of 
them of quite low intensity. The energies of these 
gamma-rays as determined from the measurements of 
the photoelectrons ejected from lead and uranium 
radiators as well as the values determined from internal 
conversion lines are given in Table I. Some of the very 
weak lines did not appear in more than one run and are 
left out of the table. Only those lines which appeared in 
at least two runs are given. Since the half-lives of Rb® 
and Rb*! are not too different, it would be impossible to 
rule out Rb* impurities on the basis of period measure- 
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Fic. 2. Spectrum of photoelectrons ejected from U by 
gamma-rays of Rb®. Energies are in kev. 


ments. It is felt, however, that the method of prepara- 
tion excludes the possibility of any Rb*. It is interesting 
to note that all of the lines found by Siegbahn, Hedgran 
and Deutsch, or Hubert and Laberrigue-Frolow in their 
measurements on Br™ have been found in Rb® and all 
are internally converted. It was not possible to make 
relative intensity measurements on the lines. However, 
it is clear that the strongest line is that at 0.768 Mev. 

The results of the measurements of the particle 
spectrum are shown in Fig. 3. These experiments were 
performed using a magnetic lens spectrometer without 
any device to separate particles of different sign. Both 
positrons and internal conversion electrons are recorded. 
It will be seen that many of the lines previously investi- 
gated in the gamma-ray experiments are internally 
converted. In addition, four other internal conversion 
lines, together with an Auger line, were found. The 
most intense internal conversion line is that whose 
gamma-ray energy is 0.188 Mev. 

Figure 4 shows a Fermi plot of the positron spectrum. 
It will be seen that there are two groups whose end- 
point energies are 0.775 and 0.175 Mev. The energies, 
relative abundances, and values of log ft are given in 
Table II. 

All of the gamma-ray lines, the two beta-ray groups, 
together with the three known beta-ray groups from 
Br®—0.447, 0.323, and 0.181 Mev—can be fitted 
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Fic. 3. Particle spectrum of Rb®. Energies are in kev. 
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Fic. 4. Fermi plot 
of positrons from 
Rb®. 


reasonably well into a disintegration scheme. However, 
since the scheme is very complicated and the informa- 
tion on the intensity of the gamma-ray lines is meager, 
the scheme may not be unique. A possible tentative 
scheme, which omits only a line at 1.260 Mev, is 
shown in Fig. 5. The strongest line is the one at 0.768 
Mev, and this would appear to be at the bottom of the 


TABLE II. Positrons from Rb®. 








Abundance (percent) 
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log ft 








scheme. No other line is of comparable intensity. The 
two positron groups feed the first excited level and the 
second excited level, respectively. The gamma-ray of 
0.610 Mev corresponds to the difference in energy of 
these two states. The higher levels, fed by orbital 
electron capture, are less certain. 
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Fic. 5. Tentative energy level diagram of Kr®. 
Energies are in Mev. 
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The values of logft for the two positron groups 
indicate that each is an allowed transition. The shell 
model would give several possibilities for the configur- 
ations of 37Rby and ssBrs7". If one chooses the 
configuration (f5/2, p12) for Rb™, this state will have 
even parity and a spin of 3. Thus the transition to the 
ground state of Kr® (0, even) would be forbidden and 
the transitions to the first two excited states would be 
allowed if the spins and parities of the ground and first 
two excited states of Kr® are 0, 2, 4 and even. For Br®, 
on the other hand, the most likely configuration is 
(ps/2, 9/2) which would give a high spin and odd parity, 
explaining why no transitions to the lower excited 
states of Kr® occur. The above configurations are in 
agreement with Nordheim’s Rule. 


5. EXPERIMENTS ON Rb* 


The beta-ray spectrum of Rb* was measured both 
in a 180° spectrometer and in a magnetic lens spec- 
trometer. The results in the two cases are essentially 
in agreement. The experiments using the 180° spec- 
trometer assured, of course, that positrons were being 
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Fic. 6. Positron spectrum of Rb®, 


measured. The magnetic lens was used without a 
separating baffle. 

The spectrum obtained using the lens spectrometer 
is shown in Fig. 6. A Fermi plot of the data is shown 
in Fig. 7. It will be seen at once that the high energy 
group of positrons has a forbidden shape. Applying the 
shape corrections for a transition of the type Aj=+2 
yes, a straight line Fermi plot was obtained. The 
spectrum could then be analyzed into three groups as 
shown in Table III. The lowest energy group is quite 
weak and may not be real. It is to be noted that the 
value of log(W.?—1) ft for the highest energy group is 
in accord with the usual values obtained for transitions 
of the type Aj= +2, yes. 

Since the sources used were too weak to allow one to 
measure gamma-rays in a magnetic spectrograph, 
internal conversion electrons were sought in the 180° 
spectrometer and a gamma-ray was also found using a 
scintillation spectrometer. The electron spectrum as 
measured in the 180° spectrometer showed a weak 
internal conversion line corresponding to a gamma-ray 
of energy 0.890 Mev. 











A careful search was made using a scintillation 
counter with a Nal(Tl) crystal. A gamma-ray, whose 
energy is 0.890 Mev, was found. No other gamma-rays, 
except a line at 0.510 Mev corresponding to annihila- 
tion radiation, were found. 

In order to see whether or not the most energetic 
group of positrons goes to the ground state, the usual 
type of coincidence experiment was performed. A source 
was set up between two counters, one to measure 
gamma-rays and the other, an end-window counter, to 
measure positrons. With enough aluminum between 
both counters to stop all positrons, a gamma-gamma 
coincidence background was obtained. This, of course, 
included coincidences due to annihilation radiation. 
The positron-gamma coincidence rate was then meas- 
ured as a function of the thickness of aluminum ab- 
sorber. These measurements were corrected for chance, 























Fic. 7. Fermi plot for positrons from Rb™. 


cosmic-ray, and gamma-gamma coincidences. The 
results are shown in Fig. 8, in which the number of 
positron-gamma coincidences per recorded positron 
(Ngy/NsX10*) is plotted against absorber thickness. 
There are no coincidences beyond 0.1 cm Al absorber 
(0.750 Mev), indicating that the highest energy group 
goes to the ground state. Coincidences are found for 
positrons of energies less than approximately 0.750 Mev, 
showing that the second group of positrons is followed 
by the emission of a gamma-ray. 

Since Rb*™ lies between two stable nuclides—Kr* 
and Sr—it is possible that Rb™ also decays by electron 
emission. The experiments with the 180° spectrometer 
showed that there was a small background of electrons, 
which was only a few counts per minute above the 
background. If there is a group of electrons its intensity 
must be extremely small. 

These experiments on Rb™ show that it disintegrates 
with the emission of three groups of positrons. The 
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Taste III. Positron spectrum of Rb*. 


Abundance 
EMev percent log ft log( We? —1)ft 
1.629+0.005 39 9.24 10.44 
0.822+0.05 58 8.15 — 
8.87 _ 


0.373+0.05 3 








highest energy group goes to the ground state and has 
a forbidden shape characteristic of a once forbidden 
spectrum with Aj=+2. The second group goes to a 
state at 0.890 Mev above the ground state and is 
followed by the emission of a gamma-ray. The third 
group is extremely weak and no gamma-ray corre- 
sponding to transitions to the ground state has been 
found. 

The results of this investigation are embodied in the 
decay scheme shown in Fig. 9, and it is of interest to 
discuss this scheme in the light of theoretical predictions. 
The shell model would predict the configuration 
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(foy2) Pry2) Or (fsy2, 89/2) for the ground state of 37Rb47™. 
Since the ground state of Kr™ has zero spin and even 
parity and since the positron transition from Rb® to 
this state corresponds to Aj=2 and a change of parity, 
it follows that the ground state of Rb®™ has spin 2 and 
odd parity. This suggests the configuration (f¢,2, go/2) 
for the ground state of Rb™. The second positron 
transition has an allowed shape and a value of log ft 
=8.2. This suggests that the transition is Aj=0, yes, 
which would make the first excited state have spin 2 
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Fic. 9. Energy levels of Kr™. Energies are in Mev. 
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and even parity. Flammersfeld* has shown that there 
is an excited state of Rb™ having a half-life of 23 min 
and emitting internal conversion electrons whose energy 
is approximately 0.320 Mev. Recent experiments in 
this laboratory’ have delineated the excited states of 
Rb* more exactly. The results of this investigation 
are shown for completeness in Fig. 9. The governing 
metastable state was found to have a half-life of 21 min. 

It appeared difficult to reconcile the original decay 
scheme of Langer and Duffield’? for Br with that 
proposed here for Rb*. When the results of the present 
experiments becameknown, Dr. Langerand Dr. Duffield” 

* A. Flammersfeld, Z. Naturforsch. 5a, 687 (1950). 

*R. S. Caird and A. C. G. Mitchell (to be published). 


10 The authors are indebted to Dr. L. M. Langer for communi- 
cating to them the results of their experiments. 
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measured the gamma-rays from Rb* with the help of 
a scintillation spectrometer. Their results show a strong 
gamma-ray of energy 0.890 Mev and a weaker one of 
energy 1.89 Mev. It is now believed that the original 
decay scheme was incomplete and that the highest 
energy beta-ray group does not lead to the ground 
state, as originally supposed, but to an excited state 
from which the gamma-ray at 0.890 Mev is emitted. 
The authors are indebted to Dr. M. B. Sampson 
and the cyclotron group for making the bombardments. 
They wish to thank Dr. R. G. Wilkinson for making 
the measurements on the 180° spectrometer and Mr. 
R. S. Caird for making the measurements with the 
scintillation spectrometer. They are indebted to Mr. 
Arthur Lessor for making the chemical separations. 
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Total Neutron Cross Section of Sodium* 
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The total neutron cross section of sodium has been measured over the energy range 120 to 1000 kev 
using resolutions of 2.5 to 5 kev. A number of resonances, corresponding to excited states in the compound 
nucleus Na™ were investigated. In some cases it is possible to assign J and / values and to compute the 
effective level spacings Ds'. Evidence is given to show that the D,', which are a measure of the complexity 
of a state, differ by a factor of 8 for two states of the same type and at approximately the same excitation 
energy (7.5 Mev) in the Na™ nucleus. An anomalous S-wave resonance at 300 kev suggests that the potential 


scattering may be spin dependent 


INTRODUCTION 


HE recent good resolution work on_ the 

Na*(d,p)Na™ reaction by Sperduto ef al.' gives 
a detailed picture of the level structure of the Na™ 
nucleus up to an excitation energy of 4.6 Mev. The 
level structure at somewhat higher excitation energies 
(7.0 Mev and above) can be studied by measuring the 
total neutron cross section of sodium. Adair et al.? 
measured this cross section from 40 to 1000 kev using a 
resolution of 20 kev. Although they found a number of 
maxima, they concluded that their resolution was not 
adequate for any detailed interpretation. To learn more 
concerning these virtual levels we have measured the 
cross section using resolutions of 2.5 to 5 kev. 


* This work was jointly supported by the ONR and the Bureau 
of Ships 

t Now at Oak Ridge National Laboratory, Oak Ridge, Ten- 
nessee 

t Now at Harvard University, Cambridge, Massachusetts. 

1A. Sperduto and W. W. Buechner, Massachusetts Institute of 
Technology Progress Report LNSE (1952) (unpublished); Phys. 
Rev. (to be published). 

2 Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 
(1949). 


EXPERIMENTAL METHOD 


The experimental procedure for measuring the total 
neutron cross section was similar to that previously 
described.* Monoenergetic neutrons were produced by 
allowing protons of well-defined energy from the 
Rockefeller electrostatic generator to strike thin targets 
of lithium. The original proton-recoil counter was 
replaced by a new counter with an o.d. of 1 inch, 
effective length of 4 inches and 2-mil center wire, filled 
to 5 atmospheres of hydrogen gas and operated with 
3.5 kev on the center wire. This counter was approxi- 
mately twice as efficient and had a better signal-to-noise 
ratio. The ambiguity caused by the presence of the 
second group of neutrons from the Li(p,n) reaction at 
energies above 640 kev was removed, as before, by 
adjusting the bias to make the counter insensitive to 
the lower energy group. 

A metallic sodium scatterer, one inch in diameter and 
0.186 10% nuclei/cm? thick, was encased in a thin- 
walled (5 mil), air-tight steel cylinder. The scatterer 
and counter were placed at mean distances of 13 and 
30 cm, respectively, from the target in the forward 


* Hinchey, Stelson, and Preston, Phys. Rev. 86, 483 (1952). 
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¥ic. 1, Total newtron cross section of sodium. The dashed curve is the calculated potential s:attering 
for an interactive radius of 5.1 10~ cm. 


direction. With this geometry, the scattering-in correc- 
tion to the cross section is calculated to be approxi- 
mately 7.0X10-*go barn, where o is the cross section 
and g is the ratio of the differential scattering cross 
section in the forward direction to the average value. 
The value of g, although unknown, should not differ 
markedly from unity. The correction is therefore of the 
order of one percent. We have not applied the scat- 
tering-in correction since it is not precisely calculable 
and since it is less than the statistical error. 

For total neutron cross section measurements, the 
energy resolution depends on the energy spread of the 
incident protons, the target thickness, and the angle 
subtended by the neutron detector. For our experi- 
mental arrangement, with resolutions of 2.5 to 5 kev, 
the principal contribution to energy spread is the 
target thickness. The target thickness was determined 
by measuring the sharp resonance at 585 kev in the 
total neutron cross section of sulfur. ® 

The resulting curve of the total neutron cross section 
of sodium for the neutron energy range 120 to 1000 kev 
is shown in Fig. 1. In this energy range 12 resonances 
were observed. Not all of the experimental data are 
shown in Fig. 1; the resonances in the range 120 to 500 
kev were measured several times. Data for each reso- 


‘Peterson, Barschall, and Bockelman, Phys. Rev. 79, 593 
950 


Sif the measured width of the sulfur resonance is Ty, then 
AE, =(I'n?—I*)# where we take [=1.5 kev. From AE, we 


calculate AE,. From the knowledge of the variation of stopping 
power we obtain AZ, at other proton energies and then convert 
to AE,, the resolution at corresponding neutron energies. 





nance have been listed in Table I. Column 2 gives the 
resonance energies in the laboratory system, corrected 
for target thickness. In the case of S-wave resonances, 
where the position of the maxima is shifted appreciably 
by interference with potential scattering, the resonance 
energy was determined by fitting a theoretical curve. 

Columns 3, 4, and 5 give, respectively, A, the resolu- 
tion with which the resonance was measured; I'y, the 
measured width; and I’, the natural width calculated 
from the relation [?=I’,,?— A*. This does not apply to 
resonance 4, a narrow S-wave resonance, which is 
discussed below. 

In column 6 we list the experimentally determined 
values of the cross section for the resonances. In the 
case of resonances excited by S-wave neutrons, this is 
taken as the difference between the maximum and 
minimum values. For other resonances the value is 
taken as the height of the maximum value of or above 
the estimated “background” level. Column 7 lists the 
values obtained after corrections have been applied to 
take account of the finite value of the resolution 
employed. 


DISCUSSION 
A. J Value Assignments 


When the predominant interaction of neutrons with 
the nucleus is elastic scattering, a comparison of the 
measured value of the total resonance cross section 
with the predictions of theory permits the assignment 
of total angular momentum J. If the possibility exists 
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of other processes, such as (m,p), (m,a) or inelastic 
scattering, only a lower limit can be placed on J. In 
the present case, the (,p) and (m,a) reactions are 
eliminated because they have large negative Q values. 
A decision as to whether inelastic scattering can occur 
depends on the knowledge of low-lying levels in the 
target nucleus. This region of sodium has been 
studied by the measurement of a-particles from the 
Mg”*(d,a)Na™ reaction® and by the observation of 
y-rays resulting from inelastic proton scattering on 
Na”™.? Both experiments indicate a first excited state in 
sodium at 430 kev. This limits the assignment of 
definite J values to the first six resonances. These 
assignments are listed in column 9; the theoretical 
values of the cross section are given in column 8. 

The agreement between experimental and theoretical 
values of the cross section is reasonable for resonances 
1, 2, 4, and 6. Resonances 3 and 5 show unusually poor 
agreement. The experimental value for No. 3 is 1.5 
barns high for /=1 and 1.3 barns low for J=2, while 
No. 5, which is a fairly broad symmetrical resonance, 
is 0.6 barn low for J=1 but 1.2 barns high for /=0. 
The differences are larger than our estimated experi- 
mental errors. 

The computed values of the cross section for the case 
of purely elastic scattering are listed also for resonances 
7 to 12. Since these resonances can give rise to inelastic 
scattering, the values serve only as lower limits for J. 
For example, resonance No. 11 has a measured cross 
section of 2.3 barns, indicating that J is at least 3. If 
No. 9 is a single resonance, the J value must be at 
least 5 which would require excitation by neutrons 
with 3 or more units of orbital angular momentum. 
It is probable that this peak is, instead, a superposition 
of at least two noninterfering states (i.e., states of 
different J or parity). 

Paste I. Summary of data relating to the neutron resonances 
in the total cross section of sodium. Energies are expressed in kev 
and cross sections in barns. Column 2 gives the resonance energies 
in the laboratory system. Columns 3, 4, and 5 give, respectively, 
A, the resolution with which the resonance was measured; I'm, 
the measured width; and I, the natural width. Column 6 lists 
the measured resonance cross sections; column 7, the cross section 
after applying corrections for resolution. Column 8 lists the 
theoretical values of the cross section for the corresponding J 
values listed in column 9. Column 11 lists the calculated values 
of D,' for the corresponding values of / listed in column 10. 
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* Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 
’ Stelson, Preston, and Goodman, Phys. Rev. 86, 629 (1952). 
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B. Average Level Spacing, D,' 


Theory suggests that the natural neutron width lr, 

be expressed as a product: 

r,=T,'Dy,'/2n, 

where 7,,' is the probability that the incoming neutron 
will penetrate the centrifugal barrier and enter the 
nucleus. The 7,' are readily calculable and, therefore, 
if the / value of the neutrons producing the excitation 
is known, one can compute the interesting quantity Dy’. 
The reciprocal of D,' is a measure of the inherent nuclear 
lifetime; large values of Dy' (~25 Mev for sodium) 
would suggest an interaction similar to a simple single- 
body interaction. The degree to which D,' is less than 
this large value is a measure of the complexity of the 
state. 

The potential scattering in the energy range investi- 
gated is small for neutrons having /21. Therefore, 
only resonances excited by S-wave neutrons show 
strong interference with potential scattering. This 
identifies the narrow resonance No. 4 as an /=0 reso- 
nance. The computed D,' value is 67 kev. Resonance 
No. 7 is also excited by /=0 neutrons, but here the 
resonance energy is a little above the threshold for 
inelastic scattering. On the basis of purely elastic 
scattering, the two possible values for the resonance 
cross section are 1.92 and 3.18 barns for J=1 and 2, 
respectively. If the resonance were J=2, fairly strong 
inelastic scattering would be required to reduce the 
cross section to the experimental value of 2.1 barns. 
For this resonance, strong inelastic scattering is quite 
unlikely since the inelastic neutrons, having only 90 kev 
and an unknown / value, must compete with the 
outgoing elastic neutrons of 520 kev and /=0. On the 
other hand, the experimental value of 2.1 barns agrees 
reasonably well with the J=1 value for purely elastic 
scattering. If this interpretation is correct, i.e., that the 
resonance is mainly an elastic scattering resonance, we 
obtain a D,' value of 520 kev. We have, then, evidence 
that in the Na™ nucleus at approximately the same 
excitation energy (7.5 Mev), two levels of the same 
type (J =1 and even parity) can differ in Dy' values by 
a factor of 8. 

The resonances 1, 2, 3, 5, and 6 do not exhibit 
appreciable interference with the potential scattering, 
indicating that the excitation is by neutrons with / 
values larger than zero. For these resonances there is 
no straightforward method of determining the / value. 
Hence, the D,' values are somewhat speculative. In 
addition, even if the / values were definitely known, the 
Dy; cannot be as precisely determined as one proceeds 
to larger / values because the 7’, become increasingly 
sensitive to the value of the interaction radius R about 
which there is considerable uncertainty. For our calcu- 
lations of the 7,’ we have chosen R=5.1X10-" cm. 
This is approximately midway between the values given 
by the expressions 1.5 10-4! and 1.5X10-"[A#+ 1]. 








TOTAL NEUTRON CROSS SECTION OF Na 


The calculated potential scattering for R=5.1X10-" 
cm is shown in Fig. 1 by the dashed curve. 

The possibility of resonance excitation by neutrons 
with sufficiently large / values can be eliminated because 
the resulting D,' values are impossibly large, i.e., they 
exceed the Wigner limit. If it is assumed that the 
resonances 1, 2, 3, and 5 are excited by /=2 neutrons, 
the calculated D,' (15 to 40 Mev) are approximately 
equal to the Wigner limit. Although not definitely 
excluded, such large D, values seem unlikely, especially 
in view of the two D,' values derived from the /=0 
resonances, and we have therefore assigned /=1 to 
these resonances. However, one should be cautious with 
this argument as it may lead to an artificial uniformity 
in D,'. Resonance 6 yields D,' values of 320 kev or 4 
Mev for /=1 or 2, and either assignment seems accept- 
able. The / assignments and corresponding D,' for the 
resonances are listed in columns 10 and 11 of Table I. 


C. Spin Dependent Potential Scattering 


Although the resonance cross section of the narrow 
S resonance, No. 4, given by the difference ¢max—@min, 
agrees well with the theoretical value for J=1, the ab- 
solute values of the maximum and minimum cross sec- 
tions are not in good agreement with theory. From the 
statistical theory we have the result that the depth of the 
minimum isa fraction g of the total potential scattering,® 
where ¢ is the statistical weight factor (2/+1)/2(2/+1). 
Enlarged plots of data taken with 3.6- and 2.4-kev 
resolutions are shown in Fig. 2. The dashed curves in 
the figure are calculated from the theory (for infinitely 
good resolution) where we have taken the natural width 
as 4.0 kev and the total potential scattering op as 3.0 
barns. It is seen that, even with the finite experimental 
resolutions, the interference dip has considerably more 
depth than predicted by theory. 

On first thought one might be tempted to match the 
experimental value of omin by reducing the value of the 
total potential scattering; a reduction to 2.4 barns is 
required. There are two arguments against this. First, 
as is seen in Fig. 1, the larger value, calculated for an 
interaction radius of 5.1 10-" cm, seems to be reason- 
able throughout the energy range measured. In addition, 
it is in good agreement with other experimental data 
at lower energies. Second, while reducing the value of 
op to 2.4 barns yields the correct min, the actual depth 
of the interference dip is predicted to be only 0.9 barns, 
which is considerably less than is indicated by the 
experimental curve. 

A similar anomalous situation in sodium has been 
observed at lower neutron energies. Hibdon ef al.° 
found a neutron scattering resonance at 3 kev, which 
has a resonance cross section of 550 barns (J=2) and 
a width of 170 ev. However, there is no discernible 

* This is true only if, as in the present case, 1 values larger 
than zero are negligible contributions to the total potential 


scattering. 
® Hibdon, Muehlhause, Selove, and Woolf, Phys. Rev. 77, 730 


(1950). 
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Fic. 2. Plots of data taken for the narrow S resonance, No. 4. 
The dashed and solid curves are calculated for the cases o_/o¢,=1 
and o_/o,=2, respectively. The natural width and the total 
potential scattering are taken as 4.0 kev and 3.0 barns, respec- 
tively. 
interference dip characteristic of /=0 excitation. 
Selove'® has interpreted this as an indication that the 
S-wave potential scattering is strongly spin dependent. 
He finds o_/o,=11, where o, and o_ are the potential 
scattering cross sections for the + and — spin states. 
In this notation the total potential scattering op equals 
jo_+8c,. This view also yields a consistent interpre- 
tation of the coherent scattering cross section of sodium 
measured by Shull and Wollan.":” 

Therefore, invoking spin dependent potential scat- 
tering to account for the unusually strong interaction 
of the S resonance at 300 kev, we have calculated the 
theoretical curve for the case ¢_/o,= 2.0 (for infinitely 
good resolution) where, again, the natural width is 
taken as 4.0 kev and op as 3.0 barns. These curves, 
giving a better fit, are shown in Fig. 2 by the solid line. 
However, even with the assumption of spin dependence, 
the actual shape of the experimental curve is not well 
represented by the calculated curve; the experimental 
points give a noticeably sharper interference dip. 

The second S resonance, No. 7, gives a good fit with 
the assumption that the potential scattering is not 
dependent on the spin state. If these interpretations 
are correct, we have the result that the potential 
neutron scattering in sodium is strongly spin dependent 
at low energies, o_/o,=11 at 3 kev, reducing to a 
factor of 2.0 at 300 kev and becoming approximately 
1 at 550 kev. 

In conclusion we wish to express our appreciation to 
Mr. I. E. Slawson and Mr. D. C. Thompson for invalu- 
able help with the Rockefeller generator. 

10 W. Selove, Phys. Rev. 80, 290 (1950). 

4 C. G. Shull and E. O. Wollan, Phys. Rev. $1, 527 (1951). 

8 The absence of a dip might also be explained by the assump- 
tion that even at this low neutron energy the excitation is due to 
P wave neutrons. In this connection it is interesting to calculate 
the D,'. Taking R=5.1X10-" cm we find D/' is 25 kev for 
S-wave and 6 Mev for P-wave neutrons. The 25-kev value is 
small, but it is not very different from the 67-kev value for 
resonance No. 4, while the 6-Mev value is large but certainly 
not impossibly large. The measurement of the angular distribution 


of the neutrons scattered by this resonance, if practicable, would 
probably decide the question of S-wave vs P-wave excitation. 
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Coulomb Effects in Pion Scattering by Protons under the Charge 
Independence Hypothesis* 


Léon Van Hovet 
University of Rochester, Rochester, New York 
(Received September 2, 1952) 


The differential cross sections for scattering of charged x-mesons by protons, observed so far at energies 
and angles for which Coulomb effects are negligible, were found compatible with the assumption of charge 
independence for the nuclear interaction between pion and nucleon. For the future discussion of scattering 
experiments now being performed at lower energies, the Coulomb effects are calculated, retaining the charge 
independence hypothesis for the nuclear part of the interaction and describing it by the phase shifts used 
in the higher energy region. For 35-Mev pions, an estimate based on the known magnitude of the total r+— p 
cross section shows the Coulomb effects to reach 50 percent for a scattering angle of the order of 50° in the 


center-of-mass system. 





LL the experimental data obtained so far on the 

scattering of m-mesons by protons were found 
compatible with the assumption of charge independence 
of the (nonelectromagnetic) pion-nucleon interaction, 
and could be analyzed in terms of six phase shifts cor- 
responding to the states of total isotopic spins T=}, } 
and angular momenta sj, ~4, ~;.'! These data refer to 
pion energies of the order of 100 Mev, for which the 
Coulomb forces between proton and charged pion have 
negligible effects at the observed scattering angles. 

Since scattering experiments are now being performed 
at Rochester with pion energies of the order of 35 Mev, 
for which Coulomb effects are likely to be observable, 
these effects have been investigated, retaining the 
charge independence hypothesis for the nuclear part of 
the interaction and trying to describe it by the same 
six phase shifts mentioned above. 

This description is possible under the reasonable 
assumption that the Coulomb energy may be neglected 
for any proton-pion separation r smaller than the range 
ro of the nuclear interaction (ro is of the order of the 
Compton wavelength of the pion). The wave function 
in the center-of-mass system, which is a Coulomb wave 
function for r=ro, has then to be continuously matched 
at r=ry to the wave function determined by the nuclear 
interaction for r=ro. At r=ro, the latter wave function 
is completely expressible in terms of the phase shifts 
which would be produced by the nuclear interaction in 
the absence of Coulomb forces, i.e., the exact analogs 
of the phase shifts used in the analysis of the higher 
energy scattering experiments. We shall use six such 
phase shifts, corresponding to the isotopic spin and 
angular momentum states mentioned above, so that 
the matching of Coulomb and nuclear wave functions 
has to be performed for s- and p-waves only, whereas 
for higher /-values the nuclear interaction will be 


* This work was supported in part by the AEC. 

t On leave from the Institute for Advanced Study, Princeton, 
New Jersey, during the summer of 1952. 

! Anderson, Fermi, Long, and Nagle, Phys. Rev. 85, 936 
(1952); Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 
(1952); Fermi, Anderson, and Nagle (to be published) and private 
communication of E. Fermi to R. E. Marshak. 


neglected and regular Coulomb wave functions can be 
used. 

For each of the three types of scattering, 

a+ ps" +), 2 tor +), 8 toe re 
the differential cross sections per steradian in the 
center-of-mass system, for scattering without and with 
nucleon spin flip, respectively, are found to have the form 


do™ 4 iea 0 
—= ———— ep( —iea log sn*.) 
dQ = 4k*| ~ sin?(@/2) 2 : 
+P+Qcos6é}, (1) 


da? 


(2) 


1 
=—|R|? sin0. 
dQ 4k? 


6 is the scattering angle and Ak the momentum in the 
center-of-mass system; a=me’/h?’k, with e the charge 
and m the reduced mass of pion and nucleon; ¢ is +1 
for r++p—at+> scattering, —1 for r-+p—>2-+p 
and 0 for r+ p—7°+n. P, QO, R are rather complicated 
expressions involving @ and the six phase shifts which 
would be produced by the nuclear interaction in the 
absence of Coulomb forces. They are obtained as 
follows. Denote the latter phase shifts, for T=4, 3, 
respectively, by 1, 73 for the s; wave, by mu, 3: for 
the p;-wave and by nis, 33 for the py; wave. Consider 
the radial Schrédinger equation, 


du 1(l+-1) 


dp* p* p 


(e=+1,0; p=hr), 


and denote by «,'(p,) its solution with asymptotic 
behavior (p>>1) 2 


7 
u.'(p, n)~ sin( »~1 -+-argI'(/+1+-iea)+n—€a log2e . 
? 


Starting from », we define two phase shifts m+, m7 
?.N. F. Mott and H. S. W. Massey, Theory of Atomig Collisions 
(Oxford University Press, London, 1949), p. 53. 
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COULOMB EFFECTS 


and two constants C,+, C:~ by the equations 


-[= loguo"(p, »)| : 


p=kro 


d 
[- logus1°(p, n*)| 
dp 


p=kro 
uo°(p, m1) 
+-|———| _. @) 
441°(p, m*) Jo=kro 
With 7; we define similarly n;* and C;*. Using u,'(p, 9) 
instead of «.°(p, n), each p-phase shift n,s, (vy, 6=1, 3) 


gives rise to n,s* and C,s*. The quantities P, QO, R 
have then the following expressions: 
For r++ port+p 
P =exp(2ins+)—1, 
I+ia } 
Q= —fexp(Jieei?* )+2 exp(2inss3+)— 3], 
ji 
R =exp(2inss*) — exp(2ina*). 
For r-+p-n +p 
1—ia 


1, Q=—0it2%s—-3], Reishi, 
1+ia 


—2Cr expli(m+m") )]+Cs- expli(nst+n3~) ] 


~2C 1~ expli(m—m- +O expLi(ms—ns7)] 

















Scattering Angie in the Center of Moss System 


Fic. 1. Differential cross sections for scattering of 35-Mev 
pions by protons, assuming the scattering to take place in the s} 
state of isotopic spin }, with a phase shift of 10° (solid line) or 
—10° (dotted line). 








Scottering Angie in the Center of Mass System 


Fic. 2. Differential cross sections for scattering of 35-Mev pions 
by protons, assuming the scattering to take Place in the py state 
of isotopic spin $, with a phase shift of 7° (solid line) or —7° 
(dotted line). 


t:, ¢3 are similar expressions with a second subscript 
1,3, respectively, added in all C’s and y’s. 


For r-+p-r'+n, 


1—ia 
P=x, Q= (= “) [xit+2xs], R=xs—x1 


with 
exp(2ins3)—exp(2im:) 





m-)}+Cs- expli(ms—n-)] 


x: and x; are again obtained by adding a second sub- 
script, 1 and 3, respectively, in all C’s and y’s. 

All foregoing formulas are nonrelativistic. If the 
proton were infinitely heavy compared to the pion, 
consideration of the Klein-Gordon equation shows that, 
apart from a negligible term containing the square of 
the Coulomb potential, the only relativistic corrections 
required would be to take for Ak the relativistic mo- 
mentum of the pion and to divide a by (1—£*)!, where 
Bc is the relative velocity of proton and pion. In the 
absence of a conclusive treatment of relativistic two- 
body problems, it seems reasonable to apply similar 
corrections to our case: hk will be taken as the rela- 
tivistic momentum of pion and nucleon in the center-of- 
mass system, and a will be divided by (1 —£*)!, with Bc 
the relative velocity of pion and proton. 

Since in all practical cases one has a1, a convenient 
way to treat Eq. (3) is by power expansion in a.* One 


x =v2 
2C,~ exp[i(mi— 


* The more conventional W. K. B. method is not well justified 
for the pion-proton separations and the energies here considered. 
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finds to first order in a, 


mt=mtalC+log(2kro) —Ci(2kro) cos(2m:) 


+si(2kro) sin(2m:)], (4) 


C,*+=1F al Ci(2kro) sin(2m,)+si(2kro) cos(2m:) } (5) 
with 


@ sinx 
ax, 
x 


” COsx ; 
—dx, si(x)=— 
4 


Ci(x) =— 


C =Euler’s constant =0.5772. 


nt and C;* have an identical expression in 73. Similar 
expressions could be worked out for the y’s and C’s 
belonging to the p-waves. 

For @ of the order of 10 or smaller (a=1.25X 107 
for 35 Mev pions) and not too small 9, the a-terms in 
(4) and (5) are quite small and a good approximation is 
obtained by putting a=0 in all expressions P, Q, R; 
the Coulomb effects reduce then to the a-term in 
Eq. (1). 
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To show the order of magnitude of the Coulomb 
effects for 35 Mev pions, the differential cross sections 
have been plotted for two choices of phase shifts: 
n3=+10°, all other n’s=0 (Fig. 1), and 933=+7°, all 
other n’s=0 (Fig. 2). These phase shifts correspond in 
each case to a total wt scattering cross section of the 
order of 18X10-* cm?, (in agreement with the data 
available so far).* The solid lines correspond to positive 
phase shifts, the dotted lines to negative ones. The dif- 
ference between positive and negative phase shifts for 
n-—® scattering at all angles and r-—>2~ or r*+->nt 
scattering for 9>7/2 is small and has been neglected. 
It is interesting to note that the effects are as large as 
50 percent for @ below 50°, where 6 is the scattering 
angle in the center-of-mass system. 

A more detailed account of this work is available as 
a University of Rochester report (NYO-3223). The 
author wishes to thank Professor R. E. Marshak for 
suggesting this investigation and for many valuable 
discussions. He is indebted to Mr. R. Grover for com- 
putational help. 


* Barnes, Clark, Perry, and Angell, Phys. Rev. 87, 669 (1952). 
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Disintegration Scheme of Fe**t 


FRANZ R. MEtTzGER* 
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The radiations accompanying the disintegration of Fe have 
been investigated using lens spectrometer and scintillation counter 
techniques. Three beta-ray spectra of end points 156048 kev 
(0.3 percent), 462+3 kev (53.9 percent), and 271+3 kev (45.8 
percent) lead to the ground state, to 1098-kev and 1289-kev 
excited states of Co®. The 1560-kev spectrum has a forbidden 
shape; the shapes of the other partial spectra are allowed. Gamma- 
rays of 191+2 kev (2.8 percent), 10986 kev (56.7 percent) and 
1289+6 kev (43 percent) represent all the transitions possible 
between the three Co*-states. The conversion coefficients charac- 
terize the 191-kev and the 1098-kev transitions as magnetic 
dipoles, the 1289-kev transition as electric quadrupole 


INTRODUCTION 


HE radiations of 46-day Fe were studied by 
Deutsch and co-workers in 1942.' They analyzed 
the beta-ray spectrum into two components of approxi- 
mately equal intensities with end points of 257 and 
460 kev. They showed that the low energy beta-ray 
group is followed by a 1.30-Mev gamma-ray, the high 
energy group by a 1.10-Mev gamma-ray. 
As the two high energy gamma-rays are not in coin- 
+ Supported in part by the joint program of the ONR and AEC. 
*Now with the Bartol Research Foundation, Swarthmore, 
Pennsylvania. 
! Deutsch, Downing, Elliott, Irvine, and Roberts, Phys. Rev. 
62, 3 (1942) 


A disintegration scheme is presented in which spins and parities 
are assigned to all the levels involved. The single-particle orbitals 
corresponding to the assigned spins and parities agree with those 
of the spin-orbit coupling shell model. Accordingly, the first 
excited state (1098-kev) of Co™ is an fs. state, and its 1098-kev 
energy difference from the fz, gound state represents the spin- 
orbit splitting of the f-levels, which is responsible for the existence 
of a closed shell at NV or Z=28. 

The angular correlation of the 191 kev-1098 kev gamma-gamma 
cascade was measured and found to support the proposed spin 
assignment. 


cidence with one another, Fe®® proved to be a very 
useful source with which to test gamma-gamma angular 
correlation equipment and similar arrangements for 
spurious coincidences due to scattering. When such a 
test was run without the usual lead absorbers in front 
of the counters, a small number of gamma-gamma coin- 
cidences was observed and traced back to a weak 
gamma-gamma cascade in the Fe®® decay, i.e., in Co®.? 

A subsequent investigation of the angular correlation 
in this gamma-gamma cascade did not allow an unam- 
biguous assignment of spins to the levels involved. 
However, it was felt that most of the ambiguities could 


"2 F. R. Metzger, Phys. Rev. 85, 727 (1952). 





DISINTEGRATION 


be eliminated by a study of the internal conversion of 
the gamma-rays and of the intensities of the beta-ray 
transitions. When, in the summer of 1951, high specific 
activity Fe®* became available through the radio- 
isotopes program of the AEC, it was decided to rein- 
vestigate the radiation emitted in the decay of Fe**. 


SOURCE MATERIAL 


The first coincidence and scintillation spectrometer 
measurements’? were carried out with low specific 
activity Fe** (0.06 mC/g). All the experiments reported 
in this paper were performed with two shipments of 
high specific activity Fe, catalog item 26-PX of the 
Isotopes Division AEC. This Fe** had been produced 
in a nuclear reactor by (n,y)-reaction with enriched 
Fe*, 

Most of the fina] data were taken with a one millicurie 
shipment having a specific activity of 770 mC/g. This 
is to be compared with a specific activity of 1.3 mC/g 
available to Deutsch et al. 


COINCIDENCE EXPERIMENTS 


Using Nal scintillation detectors in a coincidence 
arrangeinent of 10~7 seconds resolving time a small 
number of true gamma-gamma coincidences was ob- 
served in a Fe®® source. These coincidences were still 
present when two inches of lead separated the two 
counters; they therefore could not be attributed to 
Compton scattering from one counter to the other. The 
coincidence rate decreased with a half-life of 453 days 
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Fic. 1. Absorption of the y-y coincidences by lead absorbers in 
front of one counter. The absorption curve of the singles is included 


for comparison. 
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Fic. 2. Arrangement of the scintillation counters for the 
coincidence experiments. 


which agrees with the half-life reported for Fe®*,? 
indicating that a cascade in Co® is the origin of these 
gamma-gamma coincidences. 

Three g/cm? of lead in front of each counter reduced 
the single counting rates by about fifteen percent, but 
decreased the coincidence rate by a factor of thirty. 
This proves that one of coinciding components is a low 
energy gamma-ray. 

The two coincident gamma-rays were clearly sepa- 
rated in a coincidence absorption experiment using lead 
absorbers in front of one of the two detectors. Figure 1 
shows the coincidence absorption curve and its analysis 
into two components. The difference of the zero ab- 
sorber values of the two components is due to a dif- 
ference in the energy dependence of the detection 
efficiencies of the two scintillation detectors which 
differed somewhat in size and in the setting of the dis- 
criminators. From the absorption coefficient of the soft 
component one estimates a gamma-ray energy of about 
200 kev. The absorption of the hard coincident gamma- 
ray follows closely the absorption of the bulk of the 
singles (Fig. 1). The slightly larger slope of the coin- 
cidence absorption curve is easily understood if one 
assumes that the 1.1-Mev gamma-ray is responsible 
for the coincidences, whereas a mixture of 1.1- and 1.3- 
Mev gamma-rays determines the absorption properties 
of the singles. 

In order to determine the intensity of the 200-kev, 
1.1-Mev cascade, coincidences were measured with the 
arrangement shown in Fig. 2. A Nal crystal, 2 cm 
thick and 3 cm in diameter with 5 g/cm? lead in front, 
detected the hard gamma-rays only. Another Nal 
crystal, No. 2, 2 mm thick and 3 cm in diameter, 
favored the soft gamma-ray. 

The ratio of true coincidences to single counts in 
No. 1, Ni2/N,, is simply equal to a-w2:¢2, where a is 
the intensity of the cascade (per disintegration), 4rw:2 
is the solid angle in steradians subtended by the 2-mm 
crystal and ¢2 is the efficiency of the 2-mm crystal for 


3 See Nuclear data, National Bureau of Standards Circular No. 
499 (1950), p. 52. 
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Fic. 3. Photoelectron spectrum of Fe* using a gold converter. The 
dashed line represents the Compton background. 


the detection of the 200-kev component. The measured 
values were Njo=14.6/min, N,=74,500/min, w2=2.8 
10-*. For «2 we have used the value 0.25, which is 
close to the theoretical efficiency and in agreement with 
previous experience with this crystal. With these values 
one calculates a=(2.8+0.8)X10~. The error is ten- 
tative and mainly reflects the uncertainty in the effi- 
ciency vaiue 

The above value of w is consistent with the analysis 
of a carefully measured singles absorption curve taking 
into account the enerjry dependence of the detection 


efhicienc . 
PHOTOELECTRON SPECTRUM 
a. Energies of the Co** Gamma-Rays 


The spectrum of the electrons ejected by the Co** 
gamma-rays from a 4.9 mg/cm? gold foil was measured 
in a lens spectrometer of 2.5 percent resolution and 0.5 
percent transmission. 

Superimposed on the Compton distribution, the 
photoelectron lines due to gamma-rays of 191+2 kev, 
1100+6 kev, and 1287+6 kev were identified. The 
spectrometer had been calibrated using the photo- 


electron lines of the 1172.9- and 1333.2-kev4 Ni® 
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Fic. 4. 8-ray spectrum of Fe in the energy region 
between 60 and 500 kev. 


‘Latest energy values according to a private communication 
from Professor Du Mond. 
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gamma-rays. If one accepts the 191-kev radiation as the 
transition between the 1287- and the 1100-kev levels, 
the best values for the energies of the Co** gamma-rays 
are 191+2, 1098+6, and 1289+6 kev. 


b. Intensity Ratio of the High Energy 
Gamma-Rays 


The relative intensity of the 1.10- and 1.29-Mev 
gamma-rays is very important for the interpretation of 
the conversion data. 

The intensity ratio can be inferred from the height 
of the photoelectron lines if the energy dependence of 
the gold converter efficiency is known. From previous 
experiments with gamma-rays above 550 kev the 
efficiency of our arrangement was known to be very 
nearly inversely proportional to the square of the 
gamma-ray energy. This was again checked using the 
two Ni® gamma-rays, which have equal intensities for 
all practical purposes. With gold converter foils of 
thickness 25 mg/cm? and 4.9 mg/cm? a ratio of 1.29 
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Fic. 5. Fermi plot of the 6-ray spectrum of Fe**. Circles repre- 
sent the measured points, crosses the result of the subtraction_of 
the 462-kev spectrum. 


+0.05 was measured for the peak heights of the 1.17- 
and 1.33-Mev gamma-rays. This agrees with the ratio 
(1.333/1.173)?=1.29 calculated by the inverse square 
law. 

If the two Co® gamma-rays were of equal inten- 
sities, one would expect a ratio (1.289/1.098)?= 1.38 for 
the photoelectron peaks. The measured peak heights 
are in a ratio of 1.78+0.08. The 1.1-Mev transition is 
therefore 1.78/1.38=1.29+0.06 times more intense 
than the 1.29-Mev transition. 

A typical measurement of the photopeaks of the Co*? 
gamma-rays, using a 25-mg/cm? gold converter, is 
reproduced in Fig. 3. The presence of a strong Compton 
background renders the analysis more difficult. How- 
ever, checks with a 4.9 mg/cm? gold foil and without 
any foil permit the background to be determined quite 
accurately. 


THE BETA-RAY SPECTRUM 


Beta-ray sources of one-quarter inch diameter were 
prepared by drying a drop of FeCl; solution on a Nylon- 
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Zapon film of approximately 20ug/cm*. The beta-ray 
spectrum was then investigated in the lens spectrometer 
using a 195-yg/cm? window on the Geiger counter. 


a. The Major Intensity Partial 
Beta-Ray Spectra 


Figure 4 gives the beta-ray spectrum obtained with 
a source of about 3 uC strength. The break at 3.6 amp 
(277 kev) is rather pronounced and indicates the exist- 
ence of two partial spectra. This is in agreement with 
Deutsch ef a/.,' but is contrary to the result of Mann and 
Hanson.’ The Fermi plot, Fig. 5, shows the decom- 
position very clearly and yields for the end point 
energies 462+3 kev and 271+3 kev. 

From a measurement of the areas under the two 
partial spectra it follows that 55 percent of the Fe*® 
disintegrations proceed via the 462-kev spectrum, 
whereas 45 percent take place through the 271-kev 
branch. 

Preliminary experiments with sources of low specific 
activity had indicated the large influence of scattering, 
i.e., source thickness on the measured branching ratio. 
In order to estimate the magnitude of this effect, the 
beta-ray spectrum was measured with three sources of 
3, 8 and 30 uC. THe relative strengths of these sources 
had been determined to better than one percent by 
gamma-ray counting with a scintillation counter. Using 
the gamma-ray values for the relative strengths the 
measured counting rates were normalized to the same 
source strength and plotted in Fig. 6. The agreement 
of the three-spectra is very satisfactory in the upper 
part of the spectrum. The Fermi plot for the 462-kev 
spectrum, which is assumed to have an allowed shape 
below 271 kev, is therefore practically identical for all 
three sources. The contribution from the scattering 
is very substantial in the lower parts of the spectrum, 
especially for the 30 uC source. Consequently the Fermi 
plot of the 271-kev partial spectrum will strongly 
depend on the source thickness, as also will the intensity 
attributed to the 271-kev branch. 

From the data of Fig. 6 it was estimated that the 
error in the area of the 271-kev spectrum due to scat- 
tering in the sources was between one and two percent 
for the 3 wC source. This correction has already been 
taken into account in the intensities stated earlier. 

Using a half-life of 46 days and a 45 to 55 intensity 
ratio one calculates logft values of 5.9 for the 271-kev 
spectrum and of 6.7 for the 462-kev branch. The impli- 
cations of these ft values will be discussed later. 


b. Low Intensity, High Energy 
Beta-Ray Spectrum 


With the 3 uC source the counting rates at energies 
higher than 480 kev did not vary by more than a few 
counts per minute. However, when a 100 uC source was 
used for the investigation of the conversion lines of the 


~*K. C. Mann and G. H. Hanson, Phys. Rev. 83, 893 (1951). 


SCHEME OF Fe®® 





counting rote 





\ 





3.0 40 


Tr 
a. 


5.0 


Fic. 6. The influence of source thickness on the shape of the 
8-ray spectrum of Fe. The three curves were normalized to the 
same source strength. 


high energy gamma-rays, the counting rate above 480 
kev was considerably larger than the background rate 
expected for a source of this strength. With a Co® 
source of comparable strength and of comparable 
specific activity, the normal background counting rate 
was observed. The different behavior of the two sources 
is illustrated in Fig. 7. The counting rate at 12.5 
amperes has been subtracted from ali the measured 
points as normal background. The plateau-like regions 
to the left of the conversion peaks are due to Compton 
effect in the sources themselves. For the Co® source 
the counting rate drops to zero in the region between 
the two conversion lines, whereas for the Fe®’ source a 
residual counting rate of about 50 counts/minute is 
observed. 

From the evidence summarized in Fig. 7 it is con- 
cluded that a high energy beta-ray spectrum is con- 
nected with the decay of Fe**. Visual inspection suggests 
for the end point of this spectrum a current value of 
about 12 amperes, which corresponds to 1554 kev. This 
energy is very close to the total energy available for the 
Fe**—Co*” decay, namely, 462+1098= 1560 kev. The 
high energy beta-ray spectrum is therefore considered 
to be the transition to the gound state of Co*’. 

With the use of a 0.5 mC beta-source, the high energy 
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Fic. 7. High energy portion of the electron spectra of Fe and 
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Fic. 8. Correction factors for Fe** electrons. The full line repre- 
sents the experimental correction factor for the 1560-kev spec- 
trum. The dashed lines correspond to the unique correction factors 
for a-type (AJ=2, yes) and D; type (AJ=3, no) transitions. 
Ordinate scale is arbitrary. 


spectrum was investigated in great detail. Unfor- 
tunately, only the regions from 1150 to 1210 kev and 
from 1340 kev to the end point are accessable and free 
from special corrections. In the upper third of the 
spectrum the conversion lines cover an appreciable 
portion of the beta-ray spectrum. Below 1100 kev (9.15 
amp) the determination of the spectral shape is rendered 
uncertain by the presence of Compton electrons ejected 
out of the source material by the high energy gamma- 
rays. This effect was corrected for by using the shape 
of the distribution of Compton electrons suggested by 
the Co® data of Fig. 7. 

The Fermi plot obtained after applying all the neces- 
sary corrections indicated that the 1560-kev spectrum 
has a forbidden shape. Using a reasonable continuation 
of the Fermi plot to low energies, the 1560-kev spectrum 
was integrated and found to comprise 0.30.1 percent 
of the Fe®® disintegrations. This intensity leads to a 
logft of 10.9+0.2, which classifies the transition as 
second forbidden. 

In Fig. 8 the experimental shape correction factor 
for the high energy beta-ray spectrum is compared with 
the unique correction factors for the first forbidden 
a-type (A/=2, yes) and the second forbidden D; type 
(AJ = 3, no) transitions. Both these shapes are excluded 
by the measurements. The correct assignment for the 
high energy spectrum is therefore AJ = 2, no. 

The shell model assignment /7/2 to the ground state 
of Co** is in agreement with the measured spin and the 
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new value for the magnetic dipole moment® of this 
nucleus. The character of the high energy beta-ray 
spectrum then determines the spin and parity of the 
Fe** ground state as $, odd. A ps/2 ground state for Fe*® 
with 33 neutrons is in accordance with the p3,2 assign- 
ment for 33As’* and for most of the nuclei with NV or Z 
equal to 29, 31, 33, and 35. 

It should be added that /j,/2 is another assignment 
for the ground state of Fe®* which is consistent with the 
existence of the high energy beta-ray spectrum. How- 
ever, spins as high as 11/2 seem to occur only for much 
larger values of Z and N and even then only for excited 
states. 

The results reported in this section are summarized 
in Table I. 


CONVERSION ELECTRON SPECTRUM 


a. Conversion of the 1.1- and 1.29-Mev 
Gamma-Rays 


The theoretical K-conversion coefficients’ for 1.1- 
and 1.29-Mev gamma-rays and different multipole 
orders are summarized in Table II. 

E2and M1, which do not involve a parity change, are 
with respect to their conversion, not only clearly 
separated from E3 or M2, but also from £1, which 
demands a parity change. Moderately accurate con- . 
version data can therefore decide whether or not the 
high energy transitions in Co involve parity changes 
and they might also give some indication as to the 
electric or magnetic character of the transitions. 

The same 0.5 mC source which had served in the 
investigation of the high energy beta-ray spectrum was 
used for the conversion measurements. The existence 
of the high energy spectrum and the presence of the 
“Compton step” due to the 1.29-Mev gamma-ray 
rendered the determination of the conversion line 
intensities more difficult. The best data obtained are 
presented in Fig. 9. From a comparison of peak heights 
as well as areas a value of 1.79+-0.06 was obtained for 
the relative number of 1.1- and 1.3-Mev conversion 
electrons. 

In order to determine the conversion coefficients of 
the two transitions, the number of conversion electrons 
must be compared with the number of unconverted 
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Taste I. Properties of the partial beta-ray spectra of Fe**. 
“Allowed” f-values have been used throughout. 
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® W. G. Proctor and F. C. Yu, Phys. Rev. 77, 716 (1950). 
7 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report, ORNL 1023 (unpublished). 
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gamma-rays. In view of the very small conversion the 
number of unconverted gamma-rays is practically the 
same as the number of transitions. The combined inten- 
sities of the two gamma-transitions equals the combined 
intensities of the 271-kev and 462-kev beta-ray spectra. 
The 1.1-Mev transition is fed by the 462-kev beta-ray 
spectrum and by the 2.8 percent abundant 191-kev 
gamma-ray. The number of 1.29-Mev transitions is 
equal to the number of 271-kev beta-transitions reduced 
by the number of 191-kev gamma-rays. Using the beta- 
ray intensities of Table I, the 1.1-Mev transitions thus 
comprise 54.8+2.8=57.6 percent of all Fe*® disin- 
tegrations, whereas the 1.29-Mev transitions comprise 
44.9—2.8=42.1 percent. The relative intensity of the 
two high energy transitions is therefore 57.6/42.1 
=1.37+0.09. From the analysis of the photoelectron 
spectrum a ratio of 1.29+0.06 was derived. The average 
is 1.32+0.05. This corresponds to 56.7 percent 1.1-Mev 
transitions and 43 percent 1.29-Mev transitions. The 
conversion coefficient of the 1.1-Mev transitions is then 
obtained by dividing the number of 1.1-Mev conversion 
electrons by 56.7 percent of the total number of beta- 
rays. Likewise the conversion coefficient of the 1.29-Mev 
transition is obtained by dividing the corresponding 
number of conversion electrons by 43 percent of the 
total number of beta-rays. 

The total area under the beta-ray spectrum of the 
0.5 mC source could not be determined directly as the 
counting rates in the main spectrum were too high and 
in addition the source was rather thick. On the other 
hand, the beta-ray spectrum of the 3 uC source had 
been carefully investigated and the total area under the 
beta-ray spectrum had been determined. It was there- 
fore only necessary to compare the strengths of the two 
sources by gamma-ray counting. This was done with 
the help of a third source of intermediate strength. 

Combining all of this information the following total 
conversion coefficients were obtained: 


Qtotai(1.1 Mev) = (18.30.7) X 10-5, 
Qotai(1.29 Mev) = (13.5+0.6) X 10-°. 


If a K/L ratio of 10 and an L/M ratio of 3 are assumed, 
the K-conversion coefficients become 


ax(1.1 Mev)=(16.1+0.6) 10-5, 
ax(1.29 Mev) =(11.9+0.6) x 10-*, 


Comparing these values with the theoretical coef- 
ficients of Table II, one can immediately exclude £1, 
M2, E3,and M3 for both gamma-rays, leaving M1 and 
E2 as the only alternatives. Neither M1 nor £2 involve 


TABLE II. K-conversion coefficients of the high energy Co** gamma- 
rays for different multipole orders (according to Rose et al., 
reference 7). 
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Fic. 9. Electron spectrum of Fe** in the energy region between 
1 Mev and 1.4 Mev. Dashed line represents background from 
1560-kev §-ray spectrum and from Compton distribution of the 
1.29-Mev y-ray. 


a change of parity. The f72 ground state of Co® and 
the 1.1-Mev and 1.29-Mev excited states have therefore 
all the same parity, namely, odd. Spin 4 is excluded for 
either excited state of Co’, because E3 and M3 are 
ruled out. 

If the experimental K-conversion coefficients are 
accepted at face value, then both transitions are electric 
quadrupoles. However, when the difference between 
various assignments becomes so small, the absolute 
values might not be a very good guide. For example, 
the experimental values might change slightly owing to 
changes in some of the corrections and the theoretical 
values might change if screening is taken into account.’ 
Most of these changes would presumably affect the 
absolute values much more than they would the ratio 
of the two coefficients. Moreover, the ratio is obtained 
more directly from experiment and is therefore more 
accurate. In order to decide between M1 and £2, it 
appears preferable therefore to consider the ratio of 
the conversion coefficients. 

With the value 1.79+0.06 for the relative number of 
conversion electrons and the value 1.32+0.05 for the 
ratio of the gamma-ray intensities, the ratio of the total 
conversion coefficients becomes 1.36+0.07. The K/L 
ratios for M1 and £2 transitions of very small Z*/E 
are not known. It will be assumed that they are ap- 
proximately equal and that the ratio 1.36 is also the 
ratio of the K-conversion coefficients of the 1.1 and 
1.29-Mev gamma-rays. The ratios expected for the 
different possible assignments are compared with the 
experimental value in Table ITT. 

The only theoretical ratio agreeing within the 
limits of error with the experimental value is the one 
assigning M1 to the 1.1-Mev transition and E2 to the 
1.29-Mev transition. The E2-E2 and M1-M1 assign- 
ments are improbable, and the E2-M1 combination is 
definitely ruled out. 

M1 for the 1.1-Mev transition leaves the possi- 


* J. R. Reitz, Phys. Rev. 77, 10 (1950). 
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TasLe III. The ratios of the theoretical K-conversion coef- 
ficients for the four possible assignments of multipole orders to 
the Co” gamma-rays in comparison with the experimental value, 


1.29-Mev 


1.1-Mev 
nma-ray gamma-ray 


wat ax(1.1 Mev) /ax(1.29 Mev) 


M1 M1 1.48 
M1 E2 1.33 
E2 M1 1.60 
E2 E2 1.45 
Experiment 1.36+0.07 


bilities 7/2 and 5/2 for the spin of the first excited state 
of Co®*.® A spin of 7/2 would call for an a-type shape 
tof the 462-kev beta-ray spectrum in contradiction with 
, experiment. The first (1.1-Mev) excited state of Co® 
has therefore spin 5/2, odd parity. If the single-particle 
model still holds at this excitation, spin and parity 
characterize the level as fs. 

E2 for the 1.29-Mev transition leads to a spin of 3 
and odd parity for the second excited state, p32 being 
tae appropriate single particle level. 

It might be added that conversion measurements on 
Co yielded a value 1.34+0.09 for the ratio of the 
conversion coefficients of the Ni® gamma-rays in very 
good agreement with the theoretical ratio 1.32 calcu- 
lated for the accepted E2-E2 assignment. 


b. Conversion of the 191-kev Gamma-Ray 


The theoretical conversion coefficients of a 191-kev 
gamma-ray in Co are given in Table IV for different 
multipole orders. E2 and M2 are very well separated 
from £1 and M1 with regard to their conversion coef- 
ficients. If either E2 or M2 was the correct assignment, 
the counting rate in the conversion line should amount 
to five percent of the counting rate in the beta-ray 
spectrum on which the conversion line is superimposed. 
In the £1 or M1 case the contribution of the conversion 
line should be about 0.8 percent of the total counting 
rate. A quick survey did not reveal any conversion line, 
indicating that the contribution of the conversion line 
was smaller than two percent. After a careful inves- 
tigation of the beta-ray spectrum, during which at 
least 10° counts were taken in every point, the con- 
version line of the 191-kev gamma-ray could be iden- 
tified. The number of conversion electrons was found 
to be 0.02 percent of the total number of beta-rays. 
With a 2.8 percent abundance of the 191-kev transition 
one calculates a conversion coefficient of (743) 10-3, 
in very good agreement with the theoretical coefficients 
for either £1 or M1. As all Co* levels have the same 
parity, £1 is excluded and the unique assignment to 
the 191-kev transition is M1. The same conclusion was 
reached on the basis of the conversion of the high 
energy gamma-rays. The measured value of the con- 


* The ft-values of the main beta-ray spectra exclude spins larger 
than 7/2 for the excited states of Co” if one discards spin /y1/2 
for the ground state of Fe® in favor of psy. 
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version coefficient restricts the maximum amount of £2 
admixture to the 191-kev transition to 10 percent. 


ANGULAR CORRELATION EXPERIMENTS 


The existence of the 191-kev gamma-ray offers the 
possibility of measuring the angular correlation in the 
191-1098-kev gamma-ray cascade of Co**. However, 
one cannot expect to obtain a unique spin assignment 
from such an experiment with an odd-even nucleus 
where both transitions can be mixtures of magnetic and 
electric multipoles. By a suitable choice of the mixing 
ratios the coefficients of the angular correlation can be 
varied within wide limits,'° and thus the same experi- 
mental data can be fitted with different spin assign- 
ments. Lifetime considerations will exclude some 
mixtures, but in general, they are not a very reliable 
guide in view of the large scatter observed in the mag- 
nitude of the nuclear matrix elements." 

If, on the other hand, the spins of the three cascade 
states are already known, the angular correlation can 
be used as a very sensitive means for determining the 
degree of mixture present in the transitions. 

Using Nal crystals in a coincidence arrangement of 
1.21077 seconds resolving time the first correlation 
experiments were carried out with low specific activity 
Fe® (0.06 mC/g). Due to the low coincidence rate ob- 
tainable with the weak (2.8 percent) cascade the data 
were rather inaccurate, and, although suggesting a 
small correlation, could not rule out the absence of any 
correlation. Thus, the preliminary correlation experi- 
ments could not exclude any assignment attributing 
spin } to the intermediate level of the Co®® cascade. At 
this point it was decided that conversion measurements 
would answer the question of spin } more directly and 
in addition would provide information concerning the 
parities of the Co® states. 

After most of the investigation described in the 
preceding sections had been completed and the assign- 
ment 3/2-5/2-7/2 had been established, the angular 
correlation of the 191-1098-kev cascade was measured 
again by Mr. Schiff of this laboratory using Nal 
crystals and an improved coincidence arrangement of 
1.5X10-* second resolving time. High specific activity 
Fe®* sources were used for these measurements. The 
correlation was studied between 90 degrees and 180 
degrees in angular steps of 15 degrees. The measured 
points can be fitted with a 1+A:2cos’@ distribution 
using a value of A2,=0.080+0.016, which definitely 


Taste IV. Theoretical K-conversion coefficients for a 191-kev 
gamma-ray in Co (according to Rose et al., reference 7). 
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excludes spin 4 for the first excited state of Co™® in 
agreement with the conversion experiments. 

The measured coefficient is compatible with the 
assignments 3/2-3/2-7/2 and 3/2-5/2-7/2 without the 
need of a mixture. The combination 5/2-5/2-7/2 
would give rise to the observed correlation if about 
three percent E2 were admixed to the 1098-kev M1 
transition. Such an admixture cannot be excluded, 
although from Weisskopf’s lifetime formulas’ one 
expects only about 0.1 percent £2. The cascade 5/2 
3/2-7/2 cannot fit the experiment as long as the ad- 
mixture of £2 to the 191-kev transition is kept below 
ten percent, the limit given by the conversion coef- 
ficient of the 191-kev line. Thus, of the four spin com- 
binations compatible with the ft values of the beta-ray 
spectra and with the £2 or M1 character of the gamma- 
rays, the angular correlation eliminates one definitely, 
renders one unlikely, and leaves two as equally probable 
choices. 

The experiment restricts the coefficient A» to values 
ranging from 0.064 to 0.096. Only an A2=0.077 would 
give pure transitions for tae 3/2-5/2-7/2 cascade. In 
order to match the other values, mixtures must be con- 
sidered. As the admixture of E2 becomes more probable 
with increasing energy, it is assumed for reasons of 
simplicity, that only the 1098-kev transition is a 
mixture, the 191-kev gamma-ray being pure M1. 
Actually one expects from the lifetime relations” 0.002 
percent £2 for the 191-kev gamma-ray and 0.1 percent 
E2 for the 1098-kev transition. Using the formulas 
given by Ling and Falkoff," one finds that the admix- 
ture of E2 varies from 0.02 percent to zero percent and 
back to 0.06 percent as A» changes from 0.064 over 
0.077 to 0.096. Thus the admixture of £2 to the 1098- 
kev transition is smaller than the 0.1 percent expected 
from Weisskopf’s formulas. However, a factor of ten or 
even hundred in the transition probability is not con- 
sidered serious, especially when it points in the direction 
of reduced £2 intensity. 


CONCLUSIONS 


Based on the experiments discussed in the preceding 
sections, the disintegration scheme shown in Fig. 10 is 
proposed. It agrees in the most intense radiation with 
that of Deutsch e/ al.! The intensities given in Fig. 10 
are the adjusted values obtained by combining the 
beta-ray measurements with the gamma-ray data. The 
intensities of Table I, which are slightly different, were 
based on the beta-ray experiments alone. 

If the excited levels of Co*® are single particle levels, 


2 V. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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the 1.098-Mev gamma-ray represents the splitting of 
the f-levels which, in the jj-coupling model of Mayer" 
and of Haxel, Jensen, and Suess,"* gives rise to the shell 
at NV or Z=28. 

As all the levels involved in the decay of Fe®® have 
the same parity (odd), the beta-ray transitions can 
only be allowed or second forbidden. The log/t value 
of 5.9 for the 271-kev spectrum is consistent with an 
allowed transition. The log /t value of 6.7 of the 462-kev 
spectrum exceeds the range usually attributed to 
allowed transitions. However, the 462-kev spectrum 
involves a change of two units of orbital angular 
momentum; it therefore belongs to the /-forbidden 
group,’ the extreme example of which is C™ with a 
log ft value of 9. 

According to our decay scheme the 191-kev M1 
gamma-ray competes with the 1.29-Mev £2 transition. 
From Weisskopf’s formulas” one would expect the 
191-kev transition to be about twice as strong as the 
1.29-Mev transition. Experimentally, however, the 
1.29-Mev gamma-ray is fifteen times as intense as the 
191-kev gamma-ray. The 191-kev M1 transition is 
probably thirty times weaker than expected because it 
involves a change of two units of orbital angular mo- 
mentum. According to Sachs and Ross'® such Al=2 
transitions, which would be forbidden for ordinary 
magnetic dipole effects, are allowed for certain forms 
of the interaction moment, but are expected to be 
somewhat weaker than the transitions involving no 
change in orbital angular momentum. 


13M. G. Mayer, Phys. Rev. 75, 1946 (1949); 78, 16 (1950). 

“ Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 

’ Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951); and L. W. Nordheim, Revs. Mode-n Phys. 23, 322 
(1951). 

16 R. G. Sachs and M. Ross, Phys. Rev. 84, 379 (1951). 
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The relationship between diffusion constant and mobility, 
experimentally verified for electrons and holes in germanium. 


called the Einstein relationship, has been 
This has been accomplished by measuring 


the rate of increase in half concentration width of a pulse of minority carriers moving in an electric field. 


CCORDING to theory, the ratio of the diffusion 
constant D to the mobility » of charged par- 
ticles is 


D/u=kT/q, 


where 7 is the absolute temperature, & the Boltzmann 
constant, and g is the magnitude of the charge. 
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This relation was verified by the following experi- 
ment. Sharp pulses of minority carriers were injected 
into single crystal rods of both P- and N-type ger- 
manium in which there was an electric field. As the 
pulse moved along the rod under the influence of the 
electric field, diffusion occurred, resulting in a con- 
tinuous transition from a sharp to a broad pulse. The 
essential features of the pulse shape were determined 
at two different distances along the rod. 

The pulse was injected at an emitter point and de- 
tected at a collector point, which was placed some 
distance away. The variation of current through the 
collector point was observed with an oscilloscope, using 
essentially the same arrangement employed by Haynes 
and Westphal in the determination of the mobility of 
holes and electrons in silicon.” 

It can be shown that to a good approximation 


D_ V (At,?— At,) 


mn “AL. O81, (¢;— ta) 


where A/,= width of the pulse at half-maximum corre- 
sponding to the transit time 4;, Ata= width of the pulse 
at half-maximum corresponding to the transit time fo, 
and V=potential difference between emitter and col- 
lector positions for transit time 4. 

Using a constant electric field, the transit times and 
pulse widths were measured on the time base of the 
cathode-ray oscilloscope for two positions of the emitter 
point. 

Since the determination of D/y depends on a differ- 
ence of squares of measured quaiutities, single observa- 
tions do not have a high level -of significance. Inde- 
pendent measurements were male by a large number 
of observers. The average value for D/y obtained 
using injected electrons is within 1 percent of that 
obtained with holes. Since analysis shows that the data 
have a normal probability distribution, the method of 
least squares was used to evaluate the most probable 


value and its significance. The following results were 


9, 613 (1884) ]. Possibly it should be called the Nernst-Townsend- 
Einstein re lationship since each derivation appears independent 


of the others. 
2 


R. Haynes and W. C. Westphal, Phys. Rev. 85, 680 


(1952). 
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obtained 3 


D/u=0.0268+0.0013 ev, 
T =303+%1°K, 
kT/q=0.0262+0.0001 ev. 


5 The probable error in the values of T and k7'/g¢ were not 
obtained using the method of least squares which would give a 
value much less than this. Generous allowance is made for 
systematic uncertainty in recording ambient temperature. 


PHYSICAL REVIEW 


VOLUME 88, 


1369 


It would appear that these results verify the relation 
D/pw=kT/g. Although there have been other experi- 
mental verifications of this relationship using colloidal 
particles and ions, this is the first direct experimental 
proof of the validity of this equation for electrons and 
holes of which we are aware. 

The authors would like to express their appreciation 
to W. C. Westphal for assisting with apparatus, to 
J. R. Haynes for advice and encouragement, and to the 
Bell Telephone Laboratories for their hospitality. 
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In this paper Einstein's unified field theory is modified, and séme of the physical i:nplications of the new 
theory are examined. It entails: (1) a restriction of 4-current distribution, (2) an electromagnetic field con- 
sisting of short- and long-range parts, (3) a finite self-energy for the electron, (4) a classical description of pair 
production and annihilation as discussed by Feynman in his electrodynamics, (5) the Lorentz-force law 
for a charged particle moving in an external electromagnetic field, (6) the bending of light grazing the surface 
of the sun—the same as given by the general theory of relativity. 


1, INTRODUCTION 


HE arguments for the necessity of a unified field 

theory are well known, and therefore they will 
not be elaborated at length. The author believes that a 
correct and unified quantum theory of fields, with- 
out the need of the so-called renormalization of some 
physical constants, can be reached only through a 
complete classical field theory that does not exclude 
gravitational phenomena. It is true that one cannot 
feel very optimistic about the quantization of a non- 
linear classical field theory. But one hopes that this 
difficulty may be overcome, partly, by starting the 
quantization procedure with a Lagrangian! formula- 
tion of the quantum field theory. 

In this paper we propose a new version of Einstein’s 
latest unified field theory.'* The reasons for this modi- 
fication will be made clear in the following. The same 
formalism and notation of Einstein’s theory are used. 
The total field is described by a Hermitian tensor gag 
given as 

Sas = dap ti gas, (1.1) 
where 


Gas=fas and ¢as=fas, i=(—1)4, 


so that we have 


(1.2) 


* Now at Laboratory of Nuclear Studies, Cornell University, 
Ithaca, New York. 

1 J. Schwinger, Phys. Rev. 82, 914 (1951). 

18 A. Einstein, The Meaning of Relativity (Methuen, London, 
1951). 


(gaa) = (£ag)- 


The dagger (f) stands for Hermitian conjugate opera- 
7 


tion. We also have the general! affine connection I'ag given 
by 


(1.3) 


7 7 s, . 
Tag Past t Tap. 


The Hermitian property of I's in the covariant indices 
a and 8 is obvious. 

Now, if we define a as the normalized minors of 
Detaas=a, then, we have 


Gay = 54". 


The determinant of gag, because of (1.2), is real and 
can be expressed as 


g=a(i—2—A’), (1.4) 


where 


2=49,,¢e”" (is an invariant), 


A=}f"¢,, (is a pseudoscalar), 


1 
= —__eterg,, (1.5) 
2(-—a)* 
where e**#” is zero whenever any two indices are equal 
and is +1 for even and odd permutations. All indices 
are raised by a*. 
We also have the contravariant tensor g* given by 


Zang?” = 6°. 
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It can easily be shown that g%*[=(—g)!g*] can be 
expressed in terms of gag as 


(1.6) 
(1.7) 


g=(—g)la +9" 6 » 
a =(—a) p+ Afe#)/(1—2—A2), 
In (1.6) we used the expression 
5p°A =f" pp,. 


The components of the affine connection I'%ag are 
defined by solving the equations 


* * 
8 a8:7= Sa8,y— Sup ay — Bayly = 0. (1.8) 


By splitting up symmetric and antisymmetric parts (or 


by taking real and imaginary parts) of (1.8) it is easy 
to show that 


(1.9) 


ap 


Y mo ’ 
I as >= ; +a (¢3T ay Pral POF 


a 


Y ‘Loe 
where | are the Christoffel symbols formed from 
at “ 

dag- : . Y 
Equations (1.8), when solved with respect to Tas, 


give" 
Bi wig? vs 
l'as= —$lagta PaBouy 


(1.10) 


where the sign (0) stands for covariant differentiation 
with respect to rss, so that (1.10) is only an implicit 
solution of (1.8), and Teg=0™T ag, is defined by 

Tapy = Pap,yt $py,at Pra, p- (1.11) 


(1.11) represents the 4-current density, the 
dual of which is 


Equation 


Se= (1/3 oP" T yop. (1.12) 


We add the four field conditions, 


(1.13) 


- 
r.=Tay=0, 


to Eqs. (1.8). 
Equations (1.13) imply, because of (1.8), the four 
equations 


(1.14) 
2. THE EQUATIONS OF THE TOTAL FIELD 


rhe 
great use in the mathematical 
ideas of general relativity. The right-hand sides 


Bianchi identities have been of 
formulation of the 


existence of 


? B. Kurgunoglu, Phys. Rev. 82, 289 (1951). 
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of Gag—}dagG= —82r7Tag are the phenomenological 
descriptions of the sources of the gravitational field, but 
the fact that covariant divergence of the left-hand side 
vanishes identically has induced one to stick-in Tag in 
an ad hoc manner. In unified field theory we can start, 
formally, in the same way and derive the sources of the 
field direct from the elements of the theory itself. 

We first note that if we multiply both sides of (1.11) 
by q% and use Egs. (1.14), the identities 

ap wa 


0 a= —39 Iw 


follow immediately. The stroke (|) in (2.1) stands for 


(2.1) 


. . — , Y 
covariant differentiation with respect to 5 
aBle 


If (1.8) and (1.13) are granted, it can be shown that 
the Hermitian tensor Rag satisfies Bianchi-Einstein 
identities for the nonsymmetric field derived by 
Einstein’ as 

8° Rasiy— Rays Rr6.0]=0. (2.2) 
These identities hold for all fields satisfying (1.8) and 
(1.13). It is now easy to verify the identity, with 
proviso (1.8) and (1.13), 


O° Lg a 6:y7— a 7:8—8 78:0 ]=0, (2.3) 
+ to -- 
which is equivalent to (2.1). 
After performing the semi-colon covariant differen- 
tiations and using 
”* = 


= —G Tw 
. af . . 
(which follows from g*+~.,=0), the identity (2.2) can 
be written in a suggestive form as 


uy 


au aw 
(9 Ra.— 5539 Rw), a=—39 (Rw at Rrp,ut+ Rey, »), (2.4) 
and (2.3) or (2.1) are equivalent to 


a; a Me nP 
(g “dp. 263 Q~ Oy) |ja= — 39 “( Gur, 8+ Pvp, ut Pin, ss (2.5) 
where (|!) stands for covariant differentiation with 
respect to Christoffel symbols formed from bas which is 
defined by 

af af a8 

b =g—/(—Detg~)!. 
Hence, 


ap a8 af 
g~=(—b)') , b=Detbsg=Detg-, (2.6) 


and 


i v 
Dayb = Ba. 


(2.7) 


The form of (2.4) does not change with respect to the 
transformation 


Ras—Rast (0.Bs— 03B.) e 


3 A. Einstein, Can. J. Math. 2, 120 (1950). 
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This fact will be made use of in the Hamiltonian prin- 
ciple of the theory. 
When ¢as=0, (2.4) reduces to 


au aw 
(a Gayu— 3590 Gy) a=0, 


where a%*=(—a)!a; hence the symmetric tensor bag 
may be taken as the generalized “metric” of the space- 
time. From the conservation laws of general relativity 
one might jump to the conclusion that the right-hand 
sides of (2.4) ought to vanish so that they would con- 
stitute a set of four field equations, but this is non- 
sequitur. Instead, we shall follow the analogy with the 
electromagnetic theory. In (2.4) the right-hand side 
being a covariant divergence of a symmetric tensor 
density [left-hand side of (2.4)] has the appearance of 
a generalized electromagnetic force density, that this 
is so will be shown more explicitly later on. 

The identity (2.4) can be satisfied by taking Rag=0 
(Einstein’s theory), or we may reconcile the two iden- 
tities by putting Ras= gas (Schrédinger’s theory).* In 
both cases the field equations are over-determined 
(since we also have Eqs. (1.14) the total number of the 
field equations are 20; for consistency 8 identities are 
required, but there are only 4+1 identities), and also 
the forms of the identities are destroyed. It is very im- 
portant to preserve the form of the identities, i.e., the 
reconciliation of (2.4) and (2.5) can be carried through 
by preserving the forms of “matter tensor’’ and “‘force- 
density,” so that only in this way a consistent number 
of field equations can be secured. The expression in the 
bracket on the left-hand side of (2.4) can be regarded 
as a tensor describing the energy and momentum of the 
total field. We can think the same for (2.5) so that the 
required unification of the physical fields will be 
achieved, if we introduce a “fundamental constant” p 
of the dimension of (length)! by writing 


Q Ros 305 9 Rw + fos (—6)! 


=—p(q a5,—3530- dw), (1) 
and 


Rag, y+ Rey atRya,s= — p*( Gas at ¥37,.at Prya,B)> (II) 


where, in I, the third term on the left-hand side is a 
consequence of the covariant differentiation with re- 


, and f is a constant. 


¥ 
aBls 
The minus sign before ~” is very important and will 
explain itself when we consider the solutions of the 
field equations. 
By contracting (I) with respect to 8 and a@ and ar- 
ranging the terms, we obtain I as 


spect to 


Rag= — p*dapt foag. 


The constant f can be defined by imposing the condition 


4 E. Schrédinger, Proc. Roy. Irish Acad. LI. A213 (1948). 
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that our field equations must reduce, in the absence of 
¢as, to the free field equations of general relativity. 
Thus, we finally obtain 


Rag= — f?(das— bap), (2.8) 


Rasy t+ Roy, at Rye a — p*Tapy; (2.9) 


9g =0. (2.10) 
In this way we have obtained 18 field equations for 16 
field variables plus two trivial identities that follow by 
differentiation of (2.9) and (2.10). Hence, we have a 
consistent number of field equations. Note that p? is 
not a cosmological constant. The same field equations 
can also be obtained from an action principle, 


bf Rate f Co°*Rae—2p*1(—1)'—(~—)!| Wie=0. 
(2.11) 
The term in curly brackets can also be written as 


{{— Detg** ]i—[— Detg** }!} 
=(\/—6)[1-(1—M— L?)4], 
where 
M=3xyox"’, L=},* 
baudsy * 1 
he, ee 


V/—b 


Xury 


t ehrady 09. 
V/—b 

In order to impose the conditions (1.14), we add the 
term g%Bag and regard B, as auxiliary field variable 
which can be eliminated from the field equations. 
Lagrangians of Einstein and Schrédinger theories are 


LQr= GQ Ras 
and 


Ls5= Det(— Rag)! (or g**Rag— 2(—g)}). 


The variation of J= f” Ld‘x consists of adding the inde- 
pendent effects of changing the field components at 


7 

each point by 409%, dol'ag, 508. and of altering the 
region of integration by a displacement 6x of the 
points on the boundary surfaces. The first kind of 
variations lead to the field equations and the second 
one to the Bianchi-Einstein identities for the nonsym- 
metric field. The variation of the first term in (2.11) is 
given in Einstein’s theory, and that of the second term 
can easily be obtained. 


3. CONSERVATION LAWS 
Now, let us introduce the pseudo quantity 


B= §° Bas, 


where 


> 28 7 _* 
Bas= Pagly»— ) es 


I mann A nh oH 





1372 
which is the nonlinear part of 


7 7 ee 7 = 7 
Rag =] af, 7 Tay,pt Tasl me Paul yp= Rast iRas, (3.3) 
where 


ry = 0 log(—g)*/dx*. 


bac . ap . 
The variation of (3.1), using g*~,;,=0, gives 


af af 
SB=—Basdg +BapdQ >, (3.4) 


where 


Bus = Vap— 85 Tar (3.5) 


The Hamiltonian derivatives of 8 with respect to 9% 
results in 
aB a agB 


—eeentencoe menos seifllg, 
dg dx? dg, 


(3.6) 


Multiplying (3.6) by 9%, we get 


af Oo 4 af “ fe 
~=% Reo=— (68-6 Bas); (3.7) 
bal 


or we can write 
l 


ag q yRap _— 
) onan 


z 


1 os 1 @ “ a8 “u 
~~ Ras t+— —(6,8—Qg ,,Bas). (3.8) 
2 - 20% 


We can cancel the left-hand side of (3.8) by writing the 
identities (2.2) as, 


a8 
G (Ras, y+ Rey, at Rya,8) 
a8 - 8 uw 
—(g “Ray— 3549 Rw), 8: (3.9) 
On adding up (3.8) and (3.9) and using the field equa- 
tions (1.14), i.e., we are again using the 4-hermiticity 
conditions [',=0, it follows that 


(3.10) 


where 


a af 8 uw 
4np*t, =(q Ray— 35,9 “Rw) 


a8 : B wu : ny 8 8 
—(¢ Ray— 35,9 Rw) +3(G Bw — 6,9) (3.11) 
is the pseudo stress-energy-momentum tensor of the 
total field. 
If we set ¢gas=0, (3.11) reduces to 
af . 8 ur “uy 8 8 
Q Gay—}6,0 Gotha .yLy—6,L), (3.12) 


8 
where £,, and £& are the corresponding expressions of 


) 
%,, and B in general relativity. The expression (3.12) 
is the total energy momentum tensor of general rela- 
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tivity, and it is conserved. In the absence of matter, 
when the field equations G.ag=0 are used, (3.12) consist 
merely of the last term representing gravitational field 
energy density. 

A similar situation appears to be the case in 
Einstein’s theory. When the field equations Rag=0 are 
used in (3.11) the energy momentum tensor of 
Einstein’s field consists again of the last pseudo term 
of (3.11), and there is nothing to take the place of the 
matter in the ordinary sense, and Einstein’s field 
equations are not complete. 

There is one important point to be noticed : Because 
of the existence of the electromagnetic field the last 
term of (3.11) differs considerably from its counterpart 
£ in general relativity; e.g., it cannot be made to 
vanish at a point in any special coordinate system. 
Despite this the pseudo term cannot represent the total 
field energy density.® 

The above arguments, as far as a nonsymmetric 
generalization of general relativity is concerned, make 
it clear beyond any shadow of doubt that the expression 
(3.11) is the genuine energy momentum tensor of the 
total field, and its form is most suggestive and provides 
another argument in favor of the fact that the field 
equations are neither Rag=0 nor Rag= gas both of 
which cause the vanishing of the field energy density. 

If in (3.11) we use the field equations (2.8), we get 


8 ur Bu 
dap'D, = — p°L55((—b)—(—g)!— 40 ae) +0 On] 


af 8 uw 17” i] 8 
— (GQ Ray— 3579 Rw) +39 Bu—5,B). (3.13) 


The expression in square brackets in (3.13), when the 
cubes and higher orders of g’s are neglected, reduces to 


= (—a)*(55,9 euro” — Poy): 


a 

The reason for not having a minus sign before Ts 

in (3.11) is due to the fact that the tensor Rag defined 

by (3.3) has an opposite sign to that of conventional 
form of Ras. 

We may also define an energy-momentum 4-vector 


8 
= Tadozs, 


¢ 


by writing 


(3.14) 


where [8 is a pseudo vector, and dag is a four-dimen- 
sional surface element. 

Finally it can be shown that, because of T.=0, the 
field equations are gauge-invariant. 


4. LINEAR APPROXIMATIONS TO THE 
FIELD EQUATIONS 


The two spherically symmetric static solutions of 
Einstein-Schrédinger theories were obtained by Papa- 
petrou.® It would be of great interest if one could obtain 

5B. Kursunoglu, Proc. Phys. Soc. (London) A65, 81 (1952). 

* A. Papapetrou, Proc. Roy. Irish Acad. A52, 69 (1948). 
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the same for the present theory. But this is found to be 
more difficult in this case. In order to see more ex- 
plicitly the form of the right-hand sides of the field 
equations (2.8) we first introduce a constant g (with the 
dimensions of an electric field strength) and write the 
physical tensor gag as 


Sap = Gapt iq" vag. (4.1) 


The numerical value of g will be calculated in later 
sections. For the static spherically symmetric case the 
right-hand sides of (2.8) have the forms 


1 
— P(au—by)= - prou(1- a ee 
— p?(a22—b22) = — p*a22(1— (1— E2/g?))), 
— p?(as3— 533) = — p*a33(1— (1— E*/q*)}) sin’@, 


1 
— p?(dua— bag) = — pag 1—-———-——_ }. 
P?(das— ae p u( rare 
The comparison of these with the kinetic energy 
— moc" 1—(1—v*/c?)-4] is most suggestive ;7 while the 
latter puts a limit to the velocity of light, the former 
puts a limit to the electric field strength EZ. Thus for the 
consistency of the above expressions we have to impose 
the condition 


IE |<q (4.2) 


upon the electric field E. 
Now the symmetric and the antisymmetric parts of 
Rag are 


Y Y F..9 7 ’ 1 
Rag= (Vas.y—Vay.s+Tagl'e—Tarl'ys) +l els, (4.3) 


a ms me — 71 _# = 
Rag=Vog,y+T al y—Tagl'ys—Vglay=Tapoy. (4-4) 


We split up the field variables in the form 

(4.5) 
where fag and gag represent weak gravitational and 
electromagnetic fields, respectively, where we use the 


convention x4= tcl. 
Let us assume that we can neglect 


8ap= — apt hagti gas, 


(1) the squares of hag; 

(2) the cubes and higher orders of gag; 

(3) gravitational and electromagnetic interaction 
terms. 
Then, using (1.9) and (1.10), one can write 


rf 1 
Tag = 2 Tapy— 0, Pap; 


Ta= 3 (8,hag— Ighay— Iahpy) 


+4 (980 ary Gral pyr) + GarOr Gay PraIr Grp. (4.7) 


™M. Born and L. Infeld, Proc. Roy. Soc. (London) CXLIV, 
A425 (1934). 


The remaining field variables are 
g=—h+(1-9Q), 
b=1—h=a, 
bap= — bap+hap— Tas, 


Tas= 4528 Pur Pao — Pau PBp- 


(4.8) 
(4.9) 
(4.10) 
(4.11) 


where 


From (1.11) and (1.12) we can write 

(4.12) 
(4.13) 
(4.14) 


Tapy = €aprv! 3 
Osfas= Ja; 


Sas= = 4 €afur Pur = VaAg— OgAa, 


where 


and A, are the potentials of the electromagnetic field. 
Using (4.14), T’ag becomes 


T’.8= 4508 Pus Pur — Pap Pin = — (26 ap fu oe — feat in) =—Tus. 


With these results the field equations (2.8) reduce to 


4[ hapt+ } (bapI J u— JaJ3)+ On $389» Pay 
+ O98 (3 fur fur) - } (few) aut fu] ap 
fea Sas fur uw) = PT os, (4. 15) 
where 


Jap= aI g—OgJa, and [_]=0,0,, and Ja=0/dx*, (4.16) 
and the coordinate conditions 


Ahan =FAqh, (h=Ityp) (4.17) 


are used. Because of the Bianchi-Einstein identities for 
the nonsymmetric field the conditions (4.17) are con- 
sistent with the field equations. 

In the absence of charges we have 


A Vag t+ Ou $89» Pay t+ OaPp(I fu» =) = p?T ap. 


A general solution of the wave equation (4.18) for the 
gravitational potentials hag can be obtained by ex- 
pressing ¢ag aS a superposition of plain waves by means 
of Fourier integral representation of gas. It follows, 
by differentiation, from (1.11) that gag satisfy 


(4.18) 


(4.19) 


T leap =0, 
which is solved by 


} gap(x) = J Cena + gas(k)'] 
Xexp(thyx,)6(k,?)d*k, 


(4.20) 
where the coefficients gag are undefined, and 6(k,?) is 


Dirac’s 6-function. The vector k, is the wave-number 
four vector. For the functions 4g we write 


Hheg(2)= f [hap(k)+hag(k)] explikys,)d'e. (4.21) 


When these are substituted in (4.18), one obtains the 
gravitational potentials as functions of Maxwell’s radi- 
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ation field. To these solutions one adds the solutions for 
free gravitational fields. 

We identify gag and its dual fag in accordance with 
the Maxwell’s equations (1.11) and (1.14) as 


(Gea, Paty G12; Paty Par, Pas) 
= (iF), tE,, 1E3; Hi, H2, H3), 


(fos, for, fia; fary fary fas) = (Hi, He, H3 iE, iE, iEs). 


By using (4.1) and comparing (4.15) with Gas= —27T as 
of general relativity, we get 


pq? =27/c', (4.23) 


where 7 = gravitational constant. 


5. THE STRUCTURE OF THE ELECTRON 


The most interesting feature of the unified field 
theory is its restriction of the charge-current distribu- 
tion. This is the essential deviation from Maxwell- 
Lorentz electrodynamics and is expressed by the field 
equations (2.9). With the above approximation it works 
out as 

(5.1) 


where 
(5.2) 


For an electron at rest the charge density, as follows 
from (5.1), is 


p= —1J4=(ex?/4r)e-"/r, 
so that 
x 


[av - irf pr’dr=e. 
e 0 


For sufficiently large x the function p behaves as a 
delta-function multiplied by 42/x? regardless of the 
order of limits (r—0, x ) or otherwise (x, r—0). 
It is easy to see that when the origin r=0 is included 
the function p is a solution of 


(5.3) 


(V?—x*)p= —exd(r), (5.4) 
where 


5(r) = 5(x)6(y)6(z). 


When rationalized units are used Eqs. (4.13) can be 
written as 


{4=—4rJ, and 0,A,=0, 


so that in a static spherically symmetric’ case the 


potential ¢ 1A, is given by 


(5.5) 


where we use the fact that, in case, J,=0, the electro- 
dynamics is the same as classical theory. 

Our charge distribution has the range of nuclear 
forces (x will follow in the next section). It may be 
objected that the charge of an electron is an indivisible 
unit; therefore a shape factor « is out of place, but this 


¢g=(e/r)(1—e-*”), 
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is no more an unreasable description of the electron 
than is the point electron model.® 

The second term —(e/r)r—* of ¢ may be interpreted 
as causing a force holding the electron to itself. 
- A further approximation to the field equations (2.9) 
can be obtained by retaining gravitational and inter- 
action terms in the equations. On multiplying both 
sides of (2.9) by «7 we obtain 


¢ 
— KF ,= VT asic, y- (5.6) 
Hence, using the expressions for the I'’s, after some 
lengthy calculations we get 


()—«*)Ja= — KJ a— py) T apt (Iq 4) Ou Var 
— (20,J 4) 9aYuy+ (294 fue) 9p9aV¥ut (30,0py) Op fay 
= (39,7) IaJ y— (0g0,J a) YB +4( 089, fay) O8V ur 


X (Op fya) 0,077 — (Oa9y)IJy+ (20,Ja)Opy, (5.7) 


where 


Yap=Itap—F5agh, y=—h, Apyas=0. 


The effect of the terms on the right-hand side of (5.7) 
may be of significance only for heavy particles or for 
an assembly of particles. The right-hand side of (5.7) 
is a 4-vector and it is of course conserved. In general, 
we are going to assume that the effect of those terms 
are equivalent to a delta-singularity and replace (5.7) by 


(l ]—«?)Ja= Kas (5.8) 


where 


jJa(x) = f e6(x— £)V.(t)ds, 


—2 


(5.9) 
5(x) = 6(x1)5(x2)5(x3)5 (x4), 


and £, represent the center of the electron and V, isa 
four-vector of the second order. 

The 4-vector j_ acts as the source of the 4-current Ja. 
This may also be regarded as a boundary condition 
imposed on the current density. We infer from (5.8) 
that the charge distribution of the electron has a 
range x7}. 

The electrostatic field due to an electron at rest is 


E=—dg/dr=(e/r?)[1—e-"—xre™ ], (5.10) 


from which the field at r=0 comes out as 


E(0)=er?/2, (5.11) 


and the potential has its maximum at r=0 as 


¢(0)=ex. (5.12) 


At r=0, g and E have a finite discontinuity. 


8 A point electron may be regarded as an infinitely compressed 
form of the actual (extended) electron, and for this process of 
localization into a point an infinite amount of energy has to be 
used. This may also be seen quite easily by expanding the delta 
function in terms of the eigenfunctions of a suitable energy 
operator. I , of course, leads to the so-called infinite self-energy 
of the electron in classical and quantum field theories. 
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Unified field theory describes the charge density of 
an elementary particle as a short range field. It is not 
possible to measure the effects of an electron “radius” 
«x by having two electrons collide with an energy of 
the order mc. Quantum theoretically the wavelength 
corresponding to this energy is h/mc, which is much 
larger than «~'. Thus it is impossible to locate the 
electron at that energy better than within h/mc. During 
a collision their average distance will never be within 
a distance comparable with «x. 

A solution of (5.8) can be obtained by means of 
Fourier integral representation as 


Ja™*(x) = «2 f Art(x—z')ja(a’)d'x’, (5.13) 


where 
Aret(x) = A(x) —4A(x) 


are Lorentz invariant scalar functions,® and they vanish 
outside the light cone and are singular on the light cone 
so that the solutions (5.13) are causally correct. The 
4-current J,"* given by (5.13) is conserved. 

It can easily be seen, by writing (5.13) in terms of 
Fourier components, that 


o en? er 
f J4(x)dt=— —. 
iat 4n 


The equations, 


{ ]Ag=—4rJa, 


a 


(J—«*)Ja= — «Fa, 


in quantum electrodynamics, imply a_ two-particle 
picture (photon+meson). Their combined form, i.e., 
a fourth-order equation in Az, have been discussed 
extensively,’ and it is found that a fourth-order partial 
differential equation is not, because of occurrence of 
negative probabilities, consistent with the physical 
reality. In the present case this objection does not arise, 
since Eqs. (5.14) can be replaced by 


(5.14) 


| l4.= — deat fBe\(a— joe a, (5.15) 


which means that electromagnetic field can be split up 
as a “short-range” and “long-range” parts. Thus one 
can regard a neutral vector meson field as part of the 
electromagnetic field. Equations (5.15) are solved by 


A,™*(x)= ane [ D(e— 2G! x’’) 


X ja(x’’)d*x’d'x”, (5.16) 
where Dr¢(x) is obtained by putting x=0 in the ex- 
pression of Atet(x). In actual case there was no need for 
the definition of the current density J, given by (1.11). 
* J. Schwinger, Phys. Rev. 75, 677 (1949). 
10 A. Pais and G. E. Uhlenbeck, Phys. Rev. 79, 145 (1950). 


Equations (2.9) approximate to 
(O-#)0,fas=— "jas (5.17) 


so that the second set of Maxwell’s equations are to 
be obtained hy solving (5.17). In this sense, we can 
say that the sources of the electromagnetic field are 
contained in our field equations. 

In the present theory, if one attempted to construct 
an S-matrix of quantum electrodynamics in inter- 
action representation, then the interaction Hamiltonian 
would be = —(1/c)J,**tA, instead of (1/c)7,A,. The 
former contains the invariant function Aret(x—zx’). 
Strictly speaking the S-matrix, 

- 


i 
P exo _-- f So's} 
he J_« 


when expanded will have, with each term, associated 
various powers of A'et(x) so that one expects the results 
for any physical process to be convergent. It, of course, 
is not possible to say without going into details, that 
this proposition will be free of objections. 


6. THE NATURE OF THE ELECTROMAGNETIC MASS 

The energy-momentum tensor (3.13), when the 
approximation procedure of Sec. 4 is used, can easily 
be put into the form 


4p Zap=— PT ast fal apt tb ap) oJ 
: 5a. ]Surfu) + 3S Op fap 
+ Dafuw Oahu» oi L5apJ po fps (6.1) 


The tensor Tas is nonsymmetric; it can be symmetrized 
by using a standard method" so as to secure the con- 
servation of the angular momenta, but for the following 
purpose its symmetrization is only of an academic 
interest and, therefore, no attempt will be made for it. 

For the static spherically symmetric case, in spheri- 
cally polar coordinates diagonal components of Tas 
are given by 
4ap'T =} ph — 49 pt +i VE 

dp 11dE* 1 


—2xE—+- -——+-— sin’ cos* 
dr 4rdr 2 


1 dE? dE\? dp 
x| —— (. ) +4rE -<e| 
2r dr dr dr 


4x p*E n= 4p'F?— 44°29? +4V2E? 
dp 11dE? 
—2xeE—+- -—-+} sin’@ sin’¢ 
dr 4r dr 


1dE? /dE\? dp 
x| —(—) +4rE-— <8") (6.2) 


aa dr 


tions, New York, 1949). 


| 
| 
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4ap’S33=}p’?E*—44"p?+1V°E? 
dp 11dE? 
+--—+4 cos’ 


dr 4r dr 
1 dE dE\? dp 
x| -— (- ) +4ré— 08°] 
2r dr dr dr 


oi hp? k?— 4’ p?+ } V?E?, 


—2rkE 


4np’Z 44 - (6.3) 
where the electrostatic field Z is given by 


~ify=E,=(x./n)|E|, (s=1, 2, 3) 


and |E? |= E+ E,?+ E? is a function of r only. 

By integrating Iq, through the whole of space we 
can calculate the constant « in terms of the mass and 
charge of the electron. The following integrals will be 
used throughout the following discussions: 


@dyody 
feav = arf — —rdr=2e*«, 
o drdr 
© ex? é** 2 1 
forav- arf r( -- +) dr=—e*', 
4n fr 8r 
dE?" dp 
[ve = te| -| =(), feca- —her3, 
dr \o dr 


Now 


(6.4) 


(6.5) 


-ZTa=energy density =<ac’, 


where o= mass density, so that 


- arp? f Taiv=3p" f Brav-+4et f av. 


Hence, 
Ce ee 
moc? = 4 xe’, 
and 


K=2moc?/e*. (6.6) 


Note that each term in the above contributes half of 
the rest mass of the electron. The appearance of the 
factor 2 in (6.6) is a most important feature of the 
entire theory. This we shall explain a little later. The 
constant p follows as 

p=(1/V2)Kk=Vv2moc?/e*. 
The constant g, using (4.23), is 


g= moc*/e's/¥ = 1.2X 10" esu.!'* (6.7) 


Thus the inequality (4.2) finds its most convincing 
explanation. It follows also from (5.11) that 
E*(0)/g=4-Fme?/e 

=4-gravitational force/electrostatic force. 


“a From (6.7), (5.11), and (4.2) it follows that the rest mass of 
any elementary charged particle satisfies the inequality: 


mo<4le|//7= 10 g. 


KURSUNOGLU 


For the radial and transverse stress components we 


have: 
fiuav= [Iuav= [Tuv-o, 


which is the so-called Laue theorem. Thus, our electron 
is a stable structure. 
The integrals of the rest of Tag give 


(6.8) 


[Zmdv =0, [Eunadv= [Taut¥=0, mM*nN. 


Now, a few words on the electromagnetic mass are 
necessary. The potential g(r) reaches its maximum at 
r=0, and it is g(0)=ex=2mpc?/e. Since the entire 
mass is contributed by an electromagnetic field with a 
“short-range” and a “long-range”’ parts, then, from a 
classical point of view in bringing a positron and electron 
charge together all external fields are canceled out, 
and an energy of 2c? is released which is the rest mass 
of these particles in virtue of their fields. This may 
also mean that the rest mass of the two particles is 
equivalent to the work done in separating them against 
their mutual attraction after they ‘“‘are created.” ” 
Similar arguments may be applied for the origin of the 
neutral matter. 


7. EQUATIONS OF MOTION 


It has been shown® that in the presence of an electro- 
magnetic field the equations Gas=—27Tas gave a 
correct law of motion for a charged particle. It has also 
been shown!‘ that Einstein’s theory gives no inter- 
action between a charged particle and electromagnetic 
field: a result that could be deduced immediately from 
our discussion on the energy-momentum tensor of the 
field. 

In the present theory a particle is to be represented 
as a concentration of the field energy density into a very 
small space-time region where, contrary to the assump- 
tion of a singularity, the laws of field are known and the 
magnitude of the field strength can be expressed in 
terms of finite but large numbers. Thus the application 
of the methods of general relativity to the present case 
is not suitable, and it has to be modified. The surface 
integral conditions® of general relativity are empty in 
this case. 

It is quite easy to show from the assumption that 
mass is entirely of an electromagnetic origin and from 
the field equations that the equations of motion of an 
electron in an external field have the correct form. 

Now let 

@ © 


fasp= fast fas, 


12R. P. Feynman, Phys. Rev. 74, 939 (1948). 

3. Infeid and P. R. Wallace, Phys. Rev. 57, 797 (1940). 
4 L, Infeld, Acta Polonica X, 284 (1951). 

6 A. Einstein and L. Infeld, Can. J. Math. 1 (1949). 


(7.1) 
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) 
fas= proper field of the electron, 


Jom external field. 


We assume that the acceleration of the particle is not 
too large, so that we can make use of a Lorentz trans- 
formation. 

When the field equations (1.8) are granted, then, as in 
general relativity, the field equations can also be obtained 
from an action principle‘ 


6 f Saxo, 
where 
—8rp’H=B+ 2p(—b)!—(—g)?. (7.2) 


In this case the field variables g%?=g%7,, and 9% are 
to be varied independently. The complete antisym- 
metric tensor density 9%®7= eA, is the dual of Aa. 
With the approximation of Sec. 4 we have 


B= 4J,J.— (PouPre) 16) 


the last term of which can be dropped from the action 
principle, and we get 


—4np? f Sd'x=5 f BP%forhotiJ,)d'x. (7.3) 


Now, using (7.1) we obtain 
(s) (s) 
—4n f Sa'e=3 f ieiette yt. 
(s) () (e) (e) 
+40 f Gofaaett0f Gofaas 


We define the quantity % by 


() @ 


(s) 
4r= f Hd*x+ | dfefud*x. 


ard [ Sa'x—4n5 f Qt, 


(s) () @) 


D= } Subwtit "I,J, 


The last term in (7.4), because of 0,/,,=0, drops out, 
also in the rest frame of the electron we have (writing 
4aJ. for Ja) 


(s) 
—4r f Od*x=} f E*dV+4r°p— f p'dV =4rmyc?, 


Hence, 


where 


so that we can write 
(s) 
= f Sare—meX(1—v/e), 


where v= velocity of the center of the electron. 


From these results it follows that (7.4) is 
2 ' (2) «@ 
3 f me*(1-=) ar+yo f Vfod'x=0. (7.6) 
c 


Now, we have 

(e) (e) (e) () = 
Su=%Ar—9Ay, Afw=4aT,. 
Using these equations in (7.6) and integrating by parts 
and dropping the divergence terms we get 


(e) 
P= mar(t—ot/e)— f RT. (7.7) 
Thus we have obtained the action function of Maxwell- 
Lorentz theory. An electron behaves as a mechanical 
system with the rest mass mp acted on by the external 


(e) 
field fag. 
If we assume that the electron is moving in g con- 


(e) 
stant external field A,, then we obtain 
f Qat= f mec(1—v?/c2)idt—e ( A,VydtdPe, 


Thus in a slowly varying field the generally covariant 
force law can be stated as 


e 


dV* a 
~=+| VeV7=—_wy,, (7.8) 
dr \Byl» moc? 


where V,=dx,/dr, 
uy 
Vas= —} €apw~ = (fap— Agas)/(1—2—A*)}, (7.9) 


and 


dr? = bagdx*dx*, (7.10) 


We must mention the fact that these results could 
also be deduced, without making the above approxi- 
mations, merely from the fact that the expression (7.2) 
is already contained in T,‘ and contributes the total rest 
mass mo of the electron. In (7.8) Wag refers to the 
actual field, i.e., the external field plus the field pro- 
duced by the particles themselves. 


8. DEFLECTION OF LIGHT 


For a static spherically symmetric field, Eqs. (4.15), 
in spherical polar coordinates, give 


Vpha= 1p 7B, (8.1) 
dp 
V*hhu=—}p'q 7? E+ aie” +8x%p'g 
r 


1 1dE 
—-¢* —+ 9° sin’é cos*y 
2 + dr 


dE\? 11dE 
dr 27 dr 
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dp 
V*thoe pp? *E*+-4rqE erry: P 
dr 


. dE? 
q 4 
2+ @ 


dE,\? 11dE 
ones 
dr 2r dr 


dp 
V*3h33 } p?q*E?+-44g"E—+ 82 p*q-* 
dr 


+q~? sin’@ sin’y 


pe] 


1 idk 
~~g-2- - 


2 sv dr 


r/dE\? 11dE? 
x| ( —) —--- + pre] 
dr 2r dr 


All other components vanish because of spherical sym- 


+q 


metry 
Now if we 


electron at rest 


consider the gravitational field of an 
the above expressions, when integrated 


through the whole of space, give 


[ V2hy,dV f-vindv= f—viaav 
. 817 
| Vhud V = 2we’xp'g-?= 


c 


Che contributions of the terms on the right-hand side 
of the equations (8.2) to the mass of the electron, except 


16 


the first term, vanish. 

From (8.3) it follows that for a macroscopic dis- 
tribution of mass density Eqs. (8.1)-(8.2) can be written 
as 


V*haa= Koo, (8.4) 


: 
Vly 


Koo + Koo 1+ Kooy Sin’@ cos*¢, 


V2ho= — Koo + koo1+ Kooe sin’ sin’, 


V7h33 


Koo+ Koo 1+ Kooe COS", 
where 


drc?)> density of mass 


per unit volume, (8.8) 


Che densities 0; and o2 represent the rest of the terms 
on the right-hand sides of the equations (8.2). Note 
It is clear that the value of « given by (6.6) enables us to 
, calculated as an electromagnetic 
gravitational mass of a particle 
behaves as a mechanical mass. Thus electromagnetic mass = iner 
tial mass= gravitational mass, which is the statement of the 
“principle of equivalence.” The constant « could also be calcu- 
lated from (8.3 


regard m mass, also as the 


The same constant mp in Sec. 7 
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that because of (8.3), we have 


J (ai+02 sin’ cos'¢)dV= f (ores sin’@ sin?y)dV 


- fortes cos*@)dV=0. (8.9) 


In (8.8) £, can be replaced by its maximum value 
Se,x” where x can take two values x, and x, for electron 
and proton, respectively, so that 

E,= 2¢€n(monc?/e,?)*, 
and 
E,,2=4mon.0?(monc?/en?)*.@ 
If we put 
Vo= 2(e?/ myc)’ = “volume of the particle,” 
then, we get 
o=) n(Mon/ V5). 

With the arguments given at the end of Sec. 6 we 
are now in a position to regard the system (8.4)-(8.7) 
as representing the equations of a gravitational field 
produced by the density o of matter. The solutions of 
(8.4)-(8.7) can be written down at once, as 


ko pa(r’)dV’ 
hu= = a f a 
4dr |r—r'| 


‘ 


(8.10) 


o(r’)dV" 


, 


fF 


Ko oi(r’) Ko 1 o2(r’)dV’ 
= f ” dV’— ~ f ee ere 
dr r—r’ An 3 |r—r’| 

Hence, because of the second and third terms on the 

right-hand side of (8.11), the potentials Ay, hoo, Ags 

are different from that of general relativity. But since 

our main interest is, as will be seen in the following, in 

the partial derivatives of /y1, /22, 33, hag with respect 

to the coordinate x and integration of the results 

between the limits (— x, ©), the contribution of the 

second and third terms on the right-hand side of (8.11) 
will, because of (8.9), vanish, viz., 


sa Ohi, 
f — dz = 
Pe 


0 


(8.11) 


Ko 
- lotry+4ox(eyav" 
4r 


° 2 
xf 264, 
» Of \\7—F 


M fowyav’= total mass. 


where 


‘7 This gives a density of matter of the order 108 g cm”, 


which is similar to the liquid drop model of the nucleus. 
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Now, if we neglect the term g~°Tasdx*dx* in the ex- 

pression of the metric of the space-time, we can write 

a(r’) ; 

———d V" } (dx?-+-dy?+ ds’) 


eon F i 


Ko a(r’)dV’ 
+a(1-= f— )ee. (8.12) 
dn |r—r’| 


This result is the same as the one obtained by Einstein 
in general relativity. The required deflection of light 
passing near a strong gravitational field follows from 
dr’=0. 
Hence, if L is the velocity of light, we have approxi- 
mately 
(8.13) 
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so that the deflection of light is 


“4 
a= f - 
me 


(8.14) 


in complete agreement with the result of general rela- 
tivity.'$ 

The author is not aware of any other unified field 
theory comprising the results obtained in the foregoing. 
We think that these implications of the theory are 
important enough to warrant our confidence in its 
validity as a correct physical theory. 

The author is grateful to Professor P. A. M. Dirac 
and to Dr. C. A. Hurst for many useful discussions and 
finally to the Turkish Government for the award of a 


scholarship. 


18 Tt can easily be seen that for «=-0 the above theory reduces 
to Einstein’s version of the unified field theory. 
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Mobility in High Electric Fields 
E. M. Conwe.* 
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(Received July 17, 1952) 


An extension of conductivity theory to high fields, subject to the usual simplifying assumptions, is carried 
out for the cases in which the change of energy of an electron in a collision can be neglected. This yields a re- 
lationship between mobility and relaxation time which is valid over a wide range of fields. 


HE formal theory of conduction can be extended 

simply to cover the case of high fields when the 
scattering processes which give rise to the resistance 
are to a good approximation elastic. This condition is 
satisfied in monatomic solids for the range of tempera- 
ture and field strength in which collisions are mainly 
with acoustical modes of lattice vibrations and im- 
purities. Experiments indicate that in germanium at 
room temperature, for example, this is the case up to 
about 4000 volts per cm.' This condition is also satisfied 
for electrons in a gas when the collisions are nonionizing 
ones with atoms or ions. 

The distribution function for the electrons in an 
electric field will be denoted by /(k, E), where k is the 
wave vector and E is the electric field intensity. If we 
neglect crystal anisotropy, since the scattering is elastic 
the distribution function in the presence of the field 
will be nearly isotropic in k space. It can be shown that 
it is a good approximation to take 


f(k, E) = fo(k E)— filk, E)cosé, (1) 
where @ is the angle between k and the field direction, 


chosen as the z axis, and f; is much smaller than fp. 
In low fields, of course, fo will be the zero field equi- 


* On leave from Brooklyn College, Brooklyn, New York 
1 W. Shockley, Bell System Tech. J. 30, 990 (1951) 


librium distribution. In the steady state, the rate of 
change of f due to the field must be balanced by the 
rate of change due to collisions, or 


(eE/h)(0f/dk.) + (0f/dt).=0. (2) 


It has been shown that probabilities of scattering by 
lattice vibrations or imperfections are independent of 
electric field intensity up to fields of the order of 
6X10° volts per cm.’ In the approximation that the 
scattering is elastic, transitions will take place to states 
on the constant energy surface. Let the probability of 
transition per unit time from a state near k to one of a 
group of states in area dS’ of the constant energy sur- 
face be denoted by P(k, k’)dS’. Then 


(af/ate=— f fk, B) PC, &) 
: — f(k’, E)P(k’, k) dS’. (3) 


To carry this further it is necessary to assume that 
P(k, k’)= P(k’, k) and depends only on the angle be- 
tween k and k’. Since collisions can only redistribute 
electrons around the constant energy surface, fy does 
not contribute to this term. The rate of change of /; 
may be found by considering an element of phase 


sf. Bardeen and W. Shockley, Phys. Rev. 80, 69 (1950) 
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space along the k vector parallel to E. Using (1), we 
obtain 
+] filk, E)\(1—cosé)P(@)ds’, (4) 
st 

+(filk, E)V/Cr(k)], (5) 
where r is the zero field relaxation time. Equation (2) 
then takes the form 

(eE/h)(df/dk)+(fi/r) =0, (6) 


for high as well as low fields.’ 
Since the isotropic part of the distribution will not 
contribute to the current, the current density is given by 


hk 2 
. f f f e— cos0(— f, cosé)—-—#? sindd0dedk, (7) 
m (2x)* 


where the integration is over all k space. Using (6) to 
eliminate /;, we obtain 


2 @ af 
j= fl f f f 7— cos’# sinddddedk. (8) 
(2x)* m dk 


We now make the assumption that the energy surfaces 
The integration can then be carried out, 


(0f,/dt).= 


(0f,/dt).= 


are spherical. 


1 
j~ “A ex} -[F (ede 
3n? m 


giving 


(9) 


For the mechanisms of scattering under consideration, 
k®r vanishes at the lower limit, and the first term makes 


* Essentially this equation is derived for electrons in a gas in 
high fields in S. Chapman and T. G. Cowling, Mathematical Theory 
of Non-Uniform Gases (Cambridge University Press, Cambridge, 
1939), p. 346 
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no contribution to 7. The expression can then be written 


e an 1 
j= -—ef — —(kr) f(k)—k'dk 
3m Jy Rdk r 


é 1d 
=— En — —(#)), 
3m k dk 
where n is the number of electrons per unit volume, 


and the quantity in brackets is to be averaged over all 
electrons. In terms of the mobility, this result is 


ae 5 am ») 


In this form the result is valid for low fields and high 
within the limits that the scattering is nearly elastic. 
It yields a field-dependent mobility at high fields be- 
cause the electron distribution is field-dependent. 

It is easily checked that this gives correct results in 
all familiar low field cases. For example, in the case of 
lattice or impurity scattering in nondegenerate semi- 
conductors at low fields it gives the same mobility as 
(e/m)(v*r)/(v®), which is valid for a Maxwell-Boltzmann 
distribution. At high fields it gives the correct drift 
velocity for electrons in a gas, for which the high field 
distribution is known.’ It has been pointed out by 
Wannier that this expression for the mobility is de- 
rivable in the high field case from the equation system 
(17) of his paper.® 

4 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 276 


§ See reference 3, p. 35 
®G. Wannier, Phys. Rev $3, 281 (1951). 


(10) 
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The Comparison between the Longitudinal Correlation and the Time Correlation 
in a Turbulent Flow* 


7 N. 


FRENKIEL 


Applied Physics Laboratory, The bb Hopkins University, Silver Spring, Maryland 
(Received June 20, 1952) 


Some preliminary applications of high speed computing to the analysis of experimental data on turbulence 
are reported. A time correlation curve is determined from a recording of velocity fluctuations measured with 
a single hot-wire anemometer. The shape of the time correlation curve differs from the shape of the longi- 
tudinal correlation curve measured in the same fluid flow. One must, therefore, be cautious in reaching 
conclusions from experiments based on the assumption that time and space spectra of turbulence are 
identical. A more extensive study of the relation between time and space characteristics of turbulence is in 


process 


HEN the relation between a spectrum of tur- 
bulence and a correlation coefficient was first 
found by Taylor,' an assumption was made that the 


* This work was supported by the U. 
Ordnance 
i G I. 


S. Navy Bureau of 


Taylor, Proc. Roy. Soc. (London) A164, 476 (1938). 


turbulence pattern moves in the fluid stream without 
changing. This assumption was necessary, since Taylor’s 
spectrum described a statistical characteristic of velocity 
fluctuations at a fixed point of the fluid flow while his 
correlation coefficient referred to simultaneous velocity 
fluctuations along the mean velocity direction. Taylor’s 





CORRELATION 


assumption is, of course, meant as an approximation 
and in many cases its use is fully justified. In a field of 
decaying turbulence the time-spectrum! cannot be 
identical with the one-dimensional longitudinal spec- 
trum?; if it were, there would not be any decay what- 
soever. One must, therefore, be rather cautious in 
reaching conclusions concerning the decay of turbulence 
when these conclusions are based on the assumption 
that the time-spectrum and the longitudinal spectrum 
are identical. The relation between certain time and 
space characteristics has been discussed elsewhere.?:* It 
is difficult to establish a rigorous theoretical relation be- 
tween these characteristics without other assumptions. 
A direct experimental comparison between them may, 
therefore, be valuable. The present note describes some 
preliminary data obtained during the preparation of an 
extensive investigation in this field. 

Oscillographic recordings of the fluctuations of the 
_turbulent velocity made with a hot-wire anemometer 
were used for this investigation. The measurements 
(made available by Dr. G. B. Schubauer of the National 
Bureau of Standards) were obtained in a wind-tunnel 
at a point 10 feet downstream of a 33-inch mesh grid 
at a wind speed of 20 feet per second. The velocity was 
determined as a function of the time by reading, on the 
oscillographic recording, the velocity at 1779 instants, 
ti, f,°*+spaced at intervals equal to approximately 
1/3100 second. 

Various statistical characteristics of turbulence, in- 
cluding frequency distributions and second- and third- 
order correlation curves, were then determined using 
punch-card computing machines.‘ The second-order 
time correlation coefficient for the turbulent velocities 
u,’ and ui,’ at two instants /; and /j, separated by an 
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Fic. 1. Time-correlation coefficient Rj(k) as a function of the 
length of the oscillographic recording. The interval of time 4 and 
the length of the recording m are expressed in multiples of 1/3100 
second. 

2 F. N. Frenkiel, Compt. rend. 222, 367 (1946). 

3F. N. Frenkiel, Proc. 7th Int. Congr. Appl. Mech. 2, 112 
(1948). 

* Frenkiel, Edelson, and Rawling, Nav. Ord, Lab. Memo 10815 
(1950) (unpublished), 
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Fic. 2. Time-correlation curve calculated using the total length 
of the oscillographic recording (n= 1779 corresponding to about 
0.57 second). 


interval of time A was calculated with the formula 


t=n—h i= m—h 


R(h)= > ula’ XS (wiga’)*T', 


with n=1, 2, --+, 1779 and é the interval of time meas- 
ured in multiples of 1/3100 second. Figure 1 represents 
the time-correlation coefficient for several values of the 
interval of time 4 as a function of the number of points 
used for its computation. The curves show a general 
trend indicating the limits toward which the correlation 
coefficient values appear to tend. Figure 2, representing 
the correlation coefficient R; as a function of h, is given 
only as an illustration of the general shape of the time- 
correlation curve. One notices immediately the large 
negative values of the correlation coefficient for # in 
the region of 0.02 to 0.04 second. None of the available 
measurements of longitudinal correlation coefficients 
made under the same experimental conditions present 
such large negative values.’ While the length of the 
oscillographic recording was too small to give very 
accurate numerical values for the correlation coeffi- 
cients, one can conclude from Fig. 1 that the negative 
values of R,(h) are of the order of magnitude of those 
represented on Fig. 2. From these preliminary investi- 
gations, it appears that the time-correlation curve has 
a sensibly different shape than the longitudinal corre- 
lation curve. 

If the time correlation curve R,(4) is compared with 
the longitudinal correlation curve R,({AU) (U is the 
mean velocity and AU =x is the distance between the 
two points for which the correlation between the 
u-velocity components is measured), one may expect 
that the difference between R, and R, will decrease as h 
decreases. However, even if this difference is negligible 
for small h, it does not necessarily follow that the 


5 Dryden, Schubauer, Mock, and Skramstad, National Advisory 
Committee for Aeronautics, Rept. 581 (1937), 
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difference between time and space velocity gradients is 
negligible, and there may be, therefore, a non-negligible 
difference between time and space microscales of tur- 
bulence. 

An extensive investigation is needed before complete 
experimental! results can be given concerning the rela- 


PHYSICAL REVIEW 


VOLUME 88, 


FRENKIEL 


tion between time and space characteristics of tur- 
bulence. This work is now in process in. cooperation 
with the National Bureau of Standards.*® 


® New experimental measurements, now in process, are being 
made in cooperation with Dr. J. Laufer (National Bureau of 
Standards) and Mr. I. Katz (Applied Physics Laboratory). 
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The fluctuation-dissipation theorem relating spontaneous equilibrium fluctuations to the conductance in a 
dissipative thermodynamic system is extended to the case of several variables, using a quantum statistical 
analysis. The conductance matrix is shown to be subject to certain symmetry relations, providing a general- 


ization of the Onsager reciprocity theorem. The susceptance 


matrix is also shown to be subject to similar 


symmetries. The symmetries apply to all frequency components, and hence to arbitrary transient processes. 


1. INTRODUCTION 


HE theory of irreversible processes consists essen- 
tially of two types of theorems. The first of these 
theorems is the reciprocity relations of Onsager, treating 
of the symmetry of the mutual interference among 
several simultaneously occurring irreversible processes.'* 
The second is the fluctuation-dissipation theorem, re- 
lating the spontaneous fluctuations in an equilibrium 
system and the parameter (the conductance) which 
characterizes the dissipative aspects of an irreversible 
process.** The purpose of this and the following paper 
is to extend the fluctuation-dissipation theorem to 
several variables and to exhibit its relation to a general- 
ization of the Onsager reciprocity theorem. 

Both the Onsager theorem and the fluctuation-dis- 
sipation theorem have been investigated by quantum 
statistical and thermodynamic methods. In the present 
paper we shall be concerned exclusively with the 
quantum statistical analysis. 

We shall show that the fluctuation-dissipation theo- 
rem may be interpreted as a matrix equation when 
extended to several variables. The mean square fluctua- 
tion of a single variable (Q*) is replaced by a matrix, 
the elements of which are the spontaneous mutual 
correlation moments of two fluctuating variables (Q,Q,). 
The admittance (and hence the conductance) is re- 
placed by an admittance matrix, the element Y x de- 
scribing the response of the variable Q; to the force V.. 


* This work was supported by the ONR, and the Bureau of 
Ordnance of the U. S. Navy. 

1 L. Onsager, Phys. Rev. 37, 405 (1931) ; 38, 2265 (1931) 

* H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

‘H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 

‘J. L. Jackson, Phys. Rev. 87, 471 (1952). 

5H. B. Callen and R, F. Greene, Phys. Rev. 86, 702 (1952). 


Furthermore, we shall show that both the conductance 
and susceptance matrices are subject to a symmetry 
relation. The symmetries so established apply to all 
frequency components and consequently are applicable 
to arbitrary types of transient processes. An indication 
will be given of the application of this reciprocity 
theorem to steady-state processes. 


2. THE ADMITTANCE MATRIX 


In this section we shall define the admittance matrix 
and develop a useful quantum statistical expression 
for it. 

We consider a system whose Hamiltonian in isolation 
is 1). Let the system be acted on by a perturbation 
which induces the irreversible processes of interest. For 
a single variable this perturbation may be written in 
the form’ V(t)Q(--+g,*++ p,-++), in which V(é) is a time- 
dependent scalar which measures the instantaneous 
strength of the applied perturbation, and which there- 
fore plays the role of a driving force, and in which 
QO(-++9,:+*p,'++) is a function of the coordinates and 
momenta of the particles composing the system. For 
the general case in which several simultaneous per- 
turbations act, we shall write the total perturbation as 
Zh Vi(tOx(- **Qy"° * Dr --), 

We shall assume the perturbations to be sufficiently 
small so that first-order perturbation theory is valid. 
As we shall see, this assumption linearizes the system 
in the following sense. Under the influence of the per- 
turbations, the expectation value of Q; becomes a 
function of time, and if Q,(w) denotes the Fourier 
component of the time derivative of this expectation 
value, then Q,(w) is a linear function of the Fourier 
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components V;(w) of the several driving forces. That is, 
Q;(o) = — Xe Vn(w) Vi(). (2.1) 

The minus sign® is here included in order to indicate 
explicitly the tendency of Q; to be of such a sign as to 
decrease the perturbing energy V ,Q;.4 The matrix { Y ,x} 
may be called the admittance matrix. The elements of 
this matrix are, in general, complex, indicating by the 
usual convention the phase relations between the re- 
sponse and the several driving forces. That is, 

Y jx(w) = gjn(w) — idx (w). (2.2) 
The real and imaginary parts of the admittance matrix 
are respectively the conductance and susceptance mat- 
rices, {gx} and {bj}. 

The method we use in order to obtain explicit ex- 
pressions for the elements of the admittance matrix is 
simply to compute the time dependent expectation 
value of Q; in the perturbed states of the system.‘ The 
initial state of the system is represented by an ensemble 
in which the occupation numbers of the unperturbed 
energy states are in accordance with the equilibrium 
distribution associated with a temperature 7. 

In the presence of sinusoidal perturbations V;(¢) 
= V;” sinwf, the Hamiltonian for the system is 





H=Ho(+++ ger, +++ Per **) 
ty, V,° sinwlQ,(- - yoo press), (2.3) 
where 
HW n= En¥ n. (2.4) 
Writing the perturbed wave functions as 
On = Dom Dam(t)Vm exp(—iE»t/h), (2.5) 
we find, to first order, that for n#~m 
2ibam(t)= —>y: Vie(¥m| Qe | V,) 
exp[ —it(E,— Emthw)/h]—1 
E,—Emthw 
_expl—#(En — En—hw) hj-1 
- —— , (2.6) 


E,—Ea—he 

and for n=m 
Dan(t)=14+(1/ih) Se Vi (Vn | On| Y 

The expectation value (#,|Q;|#,) of Q; in the mth 
perturbed eigenstate may now be computed. 

The operator associated with Q; is given by the 
commutator [H, Q;]/h from which, keeping only first- 
order terms, we have 


n)(1—coswt)/w. (2.7) 


; 1 
(®n|Q;| Pn) =— Le Dimen Ve(En| Q;| Em) 
2h 


X(En | Ox| E,)(En— Ex) 


e7 tet — git Em—Endih eiet— gt Em—En)/h 





E,— Enthw E,—En—hw 


+complex conjugate. (2.8) 


~ ©The negative sign was unfortunately omitted in Eqs. (2.12) 
and (2.14) of reference 3. 
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Now to obtain the response for a macroscopic system 
we average (2.8) over the ensemble. The summations 
over both m and m may be replaced by integrations 
over energy.’ Introducing the density of levels p(Z) and 
the distribution function 


f(E,) =(const.) exp(— E,/kT), (2.9) 


we find 
1 o ea ; : 
== f f dEwdExp(En)o(Ex)f(Ex)(Em—Ex) 
XXu Vi Em | Qs] ExXEn| Or] Em) 
piwt adit. End/h 


é 
x{“ 
E,— Enthwo = 


1 « x 
-—— f f dE ndE,.p( Em) (EF 
2h So 


XD Vi\(Em 
je pabdre? En) | 


Shield 


a) f(Ex)(Em— Ex) 


1Q;| E, M Ez. | Ox! E..) 


+complex conjugate. (2.10) 


For large ¢ the first integral becomes 


imw ; 
= exp(iw/) f dE mp(Em)p(Em— hw) f(Em— hw) 
0 


4 


x>. VEX En m—hw (Em—hw| Qe| Em) 


a 
aa f dEmdEnp(Em)p(En) 


ml Q;| <n) (E n| |Qx| E. } 


OE 


‘oc 


Bins wre 





X f(En)(Em— En) Fie 


and the other integrals may be evaluated similarly. As in 
reference 3, these integrals may be further reduced, 
yielding 


(Q; =— sinwt ee Rik V,°+ coswl > bin V;,°, (2. 1 1) 


with 


£ ie = }w(1—exp[ —hw/kT ]) 
xf dEmp(Em)p(Emt+hw) f(Em) 
0 


X ((Emthw|Qt| Em(Em|Q;| Emt+hw)+c.c.} 


Em)p(En) f(En)(En— En 
+20 f ma lL. )p(En) f(En)( ) 





(En—Em)*— (hs)? 
XIm{(Em|Qe|ZnXEn|Q;|Em)}, (2-12) 
—_—_ = : 





' 
4 
i 
é 


ey 
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and 


b= 2w(1—exp[ —hw/kT ]) 
xf dEmp(Em)p(Em+hw) f(Em) 
0 


X Im{(Em+thw| Or} Em Em|Q;| Emit) } 
tw f f dE dE, — 
0 % (E,—En)?— (hw)? 
X {(Em|QOr| En(En|Q;|Em)-+¢.c.}. 


3. THE SPONTANEOUS FLUCTUATIONS 
IN EQUILIBRIUM 





(2.13) 


Having in the previous section investigated the re- 
sponse of a system to a driving force, we now turn our 
attention to the spontaneous fluctuations in equilibrium. 
In particular, we shall compute the correlation moment 
(Q,Q,) of two arbitrary functions of the coordinates and 
momenta of the particles of the system. 

We shall find it convenient to first compute (QQ), 
from which the moment (Q,Q,) may easily be obtained. 
We proceed in this calculation by formulating the 
expectation value of QQ, in a pure state of the system 
and then averaging over a!l pure states in accordance 
with the equilibrium distribution function. Since the 
quantum-mechanical operators Q; and Q, do not neces- 
sarily commute, the appropriate operator for which we 
seek the expectation value becomes 4(Q,Q.+Q.Q)). 
The expectation value of Q,Q, in the unperturbed state 
Y,, is then 
(E,| Q Qi t+QiQ;| En) =1/2h°CSm (En— Em)? 

X(En|Qe| EmXEm|QO;|En)+c.c.]. (3.1) 

The summation over m may be replaced by an in- 

tegration over E,,. With the substitution 


ho=|En—Enm|, (3.2) 


we then obtain 
eee L-* 
i(En| QjQu4 0.0,|E)=— f (hw)? 
2h? Jo 


X(Enthw| Ox! EnXEn|Q;| En thw) p(Enthw)hdw 


1 
- f (hw) En—hw|Qy| E,) 


7 
2h? 9 


X(En|Q;| En—hw)p(En—hw)hdwt+c.c. (3.3) 

We compute the macroscopic correlation moment by 
summing over unperturbed states V,, weighting them 
by /(E,) as previously. This summation may also be re- 
placed by an integration over E,. Using the trans- 
formation 


E>E'+hw (3.4) 
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as before, we have the result 


ae ow 
d)=- f dwhw*(1+exp[—hw/kT ]}) 


ad 0 


xf dEmp( Em) p(Em+hw) f(Em) 


0 


X[(Emtho|Qr|EmXEm|Q;|Emtho)+c.c.]. (3.5) 


Since the Fourier component of Q; is simply the 
Fourier component of Q; divided by iw, it follows that 


1 
(QO) - * 


f dwh(1+exp[ —hw/kT ]) 


- 0 


x f dE mp(Em)o(En-+ hes) f(Ex) 


0 


X[(Emthw|Qr|EnXEm|Q;|Emtiw)+c.c.]. (3.6) 


These two equations constitute our desired expres- 
sions for the correlation moments of the spontaneously 
fluctuating variables in an equilibrium system. 


4. THE FLUCTUATION-DISSIPATION THEOREM 


A theorem has previously been proved* which is 
equivalent to a relation between the diagonal elements 
of the fluctuation-correlation matrix and of the con- 
ductance matrix. In this section we obtain an extension 
of this theorem to the off-diagonal elements of the 
respective matrices. 

Comparison of Eqs. (3.6) and (2.12) yields directly 
the theorem 


2 7” Ziz(w)+ gr ;(w) 
(00)= -f dwE(w, net (4.1) 


Tv 2a” 
Here 


E(w, T)=tiwtholexp(hw/kT)—1}-',, (4.2) 
which is formally the mean energy at temperature T of a 
harmonic oscillator of natural frequency w. It may be 
noted that at high JT (kT>>hw), E(w, T) assumes the 
classical limiting value of kT. 

It is sometimes useful to introduce fictitious fluctu- 
ating forces defined in such a way that they would 
induce the observed values of the fluctuating responses. 
It is clearly possible to use relations of the form V=ZQ 
to transform (4.1) into an expression for the correlation 
moments of these fictitious forces. Because of the 
artificiality of such forces and because the expressions 
for the off-diagonal elements become rather complicated 
in such a formulation, we prefer to restrict ourselves to 
the theorem as stated in Eq. (4.1). The diagonal form 
of Eq. (4.1), written in terms of the fluctuating forces, 
has been applied elsewhere to the problems of Brownian 
motion, the fluctuating electric field in the vacuum, and 
pressure fluctuations in gases.* 














5. SYMMETRY PROPERTIES OF THE ADMITTANCE 
MATRIX 
In this section we shall consider certain symmetry 
properties of the admittance matrix. 
We have 


Y .(w, A)= gje(w, A)—tbje(w, A), (5.1) 


where we have explicitly indicated that the admittance 
matrix may depend upon an applied magnetic field, 
described by the vector potential A. We consider the 
behavior of the admittance matrix under the simul- 
taneous transformations j«+k and A—>—A ; that is, we 
shall investigate the relationship of Yj(w,A) and 
Y,;(w, —A). It may be noted that the dependence of 
Y x(w, A) on the indices j and k& and on the field A 
is only through constructs of the form (E»|Q;| Ex) 
X(Ex|Qx| En). The transformation jk is equivalent 
to the replacement of each of these matrix elements by 
its complex conjugate. Thus, we are led to study the 
behavior of the unperturbed wave functions and the 
operators Q, (these being the quantities entering into 
the matrix elements) under a particular operator T. 
This operator is so defined that applied to a given wave 
function which depends parametrically on A, it takes 
the complex conjugate of that function and also re- 
places A by —A: 


TW(-++qee+, ©++Aees) 
= W*(---g--s, «++—A+--), (5.2) 


The unperturbed wave functions may be chosen as 
real in the absence of a magnetic field. In the presence 
of a field, the momenta in the unperturbed Hamil- 
tonian are replaced by (P,—e,/cA,) and thence by 
—ih(V,—(e,/hc)iA,]. Therefore, the convention which 
made the wave functions real in the absence of a field 
will cause them to involve both i and A only through 
the product iA. The unperturbed wave functions are 
therefore invariant under the T operation. 

Similarly the classical function Q; is a real function 
of the coordinates and of the quantities (P,—e,/cA,). 
The operator Q; is consequently a function of the 
coordinates and of the quantities —ih[V,—(e,/hc)iA,]. 
Since the 7 operator leaves the square bracket invariant, 
it merely replaces (P,—e,/cA,) by —(P,—e,/cA,). That 
is, the symmetry of the operator Q; under T is equiva- 
lent to the symmetry of the classical function Q; under 
the reversal of all particle velocities. 

In the above discussion we have, for convenience, 
implied a scalar wave function and thereby ignored 
spin. If spin is included .the operator 7 must also be 
considered as causing the reversal of all spins. The T 
operator is essentially the Wigner time-reversal oper- 
ator.’ The symmetry of the operator Q; under T is then 
equivalent to the symmetry of the semiclassical func- 
tion Q; under the simultaneous reversal of all particle 
velocities and spins. 


7A simple discussion of the time-reversal operator is given by 
M. J. Klein, Am. J. Phys. 20, 65 (1952). 
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Returning now to Eq. (5.1), we recall that Y j2(w, A) 
depends on j and & only through constructs of the form 
(Em|Q;|EnXEn|Qe| Em). The simultaneous transforma- 
tion j«+k and A——A corresponds to the application 
of the T operation within these matrix elements. The T 
operation leaves the unperturbed wave functions in- 
variant, and yields a symmetry, in its action on the Q;, 
which derives from the dependence of the Q; on the 
particle velocities and spins. If both Q; and Q, are even 
under the reversal of particle velocities and spins, then 
Y (w, A) is invariant under the transformation con- 
sidered. If both Q; and Q; are odd under the reversal 
of particle velocities and spins, then Y %(w, A) is again 
invariant, whereas if Q; is even and Q, odd (or vice 
versa), Vj(w, A) changes sign under this transfor- 
mation. 

Thus, we have derived our basic symmetry relations. 
If Q; and Q, are both odd or both even under reversal 
of the particle velocities and spins, 


Y jx(w, A)= Yj(w, — A). (5.3) 


If Q; is even and Q; odd (or vice versa) under reversal 
of the particle velocities and spins, 


¥ x(w, A)= —V(w, — A). (5.4) 


It may now be noted that the general case, in which 
the Q; and Q, are neither even nor odd in the particle 
velocities and spins, may be easily subsumed under the 
above analysis by a simple artifice. It is always possible 
to write any given function Q; as the sum of two 
functions, one even, =Q;“ and one odd, =Q;, in the 
particle velocities and spins. The case in which there is a 
single driving force associated with the single function 
Q; may, therefore, be considered to be a special case of 
the situation in which there are two independent driving 
forces for 0; and Q;, these two driving forces being 
taken equal: 


V0; = VO; eo V9;, 


7 ()— VY fe — VY. 
VMO=ViM=V;, 


(5.5) 
with 
(5.6) 

This device reduces any situation to one in which all 
functions Q; or Q, are either even or odd under reversal 
of the particle velocities and spins. 

The symmetry theorem expressed in Eqs. (5.3) and 
(5.4) is a generalization of the reciprocity theorem of 
Onsager. Whereas the Onsager theorem applies only to 
relaxation processes, the above theorem applies to all 
frequency components and hence to arbitrary transient 
processes. Both the real and the imaginary components 
of the admittance are subject to the symmetry re- 
lations. 


6. THE APPLICATION TO STEADY-STATE PROCESSES 


The application of the symmetry theorem to steady- 
state processes requires an extension of the analysis 
and the introduction of a particular type of approxi- 
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mation. This situation exists also in the application of 
the Onsager theorem to steady-state processes.4* An 
appropriate extension of the analysis will appear in a 
subsequent paper, but it seems desirable to indicate 
briefly here the general aspects of the relationship of the 
symmetry theorem to steady-state processes. 

It is immediately apparent that our formalism is not 
appropriate for a direct application to steady-state 
processes. The admittance as given in Eqs. (2.12) and 
(2.13) vanishes for zero frequency, whereas in a steady- 
state process a time-independent force leads to a non- 
zero time-independent response. A specific example 
brings out very clearly the essential difference in the 
situations described by our formalism and those appro- 
priate to the study of steady-state phenomena. Con- 
sider, in particular, the application of an electric field 
to a conductor. As indicated in reference 3, this situation 
may be described by taking the driving force V as the 
applied potential difference and Q as di e:x;/L, wherein 
e; is the charge on the ith particle, x; its distance from 
one end of the conductor, and L the total length of the 
conductor. The system which is properly described by 
this Hamiltonian is an electrical resistor placed between 
two condenser plates which impress the voltage V across 
it, the resistor, however, not being in electrical contact 
with the external circuit. As indicated above, the time 
independent applied driving force V eventually leads 
to a vanishing current Q. On the other hand, a steady- 
state process results if the electrical isolation between 
the conductor and the potential source is destroyed. 
Whereas the distribution of electrons along the length 
of the conductor is radically different from the equi- 
librium distribution in the situation discussed (the 
electrons accumulating toward one end of the con- 
ductor), the effect of making an actual physical contact 
between the conductor and the rest of the circuit is 
to provide an external reservoir of electrons which 
attempts to maintain the equilibrium distribution. 

The above example suggests one approximate method 
of applying our analysis to steady-state processes: this 
method has been previously employed in a discussion 
of the Onsager relations by one of us.® A steady-state 
process may be considered as involving the action of 
two distinct external agencies on the dissipative system. 
One of these applies a perturbation to the system; the 
second is an agency which attempts to restore the equi- 


§ See H. B. Callen, Phys. Rev. 73, 1349 (1948). 
*H. B. Callen, thesis, Massachusetts Institute of Technology, 
1947, unpublished. 
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librium statistical distribution function. The analysis of 
such a steady-state process may then be conveniently 
carried out by an artifice which successfully avoids the 
requirement of explicit consideration of the restoring 
agency. We assume that the response Q observed in 
the steady-state is equal to the instantaneous response 
Q(r) which would be exhibited at some particular 
time 7 in a system which is not acted on by a restoring 
agency but to which is applied, at time ¢=0, the driving 
force V. We see that for such a system the distribution 
function is of precisely the equilibrium form immedi- 
ately after the application of the perturbation. If the 
restoring agency is a very effective one, so that in its 
competition with the applied perturbation it is able to 
maintain very nearly the equilibrium distribution func- 
tion in the steady-state process, the parameter + which 
appears in our analysis will be very small; conversely, 
weak restoring agencies and/or strong perturbations are 
represented in our formalism by large values of r. By 
this device the action of the restoring agency is repre- 
sented approximately by a single parameter 7, and the 
analysis of steady-state processes is reduced to the 
calculation of the response, at a particular time, of an 
appropriately defined transient process; this latter type 
of process being completely within the scope of the 
formalism previously developed. 

We consider, then, a system to which are applied the 
driving forces 


Vi, 
0, #<0, 


t>0, 


V,)= (6.1) 


and we seek the response at time r. It follows immedi- 
ately from Eq. (2.1) and from the transform 1/iw of 
the unit step function that 
Qi(r)=Xe LinV%, (6.2) 
where 
_ 
(6.3) 


tam f dw expion 


Q;(r) is to be interpreted as the time-independent re- 
sponse in the steady-state process. It is evident from 
Eq. (6.3) that the Lx satisfy symmetry relations identi- 
cal in form to those satisfied by the VY, these sym- 
metries being the basis of the modern theory of steady- 
state irreversible processes.® !° 


1S. R. DeGroot, 
(North-Holland Publishing Company, 
1951). 
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The fluctuation-dissipation theorem, which relates the equilibrium fluctuations to the admittance of a 
thermodynamic linear dissipative system, is generalized for more than a single extensive parameter. The 
real part of the admittance is shown to be symmetric, supplying thereby an extension of the reciprocity 
theorem of Onsager. The analysis is macroscopic and thermodynamic in nature, and is carried out for 
adiabatic constraints as well as for microcanonical constraints. 





1. INTRODUCTION 


HIS paper is a sequel to an earlier paper of the 
same title,! to be referred to as “I,’”’ and is the 
thermodynamic counterpart of the preceding statistical 
paper.’ 
In “I’’ we established the relations 


2 
(¢?)=—-k f dwo s(w)w~?, (1.1) 


and * 


2 
)=a7 f doso(a)u (1.2) 
T 


where (£*) is the mean square fluctuation of an extensive 
parameter in the frequency interval determined by the 
range of integration, and where os(w) and gy(w) are 
conductances which characterize the irreversible re- 
sponse of the system to an applied force. The first of 
the above equations applies to systems in which all 
extensive parameters other than the one of interest are 
held constant, whereas the second equation applies to 
systems similarly constrained except that the con- 
straint on the energy is replaced by the condition of 
adiabatic insulation. In this paper we shall generalize 
these results to the case in which several extensive 
parameters are permitted to fluctuate spontaneously, 
and in which the several associated forces act on the 
system to induce an irreversible composite process. The 
analysis parallels the quantum statistical analysis of 
the preceding paper and augments it by the considera- 
tion of adiabatic constraints. The symmetry of the real 
part of the admittance matrix is established by thermo- 
dynamic reasoning, but that of the imaginary part does 
not follow from our thermodynamic analysis. 


2. THE METHOD 


As in “I” the proof of the fluctuation-dissipation 
theorem (here established for multiple extensive vari- 


* This work was supported in part by the ONR under contract 
with the University of Pennsylvania. 

1H. B. Callen and R. F. Greene, Phys. Rev. 86, 702 (1952). 

? Callen, Barasch, and Jackson, preceding paper, Phys. Rev. 88, 
1382 (1952). 


ables) is based on the Wiener-Khinchin formula, 
1 - : 
Gulu)=— fakes ne", (2.1) 
(2r)' J_., 


which reduces the problem of determining the spectral 
density matrix G;;(w) to that of determining the auto- 
correlation matrix (&,(#)&;(¢+-r)). This latter quantity 
may be written as 


(E(t) E (t+ =f d&g)’ -- f dé,’&,’W’s(Eo’= - + &”) 
X(r, fo’ . -&|&), 


where W(£o'- : - &,’)d&o’- - dé,’ is the probability of find- 
ing £---&, in the range d&’- - -dé,’, and (7, &o’- + - &’| £;) 
is the expectation value of &; at a time r after the 
variables & :--¢, had the value £)’---£,’. Thus random 
variable theory provides us with the spectral density of 
the equilibrium fluctuations if we know the two quanti- 
ties W(£o---&-) and (7, &’---&’| &;). Now W1(Eo- - -&,) 
is the familiar distribution function of statistical thermo- 
dynamics, so that the calculation of (7, &’---&,’|&;) is 
the crux of the derivation. But the mean decay curve 
(r, &':--&’|&;) of a spontaneous extensive parameter 
fluctuation is identical to the observed curve of macro- 
scopic drift into equilibrium. The latter curve, finally, 
may be expressed in terms of the admittance matrix 
describing such irreversible processes. Thus the con- 
ditional mean (r, £9’: - -&,’|£;) can be written in terms 
of the admittance matrix so that Eqs. (2.1) and (2.2) 
yield the desired relation between G,;(w) and Y;;(w). 
During derivation of the connection between (r, &’- - - 
é,’|&;) and Y,;, recourse is made to the principle of 
microscopic reversibility, whereby (r, £9’: - -&,’|£;) ap- 
pears as an even function of r. By this means we then 
derive the symmetry of the real part of the matrix Y,,, 
obtaining a set of generalized reciprocity relations. 
The derivation outlined is carried out for systems 
under two distinct types of constraints. In the first 
type, all of the extensive parameters are either rigidly 
fixed (microcanonical) or free to vary (these “canonical” 
variables being those of which the fluctuations are 
studied). In the second type of constraint, the micro- 


(2.2) 
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canonical constraint on the energy is relaxed and re- 
placed by the condition of adiabatic insulation. For 
this latter type of system it is necessary to augment the 
derivation by the construction of a theory of fluctua- 
tions of several extensive parameters under adiabatic 
constraint; this theory is given in Appendix A. 


3. THE ADMITTANCE OF THERMODYNAMIC 
SYSTEMS 


In this section we recall briefly the thermodynamic 
definition of the admittance function which charac- 
terizes the response of the system to an applied force 
and the analytic properties of this admittance function. 
We state these definitions and analytic properties 
appropriately to a system with several driven param- 
eters. 

We frame our thermodynamic analysis in the “en- 
tropy language,” in which the entropy S is taken as 
the dependent function of the equilibrium values of the 
energy Xo and the various other extensive parameters: 


S=S(Xo, X1, °°, Xr). (3.1) 
The intensive parameters in the entropy language are 


F,=0S/0X;,, k=0,1,---,+. (3.2) 
Here Fy is the inverse temperature, and the other F, 
are simply —1/7 times the corresponding intensive 
parameters, in the more conventional energy language. 
The instantaneous deviation of an extensive param- 
eter x; from its equilibrium value X; is denoted by &;: 
§ = 2xj;—X;. (3.3) 
The intensive forces which enter into the succeeding 
analysis are the intensive parameters of the driving 
reservoir with which the system is presumed to be in 
interaction. This reservoir is assumed to have charac- 
teristic relaxation times small compared to the re- 
ciprocal of any of the frequencies of interest, so that 
it is always in quasi-static equilibrium. 
Let 8;(w) be the Fourier amplitude of the ith driving 


force 
ao 


F : d ¢ 3.4 
f= Tol f wBi(w)e , ( : ) 


and let a;(w) be the Fourier amplitude of the jth ex- 
tensive parameter 


1 wo 
x(t) =X ;+— f dwa;(w)e'*. (3.5) 
(2x)! 


= 
For sufficiently small amplitudes a; and £8; will be 
linearly related, thus defining the admittance matrix 
Y ;;(w): 


inclu)=5: ¥ Aw) Bde). (3.6) 
= 


The condition that a constant applied force leads to 
constant values of the extensive parameters gives, as 
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CALLEN 


in oF ” 

Y ;(w) = iw X ;/OF ;+-O(w*), (3.7) 
where the partial derivative is to be taken with all the 
other intensive parameters held constant. 

The causal relationship between the applied forces 
and the induced response has its analytic statement in 
the further requirement that the matrix elements Y ;;(w) 
have no poles in the lower half of the w-plane. 


4. THE CONDITIONAL EXPECTATION VALUE 


Having formulated a thermodynamic definition of the 
admittance function, we proceed with the plan outlined 
in Sec. Il: We must calculate (7, &’-- -&,’| £;), the ex- 
pectation value of £; at a time 7 after the set & - - -£, had 
exactly the value £9’: - -é,’. 

For a reason explained in “I” we may equate 
(r, £9’: --&’|&;) to the decay function which describes 
the macroscopic behavior of £; after the microcanonical 
constraint £9: + -£=£'---&,’ is lifted. This decay func- 
tion is simple to get. Rather than impose a constraint 
which is to be lifted at =0, we may instead impose an 
appropriately chosen set of “forces” which is, again, 
to be lifted at +0. This set of forces, of course, is 
chosen so as to induce the same initial macroscopic 
state as would the constraints it replaces. That is, we 
consider that until ‘=0 the system is in equilibrium 
with a set of applied forces F;+-6F; of such magnitude 
as to produce values X;+&,’ of the set of x,;. At time 
t=( the applied forces are suddenly changed to Fo, F,, 

, F,, and the macroscopically observed value of &; at 
time t= 7 is (7, &'---&,’|&;). The problem is now in a 
form suitable for analysis in terms of the admittance 
function. The applied forces are 


1 > OF; - 
5f,=——_ —a' f dw 
(2mr)} imo OX, s ae 
r\ i 
(0 
2 w(2r)! 
For this improper integral we take the Cauchy prin- 


ciple value. The response to this applied force is, 
according to Eq. (3.6), 


ke (4.2) 


1 r OF; - 
iMi=-—— F 4! f des .,(w)/iw 


(2m)* ito OX, Sp 


r\} t 
«| (=) 5(w)+ 
2 w(2m)! 


k *, (43) 











. > 


Equation (3.7) now gives 


1 OF; 7” 
§(7)=}8/+— L u'— f dwY ;;(w)we*. (4.4) 
Qe ik Xz J 


k 


This formula is correct for r>0O, but to find £;(r) for 
negative r we must invoke the principle of microscopic 
reversibility. We here assume that the extensive param- 
eters are even functions of the particle momenta and 
that there are no magnetic or Coriolis fields; the more 
general cases follow through precisely as in the previous 
paper’? in this journal. Then the principle of microscopic 
reversibility insures that £;(7) is an even function of r, 
whence 


1 OF; fr” 
(1, fo’ : -&,'| §;)= ~— ris §,/— i dww~* 
2m ik OX; 


X[¥i(o)+¥i;*(e) Je". (4.5) 


5. THE SPECTRAL DENSITY OF THE 
SPONTANEOUS FLUCTUATIONS 


Having now computed the quantity (7, £0’: - -&"| &,), 
we may find the correlation moment (é,(¢)£;(¢+7r)) by 
Eq. (2.2), and thence the spectral density G;;(w) by 
Eq. (2.1). Thus 


1 OF, o ti 

(EdEM+ Ma Ee f. dies 

oe XV iw) +¥*(w) Je", (5.1) 
oF 


1 I 
Gi;(w)= oe ba —Eiki)o LV i;(w) + ¥1;*(w) J. (5.2) 
(2r)) tk OX, 


The fluctuation moment (£,£;) is well known from con- 
ventional thermodynamic fluctuation theory for sys- 
tems with canonical and microcanonical constraints. In 
fact, we have 


OF, 
DL Eke) = — Bb. (5.3) 
k OX, 


Restricting ourselves temporarily to systems with 
canonical and microcanonical constraints (the adiabatic 
constraint will be considered in the next section), we 
thus find 


23 
G;;(w)= ~ (-) kw~*o s;;(w), (5.4) 


Ls 


where the conductance matrix as,; is the real part of 
the admittance matrix 


o sij=4LVis(w)+Vi;*(w)]. (5.5) 


By the definition of the spectral density, we now 
have our generalization of the fluctuation-dissipation 
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theorem 


2 
(eae=—-8 f dww*e s;;(w). (5.6) 
© 


2 


6. SPECTRAL DENSITY UNDER ADIABATIC 
CONSTRAINT 


In the previous section we have found the form of 
the fluctuation-dissipation theorem appropriate to a 
system with several extensive parameters canonically 
constrained and with all other extensive parameters 
microcanonically constrained. We now wish to con- 
sider the case in which the constraint on the energy is 
replaced by the condition that the system is adiabati- 
cally insulated ; that is, no heat flow is possible through 
the boundary of the system. For such a system it is 
most convenient to employ the energy language, based 
on the fundamental relation 


Xo=Xo(S, Xi, «++, X,); (6.1) 
with the intensive parameters defined by 
P,=0X0/0X;x)s, X1,+++, Xp. (6.2) 


Under the adiabatic constraint the first-order entropy 
change is zero during a fluctuation, and the energy 
change is simply 


6x6 = >: P,bX%. (6.3) 
1 


The forces are now taken as the energy language 
intensive parameters of the driving reservoir, 


1 r iwt 
ni)= Pet f duB(w)e!, (6.4) 


and the admittance function now has the dimensions of 
wx/p rather than of wx/f. As a function of w we again 
have the condition 


Y ;(w) = iw X ;/OP;) s+ O(w?), (6.5) 


and the partial derivative is now to be taken with all 
other intensive parameters (except P; and 7) and with 
the entropy constant. 

We then find, in analogy with (5.2), that the spectral 
density matrix is 


1 OP; 
. @p anew aiinatiin —3 V * 
Gi;(w) (2x)! ~ xe C¥i(w)+Y¥ij*(w)], (6.6) 
or 
2\! oP; 
G;;(w)= (-) > —Hti)w evi), (6.7) 
T kt Ox, 
where 


ou1js=4L¥i(w)+¥i*()]. (6.8) 


The subscript U is now written explicitly to indicate 
that oy is the real part of the energy language ad- 
mittance. 
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In Appendix A we calculate the fluctuation moment 
under adiabatic constraints as 


=kTAX;/0P)) s. 


(f.¢ 
SkSl 


(Sebi (6.9) 
This gives the fluctuation-dissipation theorem for adi- 
abatic constraints: 

wD 


? 
(bnE1) = ar f daw ori(w). (6.10) 
Ls 0 


7. RECIPROCITY RELATIONS 


We now that the conductance matrix is sym- 
metric under our assumptions of vanishing magnetic 
field and parameters even in the particle momenta. 
This symmetry is a generalization of the reciprocity 
theorem of Onsager. 

For simplicity we consider canonical and micro- 
canonical constraints, although the theorem follows 
identically for the adiabatic constraint. We have 


show 


Gi;(w) = — (2/1) kw *e 5:;(w), (7.1) 
2 


(2x)! 


| dah ADEA re", = (7.2) 


G;(w)= 


according to the principle of microscopic reversi- 


Now, 
bility we have’ 


ae a ahs 
£(t)E;(t+-7)) =(E(DE(t— 7), (7.3) 


and as we are dealing with a stationary random process 
we can substitute ¢+7 for ¢ in the right-hand member, 


y ielding 


(7.4) 


(t-+7))=(E(HE(i+7)). 


With Eqs. (7.1) and (7.2) this immediately yields the 
reciprocity theorem 
6 sij(w) = o sji(w). (7.5) 


Similarly, for adiabatic constraints, 


Cvij(\W)= ovji(@). 
APPENDIX A. FLUCTUATIONS UNDER AN 
ADIABATIC CONSTRAINT 


Let us consider the thermodynamic fluctuations of a 
system canonical with respect to several extensive 
parameters 2%, %2, °**,%, and under an adiabatic con- 
straint. , 

, "a s4e e 

The probability of 
“5 ane 


a fluctuation to instantaneous 
values Xo, %1, °° 


W (xo, -°° 


(A.1) 


/') 


r 1 
xexp| s-S+>. Pin- bx 
L k=l 


37, 405 (1931) ; 38, 2265 (1931). 


3L. Onsager, Phys. Rev. 
Tisza, Phys. Rev. 76, 1861 (1949). 


‘See M. J. Klein and L. 
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where 

6x4.= X%,.— Xi= ke, (A.2) 
and 
(A.3) 


s=S(x9, %1, °° +, Xr). 


Now under an adiabatic constraint, 


bx=> Py bx. (A.4) 


k=1 


If we delete from our ensemble those states inconsistent 
(A.4) the probability (A.1) becomes 


W s=Q exp{[s—S]/k}. 


with 
(A.5) 
But now 

Os Os rc 6@Fs 
s— So —tinkt int pm 6x,0X1 


0X9 k=l OX, k,l OX,OX, 


r 0’s 07s 
$23 —inbeot (60 -*, (A.6) 


k=1 OXpOX, 0X9? 


using (A.4), 


which becomes, 


0°s 
s—-S= > 6x,6x, sesiencanisachine 
“x l=1 OX,OX, 
1 0*s 

+2P,; seneeert anes » (A.7) 

OxXp OX, 0X0 
dropping the higher order terms. (These various deriva- 
tives are, of course, to be evaluated at the “point” 

x,= X;.) Now in general, for any quantity 


so under the constraint (A.4), which we denote by a 


subscript s, 


0 
—( )s=P —( yeseed ). (A.8) 


Ox; OXo xy 


We may apply (A.8) to a re-expressed form of (A.7): 


0 
s—S=3D> 6x,5x,| — 
U Ox, 


mts 


1 
- ~(—)| (A.9) 
OXo r 
Now if we put 
0 P, 0s 
Pr (-—)-» —(- -), (A.10) 
OXG 7 jae a 
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then (A.9) becomes 


SAF bated —(—Z) 


1 
ane =) +P -)| 
OXo T 


Now, using (A.8) again, we find 


r 1 OP, 
s-S=} > isitr| -——) 
T a § 


k=l xy 


0/1 re] 1 
-r(2) 02 
Ox, 8 s OX, T 


(A.12) 


).h 





1 


r\= = 3 ApOXe. 
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Now last in the 


summand gives zero, so 


the summation of the two terms 


r OP, 
>: - ) bx, 5x,. 
2T i= OX,/ g 


(A.13) 


s—S= 


We note that 


OP, OX, 3= OP, OX:)s = Aik. (A.14) 


Thus 
OP, 


1 . 
W s=Q exp| - — > — *) intr] (A.15) 
2kT ktm OX] 5 


In this expression we must consider that explicit 
dependence upon x» has been removed by means of 
Eq. (A.4). Let us put 


(A.16) 


k=} 


f dX: - 


f dxq° - 


(x6xj))= 


f dx,m bx, exp — > 
2kT k,i=1 


a" 
fax, exp| — b> andra, | 
2kT J 


—] r 
Ah 6x,5X; 


k,l=1 


= 6,;, the Kronecker delta. 


Then (except at critical points) we may insert (A.15) 


6x,= 2kT >: Akl lary, 


whence 


=2kT Y 1 ai 


=2kT0X;/OP;)s 


since 0X,;/dP,)s and 0P;/0X;) gs are inverse matrices. 


x71) 
(A.18) 
(A.19) 
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A mathematical theory is given for the propagation of electromagnetic waves in electron-ion streams 
composed of N discrete beams. The solution, which is fully relativistic, is obtained in vector form by an 
extension of Hansen’s theory and takes explicit account of the initial and boundary conditions. When 
certain restructions are placed upon the transverse boundary conditions the general solution satisfying 
arbitrary initial conditions can be expanded in terms of a complete orthogonal set of elementary vector 
solutions. For this case the necessary and sufficient conditions are found for amplification and instability 
both in the terminated and the unterminated stream. The correct physical interpretation of the conventional 
“Ansatz”’ solutions is found together with the conditions under which they are valid. One is then able to 
distinguish amplified growing waves from reverse waves attenuated in the reverse direction. Finally the 
analysis is extended to the continuous velocity distribution. It is shown that the present treatment differs 
significantly from Landau’s theory for the thermal plasma and the consequences of this are discussed. 





1, INTRODUCTION 


HE development of electronic tubes such as the 
traveling and space-charge wave amplifiers and 

the discovery that sunspots and solar flares can produce 
excess noise radiation has led several writers'~> to 
extend the magneto-ionic theory of Appleton to the 
more general case where the medium contains moving 
electron-ion streams. However there is considerable 
disagreement over the physical interpretation of these 
theories, particularly as to the conditions under which 
a medium can amplify a given initial disturbance or 
radiate nonthermal energy into free space. Furthermore 
some of this work is open to criticism on purely mathe- 
matical grounds, especially in those treatments which 
assume a continuous velocity distribution in the stream. 

It is probable that much of the trouble has arisen 
because the mathematical analysis upon which these 
theories are usually based contains no explicit reference 
to the initial and boundary conditions, a procedure the 
dangers of which have been recently emphasized by 
Pierce.® 

It has not proved possible to carry through, in closed 
form, a complete solution for the propagation in an 
electron-ion stream which satisfies arbitrary initial and 
boundary conditions, but this can be done when certain 
restrictions are placed upon the latter. The resulting 
solution covers cases of considerable practical impor- 
tance, which enable one to form an unambiguous 
picture of the physical nature of the propagation in a 
moving ionized medium. In particular it enables one to 
discriminate between waves that are excited directly 
and those that are excited only by reflections, to find 
necessary and sufficient conditions under which amplifi- 
cation or instability can take place, and to compare the 

1V. A. Bailey, Australian J. Sci. 
Phys. Rev. 83, 439 (1951). 

? E. P. Gross, Phys. Rev. 82, 232 (1951). 

3D. Bohm and E. P. Gross, Phys. Rev. 75, ae, 1864 (1949). 

“A. V. Haeff, Proc. Inst. Radio Engrs. 37, 1 (1949). 


5 J. Feinstein and H. K. Sen, Phys. Rev. 43, $05 (1951). 
6 J. R. Pierce, Bell System Tech. J. XXX, no. 3, 626 (1951). 


Research A.1, 351 (1948); 


energy carried by the radiation field to that carried by 
the moving space charge. 

The first part of this paper is largely mathematical 
and the nature of the solution is discussed only in 
general terms. The theory is applied to specific cases 
to establish the physical conditions which can lead to 
amplification and instability in nature. 


2. SIMPLIFYING ASSUMPTIONS AND INITIAL 
CONDITIONS 


The theory of propagation in moving ionized media 
has been developed along three main lines to apply 
respectively to gas discharges, to the ionosphere, and to 
electron wave tubes, and the simplifying approximations 
employed have naturally depended on which of these 
cases is to be studied. In the present paper the analysis 
has been restricted as little as possible consistent with 
the over-all aim of getting a complete solution under at 
least some physically realizable boundary conditions. 
However when a choice has to be made it has been 
taken with the last two applications in mind rather 
than with the case of the gas discharge. In fact the 
starting point of this paper is the fundamental article 
by Hahn’ on electron beams and, as far as possible, 
the symbolism has been chosen to coincide with his. 
On this standpoint the limiting assumptions are as 
follows. 

(1) Linearity. We consider the small signal case, where the 
square and cross product terms of the time dependent field and 
space-charge quantities may be neglected, when the Maxwell- 
Lorentz equations become linear. 

(2) Rectilinear flow. We assume that the stream is composed of 
a system of N superimposed beams of charged particles, both 
electrons and ions, moving in rectilinear unaccelerated paths. 
Ideally such a flow can be established as discussed by Hahn.’ In 
the text we restrict ourselves to the case where all these paths are 
parallel and where the external force system consists simply of an 
axial magnetic field. The extension to the cases where the beams 
are not all parallel and where the external magnetic field has a 
transverse component can only be achieved with a considerable 
increase in complexity and in a Cartesian system of coordinates. 


7W. C. Hahn, Gen. Elec. Rev. 42, 258 (1939). 
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The general case, where the charged particles follow nonrectilinear 
paths under arbitrary external fields, appears as yet quite in- 
tractable in a relativistic theory. 

(3) Uniform flow. We assume that the beams are uniform in 
cross section so that the de velocity and space charge density in 
the stream are independent of position. The analysis will therefore 
not be applicable to a slipping stream, but the limitation appears 
essential if the initial conditions are to appear explicitly in a 
solution in closed form. 

(4) Collisions. Owing to the discrete nature of the space charge 
and the presence of ions and neutral molecules both electron- 
electron and electron-ion scattering will take place. In this paper 
we follow the usual procedure and treat the stream as if it were a 
charged jelly. That is we take e/m equal to its experimental 
value while letting ¢ and m tend to zero. The effects of scattering 
are then allowed for by introducing a force term »,m,v, into the 
into the Lorentz force equation where », is the collision frequency 
of a particle mass m, and velocity vz. 

This procedure is taken over from the propagation theory of the 
ionosphere; its extention to the general electron-ion stream is of 
dubious validity. Thus in a thermal plasma the velocity distri- 
bution of the charged particles will presumably be everywhere 
Maxwellian, but when nonthermal beams are present scattering 
will change the velocity distribution along the beam; since this 
is a nonlinear effect it cannot be allowed for by our theory which 
will only apply when the scattering frequency », is small. Another 
objection to this procedure is that it cannot allow for the produc- 
tion of radiation by free-free transitions the cross sections of 
which are proportional to é so that the total incoherent radiation 
is proportional to Ne® or ef which tends to zero on this approxi- 
mation. This fact must be borne in mind when considering the 
escape of radiation from an electron-ion stréam. However despite 
these drawbacks we should get a qualitatively accurate approxi- 
mation for the effects of scattering on coherent phenomena such 
as amplification or instability. 

(5) Initial conditions. We assume that the stream is excited by 
an arbitrary initial spatial distribution of disturbance concentrated 
between the planes z=0, z=d, and by a time dependent disturb- 
ance at the plane z=0 which is not necessarily a surface of discon- 
tinuity in the medium. 


The principal symbols used in this paper are as 
follows: 


a= (0, 0, 1); a unit vector parallel to the z axis. 

B,= (0, 0, Bo); the dc magnetic flux density. 

c; the velocity of light in vacuum. 

—e,; the electric charge on particles of the sth beam. 

E(x', 2°, z, ), H(x', 2°, z, 1); the electric and magnetic 
field vectors. 

Ex(z, t), Hi(z, )l=1—3; coefficients in the vector ex- 
pansions of E(z', 2°, z, /), H(x', x*, z, t), respectively. 

k; the L,-transform mate of z. 

K,=1/(1—2/c). 

mos, m,; the rest and relativistic transverse mass of 
particles of the sth beam, respectively. 

L, M, N; fundamental vectors V¢(x'!, x), Vo(x'!, 2°) Xa, 
o(x', x*)a, respectively. 

N ; the number of individual beams of charged particles. 

p; the mode parameter; V?¢(x', x*)+ p’(x!, x7) =0. 

r,(z, #); a factor of the space charge density. p,(x', x, z, /) 
=r,(z, t)o(x', x*). 

Uo, = (0, 0, wos), Vs; the de and ac velocities of particles 
of the sth beam, respectively. 

(x!, 2°, z); generalized cylindrical co-ordinates, 

€9; the dielectric coefficient of free space= 1/(jc?). 
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Ho; the magnetic permeability of free space=4a-10~’. 

v,; collision frequency of particles of sth beam. 

Pos, ps(x', x*, z, 4); de and ac space charge density of 
particles of sth beam respectively. 

¢(x', x*); the scalar quantity from which the vector 
solution is derived. 

w; the L,-transform mate of ¢. 

wWH,»=e,Bo/m,; the cyclotron angular frequency of 
particles of sth beam. 

wo2= (—e€,po,/€o.m,)!; the plasma angular frequency of 
particles of sth beam. 

%; angular frequency of external signal. 

LA f(z, 0} = f(z, w)= ft; the Laplace transform of 
f(z, t) with respect to 7. 

Li£ f(0, )} = f*(0, w) = f*(0). 

L.{ f'(s, w)} = f*:*(k, w) = f**; the Laplace transform of 
f'(s, w) with respect to z. 

L,{ f(z, 0)} = f7(k, 0) = f*(0). 


3. AN ELEMENTARY SOLUTION 


We shall now obtain an elementary solution for the 
Maxwell-Lorentz equations in an electron-ion stream 
of uniform cross section composed of N discrete super- 
imposed beams moving, with dc velocities, 101, tMo2 
-++uonw and de charge densities po1, po2° ++ pon, Tespec- 
tively, under the action of an external axial magnetic 
field of flux density B=(0, 0, By). The conditions under 
which the general solution can be represented as a 
linear sum over a set of orthogonal elementary solutions 
are discussed below. 

The electromagnetic fields satisfy the Maxwell equa- 
tions which in MKS units may be written 


N 
Vx E=—0B/dt, VXH= > p.v.+0D/dt, 
a= 


(3.1) 
v- B=0, 


y 
v-D= za Pay 


a=l 


where the summations are taken over the N electron 
velocity classes. Since the electron flow is in vacuum 
we have the further relations: 


B=H, D=«E, 


where po= 429X107 and poeo=1/c?. 
Since the charge associated with any one beam is 
conserved we have the V conservation equations 


dp./A+V-(p.v.)=0, (s=1---N). (3.3) 
Finally each charged particle moves under the 


Lorentz force equation which for particles of charge 
—e, may be written 


(d/dt+v,+v,-V)m,v,= —e,(E+v,X B) 
(s=1---N), (3.4) 


where m,=mpo,(1—,2/c*)~— is the transverse relativistic 
mass, and y, is the collision frequency appropriate for 


(3.2) 
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particles of the sth beam. In what follows we shall feel 
free to omit the subscript s whenever this may be done 
without ambiguity. 

In the small signal theory we express the field and 
charge variables as the sum of a time independent and 
a time dependent quantity, and neglect second-order 
time dependent terms. In the present case 


Vo. = (0, O, Mos), E,= (0, 0, 0), B,= (0, 0, Bo), 


where the z-axis is taken parallel to the direction of flow. 
Hence, to the first order, we may write 


PsVa= PostlosAt PistlosAt posVie, (3.5) 


= Mos(Vost Vis) (1—t0,2/c?)3 


—mo,(1—uo.?/c?)3(uo.?/c?) (Vie- aa, 


MmiVs 


(3.6) 


where a=(0,0,1) is a unit vector parallel to the 
direction of flow. Zero-order quantities are denoted by 
a zero subscript and first-order quantities by a subscript 
1 which will in future be omitted. 

The time dependent part of Eqs. (3.1), (3.3), and 
(3.4) may therefore be written 


VX E=—y dH ‘At, 
vx H= + (pstlorAt posts) + dE ‘al 
V-E=>p,/e, V-H=0 


Op,/A+Vp,-Uo.Atpo.VV.=0 (s=1---N) 


(3.7) 


(3.8) 


(0/dt+v,4+uo,a° V)[m,v,+m,(U02/c) 
X (1— 9.2/2) -“"(v,-a)a } 
= e.[. E + vV.xX Boat pouo.aX H] (s= 1 “2 -N). (3.9) 


These are the equations to be solved subject to the 
initial conditions stated above. The conventional pro- 
cedure used by Bailey! and other writers,?~® is to look 
for plane wave solutions where all quantities have a 
time-spatial dependence of the form expi(k-x+ 1), and 
thus obtain a characteristic equation relating k and w. 
Despite its simplicity this method has many drawbacks. 
In particular it breaks down when the electron velocity 
distribution is continuous and has to be modified in 
electron tube theory where the cross section of the 
stream is normally circular-cylindrical rather than 
rectangular. The principal objection however arises 
from the difficulty of interpreting the characteristic 
equation without knowing the actual boundary and 
initial conditions of which this “Ansatz” procedure 
takes no explicit account. : 

A possible line of attack is to make use of the stream 
function introduced by Bunemann® into the theory of 
the magnetron. In principle, with this method, one 
does not have to restrict oneself to the linear approxi- 
mation, but the differential equations determining the 
stream function are normally too complex to be solved 
except for the small signal theory. This removes much 

*O. Bunemann, C.V.D. Report, Mag. 37 (1944) (unpublished) ; 
also L. R. Walker in Microwave Magnetrons, MIT Radiation 
Laboratory series No. 6 (McGraw-Hill Beok Company, Inc., 
New York, 1948). 
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of the attraction of this method. Furthermore the 


scalar stream function, defined by 


Vy.= (m,v,—e,.A), (3.10) 


only exists when 


VX (m,v,—e,A)=0, (3.11) 


where A is the vector potential. Equation (3.11) is not 
a consequence of the Maxwell-Lorentz equations but an 
additional restriction imposed upon them which is not 
satisfied when, as in the present case, the charged 
particles have a dc component of velocity in the 
direction of the external magnetic field. The vector 
stream function of Gabor,’ which may be used under 
the more general conditions when 


v.X[{VX(m.v,—e,A) ]=0, (3.12) 


suffers from similar limitations. 

None of these alternatives will be employed here; 
instead we shall employ a method similar to that 
developed by Hansen” in the theory of antenna radia- 
tion in which a set of independent vector solutions are 
derived from a scalar quantity. 

In a source free medium the field vectors all satisfy 
the dissipative wave equation 


v(V-C)—VK Vx C+#C=0, (3.13) 


where /?=euw*—iouw, and where all quantities are 
assumed to vary with time as exp(—iw/). 
If ¥ is a solution of the scalar wave equation, 


Vy +hy=0, (3.14) 


and if a is a constant unit vector, then three inde- 
pendent vector solutions of Eq. (3.13) are 


L’= Vy (x'x*, 2), M’=Vy(zx!, x2, 2) Xa, 


N’=1/hVXM’, G4) 


where (x', x?, z) are generalized cylindrical coordinates. 

Hansen showed that a complete general solution can 
be constructed of elementary solutions of the type of 
Eq. (3.15) when y(x', x*, z) is any function satisfying 
Eq. (3.14) and the boundary conditions. 

In charge free space such a solution can also be 
carried through in spherical coordinates, though not in 
more complex coordinate systems, but this is not 
possible when moving charge is present. 

For our present purposes it is more convenient to 
select as independent vectors the time independent 
orthogonal triad 


L=V¢(x!, x), M=V¢(x!, x°)Xa, N=¢(x!, 2°)a, (3.16) 


where a is the unit constant vector (0, 0, 1) and $(x!, x2) 
is a scalar function. 
By analogy with the charge free case, we are led to 


*D. Gabor, Proc. Inst. Radio Engrs. 33, 792 (1945). 
10 W. W. Hansen, Phys. Rev. 47, 139 (1935). 
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look for a solution of the field variables of the form 


E=E,(z, t)L+ E2(z, ()M+E;(z,1)N, (3.17) 
and 


H=4H,(z, t)L+H2(z, )M+H;(s,)N. (3.18) 


Similarly for the velocity variables we shall look for 
a solution 


v,=0,(3, £)L+02,(z, )M+13,(z, t)N 


(s=1---N), (3.19) 


and shall show that Eqs. (3.17)-(3.19) are consistent 
with the Maxweil-Lorentz equations (3.7)—(3.9) provided 
that ¢(x', 2°) satisfies a two-dimensional wave equation 
of the form 


V7o(x', x7) + p’o(x'!, 27) =0. (3.20) 


E\(z, t), etc., should not be confused with 
(E;', E,*, E,), the components of E(x", 2°, z, t), which 
are given by 
E,1(x', 2, 2, t) = E,(z, )[0¢/dx' ]/hy 

+E2(z, t)[0¢/dx7 )/ he, 
E,1(x', 22, 2, () = E,(z, [06/027 / he 

— Ex(z, t)(d¢/dx' /m, 
E,(x', x7, 2, t)=E,(z, )¢. 


The fundamental vectors L, M, N form a mutually 
orthogonal triad so that a linear vector equation in- 
volving those three vectors alone will be everywhere 
satisfied if and only if the coefficient of these vectors 
on each side of the equation be everywhere equal. 

Now if we inspect Eqs. (3.7) to (3.9) which are to be 
solved we see that the vector operations are of two 
kinds; namely taking the vector product of a field or 
charge variable with either V or a. If the latter operator 
be applied to a vector of the form 


F= f(z, )L+ fo(z, t)M-+ f(z, N, 


(3.21) 


(3.22) 
we get 


FXxa=— f:L+/,M, (3.23) 


which leaves the general form of F invariant. However, 


VX F=0f2/d2L+(fs—9f:/d2)M— f.V°¢a. (3.24) 


If we apply this last result to the Maxwell equation, 
vx E= — 4o9H/ dt, 


we see that Eqs. (3.18) and (3.19) are only self-con- 
sistent for all (x', x*) if @ and V’¢@ are linearly related, 
that is if @ satisfies the two-dimensional wave equation 
(3.20), where p* is a scalar quantity independent of 
(x!, x, z, ¢). 
Accordingly we get that 
VX F=0f2/dcL+(fs—9f,/d)M+ f° frN. 
The scalar operations in Eqs. (3.7) to (3.9) on the 
other hand either involve taking the scalar product of a 


field or space charge vector with V or with a, or oper- 
ating on a vector with 0/dt or a: V=0/ds. The last two 


(3.25) 
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operations clearly leave the form of F invariant, while 
the scalar product of a or V with F is a scalar linearly 
proportional to ¢(x', 2*). Thus 

a: F= f,¢, (3.26) 
while 


V-F=[—P/fitdfr/d2]6. (3.27) 


From this it follows that the vector equations of 
Eqs. (3.7) to (3.9) reduce to equations of the general 


form 


a(z, )L+8(z, )M+y(s, )N=0, (3.28) 


while the scalar equations are all of the form 
a(z, t)@=0, 


when E, H, and y, are all of the form of Eq. (3.22) and 
¢ satisfies Eq. (3.20). 

If these equations are everywhere to be consistent 
we must have 


a(z, 1)=B(sz, t)=y(z, )=a(z, 2) =0, 


(3.29) 


(3.30) 


except in the trivial case when $(x', x7) =0. 

On substituting for E, H, v, from Eqs. (3.17)-(3.19) 
in the continuity equations (3.8), we get 
(0/dt+ uo,0/02)p.= aa Pool. 7 Prist 03,/ dz |p 

(s=1---N), (3.31) 
using Eq. (3.27), so that we may write 
p.(x!, x7, 2, t)=r,(s, ob(x', 27) (s=1---N), (3.32) 
where 
(0/dt+9,0/02)7.= — pos — P01st+ O03./ 02] 
(s=1---N). (3.33) 
From the scalar Maxwell equations of (3.7) we get 
— pPE,+ 0E;/dz=Yr1,/e0, (3.34) 
— pH,+0H;/d<=0. (3.35) 
From the vector Maxwell equations of (3.7) we get 
oH, /az= Y poste 60E,/ dt, 
H;— 0H ;/02=>D post2s+ e00E2/ dt, 
P?H2= Dd (uost st posts.) + €09E;/ dt, 


(3.36) 


and 
oH ,/dt= — 0E,/ dz; 


od / dt = (E3;-— dE, / dz) ; 
wo; ‘Ot= — pE>. 


(3.37) 


Finally, from the Lorentz force, Eq. (3.9), we get 
(0/dt+v,+9,0/0z)m,0, 
=— eLE, + Uostoll » | + WH Wr, 
(0/dt+-v,+ U0,0/0z)m,v2, 
= e,_E.— Uosuoll ; |— M WH Vie, 
(0/dt+v,+10,0/dz)m,K ,03.= —e,Es, 


(3.38) 


where 
in / 
@Hs> €,Bo/ m, 


ISTE IS SAB MONON ITED HEA a TINS RON BL a! 
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is the cyclotron angular frequency associated with 
particles of the sth beam, and where K,= (1—1,?/c?)“. 

These equations are just sufficient to determine the 
set of unknown quantities in terms of the initial condi- 
tions. It follows that a particular solution of Eqs. (3.7) 
to (3.9) can be found in the form of Eqs. (3.17) to (3.19). 

To this stage the solution is valid even when the dc 
quantities are arbitrary functions of z. We now assume 
that these quantities are all independent of position, 
and take the Laplace transforms of Eqs. (3.33) to 
(3.38) first with respect to ¢ and then with respect to z, 
where 


Lif f(z, )} = f'(z, w) 
-f f(z, t) exp(—iwt)dt, 
0 


Li“'{ f(z, w)} = f(z, b) 
1 


a 





o—iy1 
f exp(iwt) f'(z, w)dw, 7 
~O— ty) 
and 
Lf f'(z, w)} = f*"(k, w) 
: > (3.41) 
Le a fe ‘(k, w)} = j*(z, w) 


1 O—t73 
= -f f*:"(k, w) exp(ikz)dk. 
o—ty2 


2n 





1, Y2 are positive real numbers such that all the 
singularities of f*(z, w) lie above the line Im(w)+7:=0 
and all the singularities of f*:'(k, w) lie above the line 
Im(k)+y2=0 in the complex w and k-planes, respec- 
tively." 

There is no agreed nomenc lature for double Laplace 


2:49. RWwESS 


or Fourier transforms of the Maxwell equations. The 
present choice has the virtue of being self-explanatory 
and seems as good a compromise as any. We shall 
normally write f*'(k,w) as f** while f*‘(0,w), which 
defines conditions over the initial surface z=0, will be 
written /*(0). Similarly /*(k, 0) will be written (0) 
whenever this may be done without ambiguity. 
Applying these transformations to Eq. (3.33) we 
get, for r,*"', the equation 
i(w+ Uo,k)r,?'= r,*(0) + Uo. ,'(0) 
— pol — p'rre?!+ikvs,7'—v3,(0) J. 
From Eq. (3.37) we get for H*:' the equations 
twyoH ;**= —1RE2*:'+ woH ,*(0)+ E2'(0), 
—[E;*'—ikE\*'+E,‘(0) ] 
+ uoll2*(0), 
iwpoH 3*'= — p°E2*'+ poH2*(0). 
H;#(0) is given in 


(3.42) 


baaelllstes 
— (3.43) 


From the transform of Eq. (3.35), 
terms of H,*(0) by the equation 
ikH;*(0) = p?H,7(0)+H;(0,0), (3.44) 
while, from Eq. (3.34), £;#(0) is given in terms of 
E,7(0) and r,7(0) by the nye 
— p’E;*(0)+ikE;7(0)— E;(0, 0) =dor,*(0)/e0. (3.45) 
Taking transforms of = (3.38) and eliminating the 
magnetic field components by Eq. (3.43) we get three 
equations for v,** which may be solved in terms of 
E;*' and the initial conditions. Finally, taking trans- 
forms of Eq. (3.36) and eliminating r,*', Hi*', and 
v,7'', we get three linear nonhomogeneous equations 
for E,*:* which, in matrix notation, may be written 


E(k, w)A(k, w)=C*(k, w)+Ct(k, w), (3.46) 
where &(k, w) is the row matrix (E,**', E,*:', E3*-*). 
W(k, w) is the 3X3 matrix with element adin(k, w) 


defined by 


Hk, w)= 


iwo’wown 


:’ 
Why 2 — wy 


e — 2 
to Wh» 


Cc 


" 
_ WOWEW by 1 
5 , > 


2 
—~@H 


_ two?wown 
= 9 e’ 
c Wb» — WH" 
1 = Ugwo"W by Pr 
P’ ik+ >. a 5 om 
2 2 
ci 


[eto a 


2 
Uqw HWo” 
enema, 


2 2 / 2 2 
Woy — WH € Wor — WH 


where 


wo= wt ok (3.48) 


and wy=wtto.k—ir,, 
Tt will be noted that these transforms are rotated through an 
angle x/2 in the complex & and w-planes from the conventional 
definitions for the Laplace transforms, so that a direct comparison 
may be made between the present analysis and the ‘“Ansatz’ 


procedure. 


> eoenmividandaes 


WOW EW b> 1 
ls 
Wb? — wx? 


i Uqwo"ws 
tk+— > - 
é Wb," 


2 
UW HW 


2 


C we,*—wn? 


2 


w wo Uy wo wo 

Sa a ee eer 

ce Kwwws, a kia? — wx") 
(3.47) 





and act l— tities €om,)} is “the ‘plasma angular fre- 
quency associated with the sth beam. 

It may be noted that wo’, ws, ws, K, and um all 
depend on s and therefore must be included under the 
summation sign. 

(€*(k, w) is the column matrix with elements C;*(k, w) 
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proportional to the values of the field and space charge variables at s=0, defined by 


Ci*(k, w) = — ik E,*(0)— iawals(0)-¥| 


Ci*(k, w) = —ikE2*(0)+ twyoH ;'(0) — 5 | 


‘ Uw iso w pu 
Cs*(k, 0)= PEYO+E|— wr sO) pout 14~)] (= —A,[E'(0) ]+ wpopoA,[»,' o)}, 
Woy 


We 


Ugwo* . 
: Ai LE*(0) ] —iwpopotoA:[v.‘(0) ] ’ 


AL E'(0) ]—iwpopomoAc[v,*(0) ] , 





Wo 


and @t(k, w) is the column matrix with elements C;'(k, w), proportional to the values of the field and space 


charge variables at ‘=0, defined by 


tw { Ugwo" 
Cu(b, «) = —Es(0)-+ shell 10) + moZ | —— A HO) + snpedsl 0) ; 
cC c 


iw ino(p?+ k*) 
Ca'(k, w) = —E2*(0) 
d 


° 


wf 
—E,*(0)— wo. { 
2k 


ot 


Post3s*(0) 


of r,7(0) 
C3i(k, w) ss hnes -| 


Ww! k Why 


where 


ALF ]= (iwoFit+wuF2)/(wo’— wn’), P 
; > as ~\/ . c (3.51) 
Ad F]=(—wuF 1+iwsF2)/(wo?— wn’), 


and F is any one of E,*(0), H,‘(0), etc. 
By Cramer’s rule the solution of Eq. (3.46) may be 
written 


3 
E;*"(k, w)= p [Cm*(k, w) 


+Cu'(k, w) JA milk, w)/detW(k, w), (3.52) 
where Ami(k,w) is the co-factor of a@mi(k,w) in the 
matrix U(k, w) defined by Eq. (3.47). 

We have thus obtained an elementary solution of the 
Maxwell-Lorentz equations of the form of Eqs. (3.17) 
to (3.19), where 


1 2 e—iyl wo—iye 
Ei(z, )= (~) f og exp(ikz)dk 
Qe —O—t71 —e—iye 


3 k, w) 
X Dd (Ca*(k, w)+-Cat(k, «o) -—_———_, 
zt " 7 KE. a wo) 


(3.53) 


together with similar expressions for H(z, ¢), ae t) 
and r,(z, 1), which is valid inside the electron-ion stream 
provided that ¢(x', x*) satisfies the two-dimensional 
wave equation (3.20). 

It still remains to find the transverse boundary 
conditions satisfied by the elementary solution. For the 


owe? 
aa —H,*(0)— mE Ai[H*(0) ]—iwpodsfr,*(0) ]- 
e 


WwW 
ements =|- —E;(0, 0) — pol 2*(0) 
ck 


1H;(0, 0) 





m pu(~ Af H*( Oy} astee 3)}, 





stream of infinite cross section the transverse boundary 
conditions require only that the solution be well behaved 
at infinity. We show below that this is so if we restrict 
our choice of p, in Eq. (3.17), to the real numbers 
—«<p<o, when the general solution satisfying 
arbitrary initial conditions can be expressed in terms of 
a continuous orthogonal set of elementary solutions. 

For the stream of finite cross section the transverse 
boundary conditions are only satisfied by a single 
elementary solution under the limited conditions dis- 
cussed in Sec. 4. 
4. THE GENERAL SOLUTION FOR THE STREAM OF 

INFINITE CROSS SECTION 

The elementary solution of Eq. (3.53) does not 
satisfy arbitrary initial conditions. On the contrary it 
was assumed that the initial conditions depended upon 
the transverse coordinates in a manner determined 
uniquely by the particular choice of the scalar $¢(x', x”) 
from which the solution was derived. Specifically we 
assumed that the initial spatial distribution of velocity 
modulation on the sth beam at time ¢=0 could be 
written in the form 


)\Vb—v2.(z, 0)axVo 
+13,(2,0)¢a, (4.1) 


where ¢ satisfies Eq. (3.20) and a=(0, 0,1) is a unit 
axial vector, together with similar assumptions as to 
the initial values of the transverse components of the 
electromagnetic field and the velocity and density 
modulations at the surface z=0. 


v,(x!, 27, z, 0) =0,(2, 0 


SRDS NA TOL ARE TAN POR yg 8 eal 





1398 


It follows that the general solution can only be 
expressed by an integral representation over the set of 
elementary solutions if an arbitrary vector field can be 
expressed as an integral over a set of terms of the 
general form of Eq. (4.1). 

The proof that this is possible involves the classical 
theory of orthogonal integral representation which is 
amply covered in the literature. The only new feature 
of the present case arises because of the vector nature 
of the expansion. To illustrate this let us consider the 
solution in the special case of a Cartesian coordinate 
system. 

In Cartesian coordinates (x, y, z, !) a typical solution 
of Eq. (3.20) is 


o(x, y)=exp[i(mx+ny) ], (4.2) 


where m?-+-n?=p?, when the general solution can be 
given by an integral representation over the set of 
¢(x, y) obtained by letting m, n take all real values in 


the range —~x<m<a, —wx<n<o@ as long as an 


arbitrary vector field can be expressed in the form 


1 2 @ @ 
F(x, y, 2, = (- ) f am f dn{ fi(m, n, z, t)V 
2r —o ~ 


a fo(m, nN, Z, aX V+ Sa(m, nN, Z, ta} 
Xexp[i(mx+ny)]. (4.3) 


To prove that this is possible we first obtain a 
Fourier integral expansion of the three scalars 
F-a, (V—ad/dz)-F and a-[VXF], and then apply the 
Fourier integral theorem to show that 


n, 2, t) [af dy(a- F) 


Xexp[—i(mx+ny) ], 


f3(m, 


(4.4) 


a 


_% * 
f ax f dy(V—ad/dz)- F 
(m?+-n?) a" 


—* 


, n, 2, b= 


Xexp[—i(mx+ny)], (4.5) 


1 « «© 
,n, 2, t)= f ax f a: [VXF] 
(m?+n*) J, om 


Xexp[—i(mx+ny)], (4.6) 
provided that F and its first derivatives belong to 
[?(—«, w), 

Let us suppose that an expansion of the form of Eq. 
(4.1) has been carried through for all the given initial 
vector fields v,(x', 2°, 0, 4), E(x', x°, 2,0), etc. In each 
expansion we then select the component appropriate to 
a particular choice of m, n and obtain the elementary 
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solution of Eq. (4.1) in the form 


1 iyit+@ ~ty2te 
E.(m, n, z, t)= (— dof dk 
ar svi © —iy2-@ 


XEv'(m, n, k, w) exp[i(kz+ot)]. (4.7) 


By the superposition principle the general solution 
may then be expressed by the fourfold integral 


1 4 2 2 —ty1 +2 
E(zx!, 22, 2, d)= ( —) f am f anf dk 
2 —2 —2 —iyi-@ 


—iy2+@ 
x f dk exp[i(kz+ wt) ]{ Ey**(m, n, k, w)V 


iy2-@ 
— E,*''(m, n, k, w)aXV+E;*:'(m, n, k, w)a} 


Xexp[i(mx+ny)]. (4.8) 

That the set of elementary solution is orthogonal 
follows immediately from the Fourier integral theory. 
A similar analysis can be carried through in any other 
orthogonal cylindrical coordinate system. 


5. THE STREAM OF FINITE CROSS SECTION 


For the stream of finite cross section the transverse 
boundary conditions are satisfied by a single elementary 
solution only in the very restricted case when 


(i) The boundaries of the stream coincide with one or 
other of the orthogonal cylindrical coordinate 
surfaces. 

(ii) The tangential components of the electric vector 
are identically zero at the boundary of the stream. 

(iii) The electromagnetic fields decompose into inde- 
pendent TE and TM modes for which E,(z, t)=0 
=E;(z, 1) and E,(z, t)=0, respectively. As in the 
single-beam theory of Hahn,’ this is only possible 
when wy7=0, or w= © or wo?=0. 


It is implicit in Hahn’s analysis’ that these conditions 
are necessary even for the simple case of the single 
beam stream excited in the symmetrical mode. To show 
that they are sufficient for the general case let us 
assume that the boundary of the stream coincides with 
the coordinate surfaces 


w=by, bs, (5.1) 


x'= 41, d2; 


and that $(x!, x”) is separable in (x', x*) so that we may 
write 


o(x', x7) = X(2") ¥ (2°). (5.2) 


When condition (ii) is satisfied the transverse 


boundary condition may be written 
EXn=0 (5.3) 


where n is a unit vector normal to the boundary 
surfaces of Eq. (5.1). From Eq. (3.21) we have on 
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substituting in Eq. (5.3), that 


E,(z, !)X(a)¥ (x2) =0 
Ex(z, t)X(x)¥(b)=6 


b,<x2<bo, 5.4 
ee omy 64) 


a= dy), @e, 
a,<2x'< a2, 
together with 
E,(z, t)¥ (6)(0X/dx')/hy 

— E2(z, t)(X(x")/he) [OY /dx7].*,=0, (5.5) 
b=), by and a,<2x'< a, 
E,(z, t)(X(a)/h2) (OY /dx*) 
+ E2(s, t)(¥ (2*)/h) [0X /dx"].124=0, 
and by <x <de. 


(5.6) 
a= d), ade 


If these conditions are to be satisfied for all 0<z<d 
and all ¢>0 we must in general have either 


(i) X(a)=Y(6)=0; a=a,, a2; b=d,, be 
and (5.6) 
E,(z, 1)=0, 


or 


(ii) [dX/dx'].2.= [OY /d27 ]e2.=0; 
aioe a=), G2; b=)y,, be (5.7) 
E,(z, t)=0=E,(z, 2), 


which is possible if and only if condition (iii) is satisfied. 

In this case the boundary conditions define two 
independent sets of orthogonal eigenfunctions in terms 
of which the general TE and the general TM solution 
can be expanded, respectively. 

In the special case where the boundary surfaces 
reduce to a pair of coordinate surfaces x'=4a,, a2, and 
when ¢$(x!, x*) is independent of x? a certain simplifica- 
tion results when conditions (i) and (iii) are met as 
then general transverse boundary conditions can be 
satisfied independently by either the TE or the TM 
modes. 

Even in this case, however, the transverse boundary 
conditions cannot in general be satisfied by a single 
elementary solution. The only exceptions occur when 
the moving stream is replaced by a stationary plasma 
or when wy,=® and only the TE waves are excited. 
The solution is then effectively the same as that for a 
dielectric filled wave guide which has been extensively 
analyzed in the literature.” 

When the limiting conditions (i)—(iii) are not satisfied 
the general solution cannot be represented as an 
orthogonal sum over a set of the elementary solutions, 
and the initial conditions cannot be included explicitly 
in the solution as developed here. Essentially this is 
because we have taken too simple a form for the 
elementary solutions. However elementary solutions of 
a form complex enough to satisfy arbitrary transverse 
boundary conditions have not yet been found. It may 
be that complete orthogonal sets of such solutions do 


J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941). 
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not exist and it is certainly open to question as to 
whether they can be derived from a single scalar 
quantity. 

At present our only resource is to fall back upon an 
“Ansatz”’ and develop the method given by Hahn’ in a 
form appropriate to the vector solution of this paper. 
In this procedure one represents the general solution as 
the sum over an infinite set of partial waves the propa- 
gation constants of which are determined by the angular 
frequency w. The amplitudes of these waves can then 
be found in terms of the initial and terminal boundary 
conditions by matching across the terminal surfaces of 
discontinuity at s=0 and zs=d. Unfortunately the 
transverse distribution functions associated with the 
allowable propagation modes in the stream form a 
nonorthogonal and indeed overcomplete set. One there- 
therefore has to introduce an auxiliary set of orthogonal 
functions which do form a complete set in the region 
over which the matching has to be carried out. Both 
the initial conditions and the solution in the stream 
have then to be expanded in terms of this auxiliary set, 
thus giving an infinite sequence of infinite equations to 
determine the amplitudes of the various partial waves, 
the exact solutions of which involve the ratio of two 
infinite determinants. 

This procedure is straightforward and can, in princi- 
ple, be used to yield an approximation of arbitrarily 
high order as we have shown elsewhere,” but even in 
the simplest cases the algebra is very heavy and the 
solution too complicated to throw light on the physical 
nature of the propagation. Accordingly it will not be 
considered further here. For the rest of this paper we 
shall confine attention to the elementary solution of 
Eq. (3.53) and assume that the transverse boundary 
conditions can be satisfied for suitable real values of p. 


6. THE SOLUTION UNDER PARTICULAR 
INITIAL CONDITIONS 


In earlier treatments of the unbounded plasma it has 
been customary to assume an initial distribution of 
disturbance which depends upon z as exp(ikoz), where 
ko is an arbitrary real number. 

As pointed out by Landau" this choice involves no 
loss of generality in a small signal theory since any 
initial disturbance that is physically realizable can be 
expanded as a Fourier integral of the form 


(6.1) 


F(z, 0) at k ikoz)dk 
(z, asf K 0) exp(ikoz)dko. 


Alternatively we can assume that the initial dis- 
turbance is concentrated at a single point in the medium 
when formally it may be expressed by the Dirac 
é-function. This procedure is also quite general since 
an arbitrary initial disturbance may be expressed by 


4 R. Q. Twiss, Services Electronics Research Lab. Tech. J. 1 
(1951). 
4 L. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946). 
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F(z, 0)= (6.2) 


Both these choices have advantages which can be 
combined by assuming that 


Ei(z, 0)= Ei(Ro) exp(ikoz)+ Ei(z0)5(z—0), (6.3) 


together with similar expressions for the other field and 
space charge variables. In this case the Laplace-Fourier 
transform of E;(z, 0) with respect to z is given by 


E,*(k, Q)= E/*(0) = E,(Ro) ‘i(R— ko) 


+ E,(2o) exp(—tkzo). (6.4) 


Substituting from Eq. (6.4) in Eq. (3.52), we have 
that 
3 
E**(k, w) = + [Cm*(k, w) +Cm2(k, w) exp(—ikzo) 
m=! 
+Cmi(k, w)/i(R—Ro) JA milk, w)/detMl(k, w) (6.5) 
where C,,°(k, w), Cm*9(k, w) are given by Eq. (3.50) 
with £,*(0) replaced by E;,(zo) and E,(ko), respectively, 
and where C,,*(k,w) depends only upon the time- 
dependent fields at s=0. 

Now E;*:'(k,w) as given by Eq. (6.5) is a mero- 
morphic function of k which is O(k-) as k> along 
the line Im(k)+2=0, while it can be shown by direct 
expansion of Eq. (3.47) that all the poles of E;*:'(k, w) 
except that at k—k)=0 occur at the zeros of the equa- 
tion 

e 
II [(os,, 2— wa, 27) (wor, wu, «) |] det A(R, w) =0. 


a=! 


(6.6) 


A rational equation for k of the (4N+4)th order.'® 

If we had used an “‘Ansatz,” and assumed that all ac 
quantities were proportional to exp[i(kz+wt)] one 
would have obtained Eq. (6.6) as the characteristic 
equation relating k, w though further discussion would 
now be needed to determine whether the zeros of the 
first two factors ever gave nontrivial roots or whether 
all the solutions could be derived from the zeros of the 
characteristic determinant, 


det%M(k, w) =0. (6.7) 


This point is clearly particularly relevant for the 
continuous velocity distribution when VN, and we 
show below that Eq. (6.7) does not yield all the solutions 
in this case. 

If k,(w) be any root of Eq. (6.6), then E;‘(z, w), 
defined by 

1 o—iye2 
E,‘(z, w)= —f exp(ikz)E,?'"(k, w)dk, 


T 


(6.8) 
o—iy2 
may be expressed as a sum of partial waves by the 


18 Using Eqs. (3.44) and (3.45) it can be shown that there is no 
pole at k=0. 
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equation 


3 
Ex'(z, w) = X [Cm*(Ro, w) A mi(Ro, w)/detU (ko, w) J 


m=1 


3 4N+4 


Xexp(tkos) +i >> SY amr(knw)[Cm*(Rn, w) 
1 


m=l1 n= 
+Cn2(Rn, @) exp(—ik,20)U(2—20) 


+Cmm*(Rn, w)/i(Rn—ko) ] exp(iknz), (6.9) 
where U(z) is the Heaviside unit step function, and 
where a@mi(kn, w) is the residue of Ami(k, w)/detU(k, w) 
at the pole k=k,. 

This result is derived on the assumption that all the 
roots of the characteristic equation are distinct, which 
will be the case except at a finite number of points in 
the complex w plane. As w tends to the value at which 
k,(w)=k,(w), say, the terms proportional to exp(ik,z) 
and exp(ik,z) tend to infinity. However their sum 
remains finite and tends uniformly to a limit propor- 
tional to 
sin(k,—k,)z 
exp(ik,z) Lim ——— —~z exp(tk,z). 

k—k, 


wtky 


(6.10) 


Therefore E,'(z,w) may be expressed by Eq. (6.9) 
even when some of the k,(w) are equal as long as the 
infinite terms are grouped so that their sum is finite. 
This will always be possible unless E;‘(s,w) has a 
singularity at a multiple root in the w-plane. In this 
case however the point lies by definition above the line 
Im(w)+y2=0 along which E;'(z, w) is to be integrated. 

Instead of discussing the solution in the general case 
we shall consider separately the three special cases 
where the medium is excited (i) by an external signal 
incident on s=0 at ¢=0, (ii) by an initial disturbance 
concentrated at the point s=20, (iii) by an initial 
sinusoidal distribution of disturbance. Between them 
these cover most of the cases of physical interest. The 
physical situations to which they apply have been 
discussed by Feinstein and Sen.°® 


The Externally Excited Medium 


In this case whtre we take C,,”=C,,"°=0, the solution 
of Eq. (6.9) is not expressed entirely in terms of known 
quantities since C,,*(k,, w) depends upon E,'(0), H,‘(0) 
(s=1, 2), which are determined by the boundary con- 
ditions at s=0, s=d, on the transverse components of 
the electromagnetic field. These conditions yield four 
independent linear nonhomogeneous equations relating 
E,‘(0), H,‘(0) to the external fields and the initial 
density and velocity modulations on the stream which 
are just sufficient to determine the former quantities 
uniquely. 

In the general case, the elimination of these unknown 
quantities is very cumbersome, and not essentially 
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different from that given in an earlier paper,'* referred 
to hereafter as I, for the special case of pure transverse 
propagation. The principal conclusions will therefore 
be stated without the mathematical proofs which are 
straightforward extensions of those in I. 

To begin with, let us assume that all the beams 
composing the stream are moving in the positive direc- 
tion, and let us consider the contribution to the solution 
at (z, /) from a partial wave with propagation constant 
k,(w). As shown in I, this depends upon the asymptotic 
nature of k,(w) as w+” — 72. 

From Eq. (3.47) it can be shown that two of the 
roots of Eq. (6.6) ~+w/c as w>~ and therefore are to 
be associated with the reverse field waves. As in I it 
can be shown that these waves can only be excited by 
reflection, and do not contribute to the solution at z 
until a time ¢>(2d—:)/c. 

Two other roots such that k~—w/c as w> corre- 
spond to the forward field waves. The remaining space 
charge waves have propagation constants for which 


k~(—w/u,)(1+e,) r=1---N, 


where ¢, is a small quantity 0 as w—>* which can 
take one of four different values for given r. 

It can be shown as in I, that a space charge or 
forward field wave: will not contribute to the disturbance 
at a point z until a time 


t>z Lim (—&,/w). 
o-n—iy1 

Furthermore the expressions for E,‘(0), H,‘(0) in- 
volving the terminal boundary conditions can be 
expanded as a sum of partial waves which can be 
interpreted as arising from successive reflections at the 
terminal boundaries. If Z,'(0), H,‘(0) have any poles in 
the complex w-plane below the real axis, instability will 
result due to the presence of reflected waves. 

When the stream consists in part of reverse beams of 
charged particles, the solution for the terminated 
stream becomes prohibitively complicated. The density 
and velocity modulations on the reverse beams at s=0 
can no longer be given a priori but depend on the 
manner in which these beams enter the interaction 
space. However when the terminal surface at s=d is 
infinitely remote, things become much simpler since, 
as is proved below, the space charge waves associated 
with the reverse beams can only be excited by reflection. 
Accordingly, the density and velocity modulations on 
these reverse beams at z=0 can be determined immedi- 
ately from the requirement that the amplitudes of the 
reverse space charge waves, for which 


Lim (k,/w)>0, (6.11) 
v1 


woa—i 


be identically zero. 
Even when d—~, it is not possible to evaluate 


16 R. Q. Twiss, Phys. Rev. 84, 448 (1951). 
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explicitly the transient solution, 


1 2—s71 
E,(z, t)= —f exp(iwt)E;‘(z, w)dw, (6.12) 


T e—iyI 


except in the very simplest cases. The difficulties arise 
largely because the &,(w), and therefore E,'(z, w), are 
multivalued functions of w which cannot in general be 
found explicitly, since this would involve the algebraic 
solution of an equation of the (4V+4)th degree. 

It may be however that the only contribution to 
E,(z, t) which does not decay with time is that propor- 
tional to exp(iMof), where Q is the angular frequency 
of the external signal. In this case we have the steady- 
state solution 

4n+4 
E(z, =i XY amr(Rn, 20)Cm*(RnQo) expli(knz+ Not) ], 
n=) 
where M is chosen to exclude all the partial waves for 
which the inequality of Eq. (6.11) is satisfied. However, 
the condition that the transient part of the solution 
decays with time must be established by a separate 
investigation. This steady-state solution is the same as 
that obtained by an “Ansatz” in which the character- 
istic equation is solved for k with w=. 

One important result of this discussion is to settle the 
ambiguity between amplified growing waves and grow- 
ing waves attenuated in the negative direction, since 
the latter satisfy the inequality (6.11). 

It is usually a simple matter to identify the reverse 
field waves, except perhaps in the neighborhood of the 
cyclotron frequency, but more care is needed to dis- 
criminate between the forward and reverse space charge 
waves. 


The Medium Excited at a Single Internal Point 


In this case C,,*°(k, w)=0, but C,,*(k,, w) must be 
found in terms of E;(z9), etc., from the terminal bound- 
ary conditions at z=0 and z=d. 

In a frame of reference in which all the beams in the 
stream are moving in the positive direction one can 
extend the analysis of I to show that the reverse field 
waves do not exist in the region z>zo until a time 
t>(d—z)/c, while in the region z<z they provide the 
only terms that contribute to the disturbance as long 
as t<z/c. As in the case of the externally excited 
medium, the space charge waves can be grouped in sets 
of four such that the front edge of their contribution to 
the disturbance propagates at the velocity u, of the 
associated beam. If we now transform to a new frame 
of reference in which some of the beams are moving in 
the reverse direction, it follows that none of the space 
charge waves associated with these beams contribute 
to the disturbance in the region z> zp» in the new frame. 
More generally we conclude that no partial wave can 
be excited directly in the region z>zo by an internal 
disturbance originally localized in the region s<2z» or 
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by an external disturbance incident at if the 
associated propagation constant obeys the inequality 
(6.11). 

For the infinite unterminated medium it can be 
shown that £;‘(z,w) is given by choosing C,,*(kn, w) 
so that 


Cur*(Rn, ©) +Cm (Rn, w) exp(ikazo)=0 (6.13) 


for all k,(w) for which the inequality (6.11) holds good, 
and 

Cu*(Rn, 0) =0 
for all other k,(w). These 4N+4 equations are just sufh- 
cient to determine the 4N+4 unknowns in C,,*(Ro, w). 


The Medium Excited Sinusoidally 


In this case it can be shown, along the lines employed 
in I, that the only term of £;‘(z, w) that contributes to 
E,(z, t) for t<z/c and t<(d—z)/c is that proportional 
to exp(ikoz), so that 


3 
E;‘(z, w) = > [Cm*°(Ro, w)A mi(Ro, w)/det (ko, w) ] 
Xexp(ikoz) (6.14) 


or the infinite unterminated 


for i<2/c and t<(d—z)/c. F 
z=, it follows from Eq. (6.9) 


medium where s=d— 
that 
Cu*(Rn, ©) +Cm*(Rn, w)/t(Rn— ko) =0 (n=1---4N+4). 


Since £;'(z, w) is a rational function of w, O(w~') as 
wc, we have immediately that 


4N+4 
E,(z, t)=i S Barexp[i(koz+wnt) ], (6.15) 
n=l 


where w, is any root of the characteristic equation (6.6) 
with k= k», and where 8,, is the residue of 


3 
YE Cwm#(o, w)A mi(Ro, w)/detW (ko, w) 
m=) 
at the pole w=w,. The solution of Eq. (6.15) is the 
same as that given by an “‘Ansatz” in which one solves 
the characteristic equation for w with k= ko. 

If some of these characteristic roots lie in the lower 
half of the complex w plane for certain ranges of ko, 
then an initial spatial disturbance with Fourier compo- 
nents in these ranges will build up exponentially with 
time since in general the 8,; are all nonzero. 

However one cannot decide without further discus- 
sion whether the stream is amplifying or unstable since 
the two phenomena are indistinguishable if the initial 
distribution of disturbance is sinusoidal. To differentiate 
one must consider the stream excited by a disturbance 
concentrated initially at If the disturbance 
remains finite within a finite distance of's=<p for all ¢ 
then the stream is stable in this particular frame of 
reference and vice versa. In practice the distinction is 


2>Zo. 
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only important in a frame of reference in which all the 
charge is moving in one direction, when only the 
reverse field waves exist in the region z< 2» of an infinite 
unterminated medium. Hence in this case one would 
only expect instability to arise if one of the w, that lie 
below the real w axis for some real ko can be identified 
as a field wave, that is if 


Lim [wa(ko)/ko]=+1/c. 
ko-a—i72 


This is rarely if ever the case. In general it is ampli- 
fication rather than instability that can arise in an 
unterminated stream. 

This discussion serves to underline the similarities 
between the two alternative ‘“Ansatz’’ solutions. It is 
misleading to assert that one solution gives conditions 
for instability, the other conditions for amplification. 
As has been pointed out by Feinstein and Sen,* the 
physical differences between the two lies only in the 
different initial conditions, and either solution can be 
used to find whether amplification is possible in an 
unterminated stream. If the infinite stream is neither 
unstable nor amplifying, this can be shown more easily 
by solving the characteristic equation for w for arbitrary 
real ko, than by examining the steady-state solution, 
since, in the latter case, one must also prove that any 
growing waves are also reverse waves. On the other 
hand the former procedure can only be applied to the 
terminated stream when the solution can be represented 
by standing waves as in the charge free resonator with 
perfectly conducting walls. If such a resonator is filled 
with moving charge one has to use the steady state 
analysis to find the resonant frequencies, which are 
given, in this case, by the values of w for which H,*(0) 
is a maximum. Admittedly, to the first approximation, 
the only effect of the moving charge on the field waves 
is to alter the effective dielectric constant of the medium, 
and to this order the resonant frequencies may still be 
found from the roots of the characteristic equation for 
w. However this procedure goes badly astray when the 
energy carried by the space charge waves becomes 
comparable with that carried by the field waves, as 
happens in the neighborhood of the cyclotron frequency 
or when the charge velocity approaches that of light. 


7. THE CONTINUOUS VELOCITY DISTRIBUTION 


Until now we have assumed that the electron-ion 
stream consists of a finite number of separate beams. 
When the number of these beams becomes very large, 
as in the case of a thermal plasma, the discrete analysis 
becomes excessively complicated and one is led to 
approximate the discontinuous velocity distribution of 
physical reality by an idealized continuous distribu- 
tion.” 

The solution of Eqs. (3.47) to (3.52) can formally be 

17 Tt must be remembered that one is here concerned with the 


actual velocity distribution at a given time rather than with the 
ensemble average distribution. 
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applied both to the discrete and the continuous case if 
we replace the summations over the N electron-ion 
beams by Riemann-Stieltjes integrals. To justify this 
step one has to show that the operations of evaluating 
the integral of Eq. (6.8) and proceeding to the limit 
N-— © are commutable. The proof is a straightforward 
exercise in e-analysis and will not be given here since 
its validity does not appear to be in dispute. When the 
stream is composed of two or more kinds of particles, 
electrons and ions say, one distinguishes between the 
separate velocity distribution and replaces terms such as 


N W0s"W by, sOH,e 
e=1 2 
Wb»y,s ~~ @H,« 


by a sum of Riemann-Stieltjes integrals of the form 


wes d wor (uw i(t)woy, (4) 





L 
p aad ’ 

tet Jur Wb», P(u)— wy ?(u) 

where L is the number of different particles and 
w(t) = (€Bo/mor)(1—u?/c2)4, wos, (a) =w+uk—iv,(u). 


For the sake of simplicity however we shail assume in 
this section that there is only one class of charged 
particles, though the more general case does lead to 
new results when the axial magnetic field is nonzero. 

In the continuous case the “Ansatz” solution breaks 
down in that it does not yield the complete solution. 
This was ‘pointed out by Landau’ in his criticism of 
Vlasov’s theory'’ of the thermal plasma but the former’s 
treatment is also open to objection, since it is only 
rigorously valid for the physically impossible case where 
the velocity distribution of the charged particles is 
analytic up to infinite velocities. It is possible to modify 
Landau’s theory to cover the case where the electron 
velocities are always finite, but the solution then be- 
comes much more complex, while it is only valid when 
both the dc and the ac velocity distributions are 
analytic functions of velocity. 

Accordingly we shall develop an alternative theory 
valid for any form of velocity distribution. In order to 
compare this procedure with that followed by Landau 


we shall consider the special case 
(7.1) 


P=won= v=0, 


in which the stream is excited by an initial sinusoidal 
distribution of density modulation of the form 
pu(z, 0) =g(u) exp(tkoz). (7.2) 


The general case is discussed briefly below. 
If in Eqs. (3.47) to (3.52) we make the further 
substitution 


wo?(u) K (1) = wo? fo(u ), 


18 A. Vlasov, J. Exptl. Theoret. Phys. (U.S.S.R.) 8, 291 (1938); 
J. Phys. (U.S.S.R.) 9, 25 (1945). 
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we get 


1 o—t71 
— f exp(iwt)E;'(2, w)dw, (7.3) 


2r o—iyl 


“2 
—f g(u)du/ko(w+uko) 
€0 ul 
Sidle siniccesancimnmiveaedan 


1— wt f fo(u)du, ‘(w+ uk)? 
ul 


and where 1% are the limits of the continuous velocity 
distribution. 

If fo(u) has a first derivative throughout the range 
4,<u< uz the denominator in Eq. (7.4) may be written 
in the equivalent form, 


1— wt f du{d fo(u)/du}/ko(wt+ uko), 


“1 


as long as fo(u;)=O=fo(#2), when our solution is iden- 
tical with that of Landau allowing for the change of 
symbolism 

The difference arises at the next stage in the inversion 
from the w-plane onto the real ¢ axis and centers on 
the treatment of the integrals 


n= f g(u)du/(w+uko), (7.5) 


ui 


I= £ fo(u)du/(w+uko)’, (7.6) 
ul 


which are undefined when w+uko=0. 
As defined by the Laplace integral, 


Es'(s, w)= f Ex(z, t) exp(—iwt)dt 
0 


only converges on and below the line Im(w)+7:=0, 
and in this region /;, J. and E;'(z, w) are single valued 
analytic functions of w. 

However to find E;(z, /) explicitly it is desirable to 
use Eq. (7.4) to define E3"(z, w) by analytic continuation 
in the upper half of the complex w plane. One way of 
doing this is to insert a cut along the real w axis between 
the points 


‘ 
a= —uyko, o= ~- Uk. 


This removes the singularities of 7; and J, which are 
now single valued analytic functions of w all over the 
accessible regions of the w plane, and £;'(z, w) is now 
a single valued function of w everywhere analytic 
except at the isolated poles at the zeros of 


}* wt f fo(u)du/(w+uko)?=0. (7.7) 
4) 
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We now form a closed contour from the line 
Im(w)+71=0, 


and the infinite upper half-circle together with contours 
around the isolated poles of E‘(z,w) and around the 
cut, within which E;'(z, w) is everywhere analytic and 
O(w™) as w ®. 

By Cauchy’s theorem the integral of Eq. (7.6) for 
t>0 is equal to 27i times the sum of the residues of the 
isolated poles of E3'(z, w) together with the contribution 
from the contour around the cut taken in a counter 
clockwise direction. By Jordan’s lemma the contribution 
from the infinite half-circle is zero. 

The contribution from around the cut is in general 
nonzero, as is shown in Appendix II for the special case 
where g(u) and fo(u) are analytic functions of u, and 
can be split into three separate terms. The first term 
arises when one of the zeros of Eq. (7.7) lies on the:cut. 
As we show in Appendix IT this is never the case when 
fo(u) is analytic in the neighborhood of the real axis in 
the complex « plane, but such zeros do occur when 
fo(u) is discontinuous, as witness the simple case 


fo(u)=fi 
fo(u) =fe 


The second term in the integral around the cut arises 
because /,, of Eq. (7.5) has, in general, a discontinuity 
equal to 2rig(—Qo/ko) as we cross the cut from the 
upper to the lower half of the complex w plane at the 
point w=). As a typical example consider the case 


g(u)= fo(u)=1 


uy, cuz ui, 


U<uzZ uo. 


uy <U< Uo, 


where the integral around the cut is equal to 





1 wa 1 
f du— - —, 
€oRo ul 1 — wo?(42— 41) / (w+ oko) (w+ u1Ro) 


2 


This term is nonzero even when wo?=0 and corre- 
sponds to the so-called “gas modes” discussed by 
Bohm and Gross.’ Finally a third term arises due to 
the fact that the /2, of Eq. (7.6), has a discontinuity 
as one crosses the cut equal to 


2mild fo( on X% /Ro)/du } ‘Ro, 


when fo(w) has a derivative for all u#:<u<t:. The 
presence of such terms is ignored in the usual “‘Ansatz” 
solutions which often omit the “‘gas modes”’ as well. 

Admittedly J, becomes continuous across the cut if 
we represent fo(u) as the limit of a series of square 
pulse functions 


fo(u)=f(m) tin<U<tngi, n=1---M, 
where 


Unsi— Un= Au=(u2—u,)/M, 


which can be done as long as fo(u) is integrable in the 
sense of Riemann. 
However this simplification only arises in the special 
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case of Eq. (7.1). In general the characteristic determi- 
nant is discontinuous across the cut whatever the form 
of fo(u), except when fo(u) can be represented as the 
sum of a series of 6 functions. This last case is trivial 
since the stream now reduces to a system of discrete 
beams when the cut is redundant. 

The procedure, that we have just outlined, is the 
normal one in transform theory valid whatever the 
nature of fo(u) and g(u) as long as these functions are 
integrable in some sense. In particular there is no need 
for fo(u) and g(u) to be analytic functions of u; they 
can be represented by a sum of 6 functions or of square 
pulse functions or by a power series, whichever is the 
more convenient. 

However this is certainly not possible in the treat- 
ment given by Landau as we show in Appendix III. 

When wy, v and p’ are all nonzero we see by inspection 
of Eqs. (3.47) to (3.50) that cuts must be made in the 
w plane along the lines 


w=wy—Uko+irv(u); w=—ukptiv(u); w=—uko, 


which all lie on or above the real w-axis. 

A similar procedure must be followed for the medium 
excited by an external signal or by an initially localized 
disturbance before inverting from the complex & plane 
onto the real w-axis. In this case also the contributions 
from the cuts are, in general, nonzero and can be of 
importance particularly in the noise theory of the 
terminated stream. 


8. DISCUSSION 


The vector solution of this paper can be applied in 
principle to a stream of charged particles with different 
charge/mass ratios and arbitrary velocity distributions 
under arbitrary initial and boundary conditions. Unlike 
the theories that employ a stream function one is not 
restricted to the case of zero axial magnetic field and 
since the analysis is fully relativistic there is no need to 
treat the transverse and longitudinal fields separately. 

However the general theory is very complex and in 
this paper we have discussed only the special case where 
the solution satisfying arbitrary initial conditions can 
be expanded as a sum over a complete orthogonal set of 
independent elementary solutions. Such an expansion 
can always be carried out for the stream of infinite 
cross section, but for the finite stream it is only possible 
under the limited transverse boundary conditions of 
Sec. 5. Each elementary solution can then be expressed 
explicitly in terms of the initial conditions by means of 
a double Laplace transform. 

The use of a Laplace transform was introduced by 
Landau" in his theory of the longitudinal oscillations 
in a thermal plasma. However his treatment is only 
valid when the ac and dc velocity distribution functions 
are analytic, and, in its original form, can only be 
applied to the unphysical case where the electron 
velocity distribution extends to infinity. The solution 
of this paper is free from these restrictions and contains 
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terms, which are inevitably omitted in an “Ansatz” 
solution where one assumes ad initio that all ac quanti- 
ties are proportional to exp[i(k-2+/) ]. This ‘““Ansatz” 
procedure, which is used by the majority of writers, 
only gives the necessary conditions that a solution 
should satisfy the Maxwell-Lorentz equations. It is 
therefore much less informative than the more rigorous 
Laplace transform analysis which gives the complete 
solution under given initial conditions, and from which 
one can find both the physical interpretation of the 
“Ansatz” solutions and the initial conditions to which 
they correspond. 

In one “‘Ansatz” procedure one solves the character- 
istic equation for w in terms of fixed k= ko, where po is 
a real propagation constant, and obtains 4.V +4 possible 
modes of oscillation, where N is the number of discrete 
velocity beams. We have shown that this solution only 
applies in general to the infinite unterminated stream 
excited by an initial distribution of disturbance propor- 
tional to exp(ikoz). For the stream terminated at s=0 
the solution is only valid for t<z/c except in the very 
special circumstances discussed in Sec. 6. If any of 
the roots of the characteristic equation lie in the lower 
half of the complex w-plane for certain real ko, then an 
associated initial disturbance will build up exponentially 
with time. However one cannot tell from this whether 
the stream is amplifying or unstable, a distinction that 
is important when the stream is excited by a disturbance 
confined initially to a small region of the stream. We 
concluded on heuristic rather than rigorous grounds 
that the stream would only be unstable in a frame of 
reference in which all the charge is moving in one 
direction if one of the growing roots was associated 
with a field wave; that is if Lim(w,/k))=+1/c as 
kop —ivye2, where wn(ko) lies below the real w axis for 
some real ky and where 72 is chosen so as to avoid any 
multiple roots of the characteristic determinant. The 
distinction between instability and amplification is 
usually unimportant in a frame of reference moving 
with the stream as both processes will normally occur 
together. 

The alternative “Ansatz” solution is found by solving 
the characteristic equation for k in terms of fixed 
w=, when one obtains 4N+4 possible values for the 
propagation constant. This solution applies to a stream 
excited at a material boundary by an external signal of 
frequency %, and is only valid when the transient part 
of the solution for the singly terminated stream decays 
with time. The conditions when this last restriction is 
satisfied can be found from the first ‘Ansatz”’ solution 
when all the charge is moving in one direction. However 
when reverse beams are present together with amplified 
growing waves the stream is often unstable so that no 
steady-state solution exists. 

In order to interpret this solution one must be able 
to distinguish between waves that are directly excited 
at the incident surface z=0, and those that can only be 
excited by reflection from some subsequent surface or 
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region of discontinuity. When ail the charge is moving 
in the positive direction we showed in an earlier paper'® 
that the asymptotic value of the propagation constant 
of the reflected waves is given by Lim[ka(Q)/2] 
=+1/c as Qy-«©—iy;. When reverse beams are 
present we have shown that the associated space charge 
waves can only be excited by reflection so that we now 
have the general result that Lim[k,(20)/2.]>0 as 
Qo © — iy; for all reflected waves and vice versa. 

Although the two “Ansatz”’ solutions correspond to 
quite different initial conditions, there are many simi- 
larities between them. In particular either procedure 
can be used to find whether the unterminated stream 
can amplify. This is contrary to some earlier interpre- 
tations where one “‘Ansatz”’ is used to find whether the 
stream is unstable the other to find whether it can 
amplify. To some extent the confusion is merely a 
matter of terminology, but it can easily lead to false 
conclusions. Thus some writers have argued that ampli- 
fied growing waves can exist in a stream even if all the 
roots of the characteristic equation lie on or above the 
real axis in the w-plane. However ir this case any 
growing waves with propagation constants in the lower 
half of the complex & plane are always reverse waves 
attenuated in the reverse direction. 

The vector solution of Eqs. (3.17) to (3.19) is valid 
even when the dc quantities such as uo., p,, etc., are 
functions of z. In this case one can integrate Eqs. 
(3.33), (3.37), and (3.38) to find r,"(z, w), Hy"(z, w), and 
e'(2, w) explicitly in terms of E;‘(z, w). On substituting 
in Eq. (3.37) one gets a system of integro-differential 
equations for E;,‘(z,w), but these can no longer be 
reduced to algebraic equations by a Laplace transform 
with respect to z and small progress has been made 
toward their solution. 

The theory can also be extended to the case where 
the dc magnetic field and the dc velocities have trans- 
verse as well as axial components as discussed in 
Appendix I. However this can only be carried through 
in Cartesian coordinates and the algebra in the general 
case is very cumbersome. The best hope is then to look 
for some approximate solution in which, for example, 
one considers only the transverse or only the longi- 
tudinal part of the solution. The errors involved in this 
and similar simplifications are discussed. 

Acknowledgment is made to the Admiralty for 
permission to submit this paper for publication. 


APPENDIX I 


In the text the dc components of the external mag- 
netic flux density and of space charge velocity were 
assumed to be of the form B,=(0,0, Bo) and uo 
= (0, 0, uo), respectively. We shall now show how the 
analysis may be extended when these vectors possess 
transverse components so that Bo= B,o+ Boa, uo=Uro 
+uoa where B,o-a=u,o-a=0 and B,o, uy» are constant 
vectors independent of position. In order to maintain 
the steady-state flow it is necessary to introduce 
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additional de E-fields but as these do not affect the 
small signal ac equations they will be left unspecified. 

Assuming, for the moment that u,=0, the only 
effect of the transverse components of the dc magnetic 
field is to add additional terms to the Lorentz force 
equation which, in its linear approximation, may now 
be written 


(0/dt+- v,+U9,0/9z)(m,v.+-m.K ,(uo."/c?)(v,-a)a) 
a ef. E + Vx Boat potto.aX H+ v.x B,o |, 


differing from Eq. (3.9) in the term v,X Bo. 

The elementary solution derived above for the case 
B,,=0 relied on the fact that all the vector Maxwell- 
Lorentz equations could be expressed as linear combi- 
nations of the three fundamental vectors L, M, N 
defined in (3.16). These vectors determine an auxiliary 
coordinate system in which we may express B,o by the 
vector equation 


(1.1) 


B,o= Box L+ BoM, (1.2) 


where Bo;, Boz are scalar coefficients that depend upon 
(x!, 2°) in such a manner that B,» is a constant vector. 

Substituting for B,o in Eq. (I.1) and assuming that 
v, is given by (3.19) the term v,X B,o may be written 


Tork B,o= - Boot3.¢L— Boyt3.@M 
+ (Boies— Boor.) [Vo P/N. 
In the general case where ¢ is any solution of the 


two-dimensional wave equation (3.20) consistency 
requires that 


(1.3) 


Bod(x', x*) j= (1, 2) 


Bol Vo(x', 2°) P/o(x', 2°) 
must both be independent of (x', x). This is only 
possible in Cartesian coordinates and then only when 
the solution of Eq. (3.20) is expressed as a traveling 
wave 


and 


o(x", *) = expLi(lx+my) ], 


where P+ m?= p’. 

In this case Bo,x~¢*(x!, 2°), the complex conjugate 
of $(x', x®) when B,o as defined by Eq. (I.2) is indeed 
independent of position, so that a consistent solution 
can be obtained. 

A similar discussion shows that the same restriction 
must be imposed on the coordinate system when the de 
velocity has transverse components. In the latter case 
especially the algebra becomes extremely cumbersome 
and its importance does not seem sufficiently great to 
warrant even a summary of the solution. 


APPENDIX II 


When g(u) the ac velocity distribution function of 
Sec. 7 is analytic we can immediately find the 
discontinuity in J;, defined by Eq. (7.5), as we cross 
the real w axis. 

Since g(u) is analytic we may expand g(u)=g(u+w/ 
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ky—w/ko) as a Taylor series in (w/ko+) to give 


(s) = g(—w/ke)+ E s"(—o/ba) (w+ o/be)*/n. 


If we substitute in Eq. (7.5) and integrate we get 
Uy+ w/ko 
1,=g(—w/ko) los( ~) 


U,+w/ko 


eo g"(—w/Ro) w n @ n 
+2 | (u+=) - ut) . 
n=l mn 'Ro ‘0 ko 
As we cross the real w axis at the point w= — Gkp=M%, 
u,<W&< ts, the logarithmic term in J; changes from 
img(+ a) z= irg(— Q% /Ro) 
just above the real w-axis to 
—ing(— td) = —img(—Q0o/hko) 
just below the real w-axis. 
Similarly if f(u) is analytic we may write 
fo(u)= fo(—w/ko)+ X fo"(—w/ko)(u+w/ko)"/n!, 
n=l 
when substituting in Eq. (7.6), and integrating term 
by term we get 
I fo(—w/ko) 


2 suntinienenniomnpete} am 


ke? (2+ w/ko)(urt+w/Ro) 
fo'(- w/ko) uot+w/ko 
aie ard 
ke? uy,+ w/ko 
© f*(—w/ko) 


tars 
n=1(n—1)n! ‘0 


Up — Uy 








which has a discontinuity of 
2ril_fo’(— Q%, /Ro) | ‘Re? 


across the real w-axis, when w= — tikp=Qoand 4, <W< up. 

It follows from this that the characteristic equation 
of Eq. (7.7) has no zeros on or immediately above the 
cut between the points —ukon<w<—mko if fo(u) is 
analytic, except possibly at the zeros of fo’(—/ho). 
However these zeros form a set of measure zero if fo() 
is an integral function of u as do the zeros of Eq. (7.7) 
so that this possibility can effectively be ignored. 


APPENDIX III 


In the solution given in Sec. 7 for the stream with 
a continuous velocity distribution it was only necessary 
that fo() and g(u), the de and ac velocity distribution 
functions should be integrable. 

However in the alternative solution given by Landau" 
it is necessary that fo(w) and g(u) be integral functions 
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(b) 


Fic. 1(a), (b). Contours of integration in complex w plane for analytical continuation of /,, 7; in complex w plane. 


of u, while this writer’s procedure has to be further 
modified when one allows for the fact that no material 
particle can have a velocity greater than c. 

Instead of inserting a cut in the complex w-plane, 
Landau obtains the analytic continuation of E;'(z, w) 
by deforming the contours of integration of J; and J2, 
defined by Eqs. (7.5) and (7.6), respectively, in the 
complex u plane. For values of w lying in the lower half 
of the complex w plane the point w= —w/kp lies in the 
upper half of the complex wu plane if & is positive and 
the contour of integration may be taken along the real 
u axis, contour A in Fig. 1(a). Provided that fo(m) 
and g(u) are integral functions of « this contour may 
be deformed into contour B without affecting the 
value of 7; and J,. Let us now suppose that the point 
u= —w/k is allowed to move into the lower half of the 
complex u plane to the point P2, crossing the real axis 
between “,;<u<u:. The contour B may now be de- 
formed into the contour A’ giving a different value for 
I,I, than that obtained by integrating along the contour 
A. By this means one can obtain an analytic continu- 
ation of J,J, and £;‘(z, w) into the upper half of the 
complex w plane. However this procedure does not 
lead to a single valued expression for J,J2 since the 


pomt P2 could have been approached by a path that 
crosses the real u axis outside the range “#,;<u< ts, as 
shown in Fig. 1(b), when the contour B can be deformed 
back into the contour A. Admittedly this difficulty 
does not arise in the case considered by Landau when 
(41, U2) =(— ©, ©), but when s,m, are finite we must 
insert cuts into the real u axis in the ranges — © >u>m, 
u2<u< to ensure that /;, 7, are single valued. In 
this case J;, 7, are undefined at values of w= — ko 
where @ lies on these cuts and we must introduce a 
corresponding system of cuts into the complex w-plane 
in the ranges — © <w< —toko, —mky<w<. 

Thus Landau’s procedure leads to no increase in 
simplicity over the alternative we have followed in the 
text, while it is only valid when fo(m), g(w) are integral 
functions of u. Furthermore some of his conclusions as 
to the nature of the solution for the thermal’ plasma 
have to be modified appreciably when one takes account 
of the fact that ||, | #2! are both less than c, since it 
is not now possible to deform the contour of integration 
of Eq. (7.3) into the upper half of the complex w plane 
outside the range —tkoy<w<—ko. The physical 


consequences of this are discussed. 
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A photographic scattering chamber has been used to study the elastic scattering of 5.1-Mev protons by 
deuterium and 10.2-Mev deuterons by hydrogen, these being the same process in the center-of-mass system. 
Differential cross sections were obtained from 16.4° to 172.9°. These are in good agreement with other ex- 
perimental data at about the same energy. Comparison is made with the theoretical angular distribution 
due to Buckingham, Hubbard, and Massey, based on a symmetrical exchange force. Agreement is close at 
this energy, favoring exchange rather than ordinary force theories. However, at higher energies (~10-Mev 
p—d) the BHM calculations do not represent the interaction satisfactorily. 





I, INTRODUCTION 


HE proton-deuteron interaction has now been 

studied at various energies from 250 kev to 
~10 Mev, including three studies at approximately 
5 Mev.! The present report contributes further data at 
5.1 Mev over a somewhat wider range of angles. The 
data were acquired by scattering both 5.1-Mev protons 
from deuterium and 10.2-Mev deuterons from hydro- 
gen, the combination of the techniques having obvious 
advantages in revealing special errors to which either 
one is liable. 


Il. METHOD 


The apparatus employed consisted of the photo- 
graphic scattering chamber described in an earlier 
publication? on proton-proton scattering, and its manner 
of use was essentially unchanged in the present work. 
However, in p—d scattering, scattered and _ recoil 
particles are different and distinguishable and were 
counted separately, leading to the differential scattering 
cross section in the laboratory system by the following 
formula 3 


o(©)=n,Rh sinO/N,,N ,26 sin®. 


Conversion to center-of-mass cross section o(@) at 
center-of-mass angle @ is achieved by formulas: 


o(8) =0(©)) - (sin@,/sin#)*?- cos(@— ©) 
if scattered tracks at angle ©, are counted, and 
a(0)=0(@.)/4 cosO» 


*The experimental portion of this work was conducted at 
Washington University, St. Louis, Missouri, assisted by the ONR 
and AEC 

'R. F. Taschek, Phys. Rev. 61, 13 (1942), 250 and 275 kev; 
Tuve, Heydenberg, and Hafstad, Phys. Rev. 50, 806 (1936), 830 
kev; Sherr, Blair, Kratz, Bailey, and Taschek, Phys. Rev. 72, 
662 (1947), 1.51, 2.08, 2.53, 3.00, and 3.49 Mev; Heitler, May, 
and Powell, Proc. Roy. Soc. (London) A190, 180 (1947), 4.2 Mev; 
Rodgers, Leiter, and Kruger, Phys. Rev. 78, 656 (1950), 4.97 
Mev; Karr, Bondelid, and Mather, Phys. Rev. 81, 37 (1950), 5.0 
Mev; L. Rosen and J. C. Allred, Phys. Rev. 82, 777 (1951), 5.2 
Mev; Armstrong, Allred, Bondelid, and Rosen, Phys. Rev. 83, 
218 (1951), 9.7 Mev. 

2K. B. Mather, Phys. Rev. 82, 133 (1951). 

* This formula appeared incorrectly in reference 2. The symbols 
are defined there. 


if recoil tracks at angle ©, are counted, the angle rela- 
tionship being: 
= (r—20.). 


In p—d scattering the proton may be scattered at all 
laboratory angles from 0 to 180° the deuteron recoiling 
at angle from 0 to 90°. In d— scattering the deuteron 
has a maximum angle of scatter of 30°, the proton 
recoiling at angles from 0 to 90°. Owing to the fact 
that there are two kinds of collision (hard and soft) 
which can scatter the deuteron at any angle less than 
30°, three distinct track lengths appear in the photo- 
graphic emulsion at all angles below 30°—a short 
deuteron track, a long deuteron track, and a recoil 
proton track. 

Approximate ranges in Nuclear Research Emulsions 
(Ilford C2) are listed in column 4 of Tables I and II, 
for p—d and d—p cases, respectively. It will be observed 
that it is always possible and generally easy to dis- 
tinguish, by their ranges, the several particles which 
appear at any angle. The fact that one plate can, for 
d—p scattering below 30°, yield three scattering cross 
sections endows the method with special merit. These 
three values serve as related “triplets’’ since they derive 
from the same slit unit and precisely the same geometry 
is used in computing them. They should therefore be 
very reliable in relative value. Similarly, in p—d scat- 
tering below 90° there are related “doublets.”’ 


Ill. EXPERIMENTAL DETAILS 


The source of protons and deuterons was the Wash- 
ington University 45-inch cyclotron. The beam energy 
was redetermined during every run by measuring ranges 
in a photographic plate placed at the 45° position at a 
small angle, =3°. The range-energy data of Rotblaté 
were used, leading to average energy values at the 
scattering volume of 5.1+0.1 Mev for the protons and 
10.2+0.2 Mev for the deuterons, in the laboratory 
system. 

The energy of each individual run could be stated 
rather more precisely than this but as the beam energy 
appeared to vary slightly from run to run, average 


‘J. Rotblat, Nature 167, 550 (1951). 
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values have been quoted together with uncertainties 
which cover the extreme limits encountered. 

The deuterium and hydrogen used as scattering 
gases were 99.5 and 99.8 percent pure, respectively. 
Experiments were usually conducted at a gas pressure 
of approximately 1.4 cm Hg which was low enough to 
prevent any serious multiple scattering effects. 

The p—d data were much “cleaner” than the d—p 
due particularly to the heavy neutron flux which is 
always associated with a cyclotron accelerating deu- 
terons. During preliminary runs it was found that the 
background on the plates due to knock-on protons was 
heavy and would have complicated the scanning un- 
necessarily. This was reduced to a few percent by sur- 
rounding the scattering chamber with a concrete fort 
16 inches thick on the side facing the cyclotron and 
reinforced about the collimator with timber blocks. 

Runs were made at several different exposures so as 
to give optimum track density over each range of angles 
to facilitate scanning. The method of scanning was the 
same as described in reference 2. In certain cases, 
however, e.g., d--p runs 5 and 6, for 8<30°, only 
short deuteron tracks were counted as these could be 
counted quickly. Counting long deuterons and protons 
was more tedious, requiring ideal exposure conditions, 
and was only considered worthwhile for run 7. 


IV. RESULTS AND DISCUSSION 


The final values of seven runs are listed in Table I 
(p—d) and Table II (d—p) ranging from @=16.4° to 
172.9°, and all data are shown in Fig. 1 as o(@) versus 
6. The total number of tracks counted was 105,500. 
The number contributing to each value is given in 
parentheses after the value and determines the stand- 
ard deviation of the value imposed by the counting. 
Other errors are the same as listed in Sec. VIII of 
reference 2. The probable error in relative values, ex- 
cluding the statistical error, is ~0.4 percent. 

Corrections had to be applied to the p—d data as 
follows: (1) Scattering volume. This is not exactly the 
same as implied in the formula for o(@) in Sec. II. A 
correction had to be applied only at ©=165° and 
amounted to 0.7 percent. (2) Air leakage, degassing of 
plates and equipment, and impure gas. This amounted 
to ~5 percent at ©=11° and declined rapidly at 
larger angles. (3) Slit width. This applied only where 
the cross section was changing rapidly, viz., at small 
laboratory angles where it amounted in several cases 
to a few percent. 

Similar corrections pertained to the d—p runs. On 
the whole, the p—d scanning was more straightforward. 
Fewer cases of ambiguous track lengths occurred and 
hence runs 1 and 2 should carry rather more weight. 

In run 6 the tracks were so congested that only 
short deuteron tracks could be counted confidently 
and even there it was felt that some tracks might be 
overlooked. This may account for the tendency towards 
lower values in this run. The d— p data show consider- 
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Table I. Differential cross sections derived from two p—d scat- 
tering runs at 5.1 Mev. The figures in parenthesis are numbers of 
tracks contributing to the values. In the third column, p indicates 
scattered proton and d recoil deuteron. 


Kind 


? steradian 


Run 2 


Range 
ot in 
0 track A 


16.4 p 168 


a( 8) X 10% ¢ 
Run | 


200) 
21 } 


a 
158.0 d 89 (l 


22.4 p 162 


150.0 d 
23.9 p 
148.0 


31.1 
138.0 


(966) 
(845) 


(1733) 
(1245) 


(735) 
(401) 


(1242) 
(680) 
(1294) 
(911) 


37.2 
130.0 
44.5 
120.0 
51.7 
110.0 
58.7 
100.0 
65.7 
90.0 
73.5 
80.0 
79.2 
70.0 


1.49 
0.631 


(1207) 
(841) 


0.84 (188) 


(968) 
(1205) 


(721) 
(1294) 


1.12 (861) 
1.24 (1382) 


0.862 (1200) 
1.37 (2570) 


0.734 (919) 
1.60 (2457) 


0.651 (1112) 


85.6 
60.0 


91.9 
50.0 


98.0 
40.0 


103.9 
30.0 


114.9 
10.0 


124.5 
133.8 
141.9 
149.1 
155.7 
161.6 
167.2 
172.4 


(611) 
(1736) 


0.616 (1006) 


0.577 (1037) 


0.712 
1.01 
1.36 
1.77 
2.22 
12.60 
12.84 


(990) 
(1121) 


0.618 (367) 


1.24 (534) 


VVVVVvvTe AT AT AD AY AD AT AD AD AS 


able scatter at = 30° to 40°. This is due to the difficulty 
of counting accurately the short proton tracks, espe- 
cially at 30°. These tracks are only 7u in mean range 
and, allowing for straggling, some of the tracks are too 
short to be established with certainty. In run 4 the 
value at 30° is a lower limit. About 10 percent more 
“probables” were recorded and it seems likely that 
others escaped notice altogether. 

Beyond about 160° the same trouble operates. Some 
short deuterons, expecially at @=168.6° and 172.9° 
may be missed. The p—d data which have better sta- 
tistics in this region would be expected to suffer from 
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Fic. 1. Differential p—d and d—p cross sections in center-of- 
mass coordinates. All values listed in Tables I and II are plotted. 
The full curve (BHM) is theoretical, based on calculations for 
the same energy by Buckingham, Hubbard, and Massey. 


the same cause but seem to be rather higher in value. 
Probably the curve begins to flatten off at or near 
160° as predicted by the Buckingham, Hubbard, and 
Massey theory, but this region is difficult to study and 
the present data are not conclusive beyond about 160°. 

Moreover, where this error exists, multiple scattering 
losses will also be at their worse and due to the compli- 
“compensating” mechanism (see Sec. VIII of 
reference 2) it is very difficult to estimate the conse- 
quences. Lower limit values are prefixed in the tables 
by /. Other values which are suspected for any reason 


” 


cated 


Pape Il 


Kind of 
track 


ld 


Range 
21.1 325 
166.0 
172.9 


33.4 
158.0 
168.6 


406.1 
150.0 
163.9 


49.4 


0.954 
0.839 
1.80 

0.639 


0.563 
0.613 


0.536 (1903) 
0.637 (2180) 
0.780 (291) 


0.957 (2365) 0.945 


(2270 
(1918 


1.55 
1.85 


(poor scanning conditions, heavy background, etc.) are 
prefixed by x. 

In the present work absolute values were determined 
by two methods: (a) By measuring the charge collected 
on a standard condenser as described in the earlier 
publications. (b) By assuming a value for the absolute 
cross section of p— p scattering (which is established to 
a higher degree of precision than any other scattering 
process) and determining —d and d—? cross sections 
relative to p—p. The reason for introducing (b) is 
that as a result of a recheck by the Bureau of Standards 
some doubts have arisen concerning the true values of 
the condensers at the time this work was carried out. 

Cross sections were therefore determined relative to 
the p—p results of reference 2, which appear to be 
consistent with other results at or near this energy; 
i.e., assuming absolute p—p cross sections to be in 
accordance with pure S-wave scattering of phase shift 
59=54.5°. The derived absolute p—d and d—p cross 
sections agreed with those measured directly (method 
(a)) to ~2 percent. The cross sections in Tables I and 
II are the mean of both methods and are believed to 
have an accuracy in absolute value of +2 percent 
(probable error) taking account of all sources of sys- 
tematic error which have been recognized but not in- 
cluding the effect of statistical error on the individual 


values. 


Ditierential cross sections derived from five d— p scattering runs at 10.2 Mev. In the third column /d indicates long deuteron 
track, sd short deuteron track and ? recoil proton track. Prefix / indicates lower limit value and x doubtful value 


(9) X10% cm? steradian 


Run 7 


12.42 (996 


2.40 (1859 


2.70 


1.30 
1.14 
2.04 
0.875 
0.752 
1.60 


(1132) 
(390) 


(375 


(1709) 
(544) 
(973) 


(1236) 
(384) 
(722) x1.58 (994 1.66 (1280 
(316 
(1070) 


(739) 


0.610 
0.666 


(1049) 
(1075) 


(2400 


(2267) 


0.545 
0.622 


0.879 
1.21 
1.34 
v1.56 
1.58 


(2488) 
(2906 
(1828 
(2392 
(1905 


(1047 





p-d AND d-p 

In Fig. 1 all the experimental points of the present 
work have been plotted. The point at 6=16.4° is un- 
certain but seems to be consistent with purely Ruther- 
ford-Darwin scattering indicating that the scattering is 
essentially Coulombian below this angle. The minimum 
cross section at this energy occurs at approximately 
112° in the center-of-mass system. 

The full curve (BHM) represents the calculated 
angular distribution of 5-Mev protons due to Bucking- 
ham et al.’ based on a symmetrical exchange force as 
in the earlier work of Buckingham and Massey, but 
including allowance for D-wave scattering. The new 
calculations are markedly superior in representing the 
observations at large angles (see comparison with earlier 


§ Buckingham, Hubbard, and Massey, Proc. Roy. Soc. (London) 
A211, 183 (1952). 
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theory made by Karr et al., reference 1) and appear to 
represent the experimental facts of p—d scattering 
fairly satisfactorily from about 2 to 5 Mev. In absolute 
value at 5 Mev the theoretical curve would fit the data 
better if ~9 percent lower. 

However, the recent p—d scattering at 9.7 Mev 
carried out at Los Alamos by Armstrong ef al. (see 
reference 1) can be compared roughly with the BHM 
calculations at 11.5 Mev and here the agreement is 
poor. The experimental curve rises much more steeply 
at large angles and also shows no tendency to flatten 
off between about 30° and 60° as predicted by BHM. 
These discrepancies seem to be paralleled also by high 
energy n—d scattering. 

Part of the scanning involved in this project was 
carried out at Birmingham University, England, as- 
sisted by an Imperial Chemical Industries Fellowship. 
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A relativistic configuration space (many-time) presentation of quantum electrodynamics is developed, 
which, being equivalent to the Tomonaga-Schwinger formalism, may be expected to have the advantage 
of its direct applicability to bound-state problems of multi-electron systems. The main purpose of this 
paper is therefore to get an evidently relativistically invariant description of the interactions between 
individual electrons, in such a way, however, as to avoid those divergence difficulties which may be accounted 
for by the use of electron plane waves for building up the actual state of the system. The order of the pre 
sentation is as follows: a general relativistically invariant proof of equivalence of the Tomonaga-Schwinger 
formalism and the many-time formalism of Dirac, Fock, and Podolski given in Sec. I will provide a necessary 
starting point for further generalization in the form of Eq. (53). This equation, when eventually solve in 
Sec. II, gives rise to a formal extension of the multi-electron wave function concept into regions for which 
the latter remained hitherto undefined. In Sec. III a method of elimination of virtual processes is outlined 
and invariant expressions for the multi-electron interactions are derived. All explicit derivations in this 
paper are carried out to terms of the order of e*. An example, a relativistic two-electron wave equation, 
is given. This equation accounts for the Coulomb and Breit interactions 


I. MANY-TIME AND TOMONAGA-SCHWINGER theory, if Fermi-Dirac statistics is assumed in the 


THEORIES 


FORMALISM based on the relativistic configu- 
ration space concept was introduced for the first 
time by Dirac, Fock, and Podolski' (referred to in the 
following as D.F.P.). This formalism is usually called 
the many-time theory, because an introduction of 
separate sets of spatial coordinates for individual 
electrons necessitates an introduction of a separate 
time variable for each electron. Our first task will be to 
show the equivalence of the Schwinger-Tomonaga 
theory? (referred to later on as T-Sch.) and the D.F.P. 
* This part of the work submitted to the Faculty of Mathema 
tics, Physics, and Chemistry of the University of Warsaw for ob 
taining the “Venia Legendi” (May, 1951). 
! Dirac, Fock, and Podolski, Physik. Z. Sowjetunion 2, 468 
(1932). 
2S. Tomonaga, Prog. Theors Phys. 1, 27 (1946); J. Schwinger, 
Phys. Rev. 74, 1439 (1948). 


latter. The method employed is thoroughly invariant in 
form. We start with the basic equations of the D.F.P. 
theory: 


Cve((0/ dx") — (ie/hc)Ay(x%))+ (me/h) } 
XK o(ay: ++ aXe- +e, =0; R=1,2,3---v; 


OA,=0; 
[A,(x), A,(x’) ]_=ihcé,,D(x—x’); 


[dA,(x)/dx*—e ¥ D(x—2xx) Je(xi- - -x,) =0; 


k=l 


where A, stand for the components of the potential 
four-vector of the radiation field, and g(x,---x,) is the 
wave function of the system containing ‘y-electrons. 
Each x, when without upper index, stands for, all the 





1412 MARIAN 

four-space and time variables of the &th electron. It is 
to be understood, of course, that the wave function 
g(x,°++x,) depends not only on the electron coordinates, 
but also on the radiation field variables, e.g., on the 
population numbers of different plane-wave components 
of the radiation field, and is therefore subject to A, 
operators. D(x) denotes further the well-known singular 
function introduced by Pauli for the radiation field, 
with a 6-singularity on the light cone. The wave function 
of the D.F.P. formalism can only be uniquely defined if 
all interelectron distances are space-like. This is due to 
the fact that the system (1) ceases to be compatible as 
soon as we try to enter with one electron into the time- 
like part of the light cone of another,’ and the A, 
operators do not commute on the light cone. We proceed 
now as follows: First, we introduce an infinite set of 
functions, u(x), uniquely defined for all points of 
space-time, all of them satisfying the field-free Dirac 
equation 


[-y*(0/dx*) + (mc/h) jun(x) =9, (5) 


and a condition of orthogonality and normalization of 
the form 


(6) 


if thy, (X) "tm (X)do,= bam. 


We shall further assume that the u,,(x)-set is “complete” 
on every space-like surface ¢, i.e., every function defined 
for all points of such a surface may be expressed as an 
expansion in terms of the set. The do, in (6) stand for 
the four components of the surface element of o and are 


(dxdydz/i, dydzd(ct), +++, - -); 


do, 


further, we have 

a, = u,*7‘. (7) 
The conditions (6) hold for every surface o as a con- 
sequence of 


(0/02*) [tn (x) y“tm(x) ]=0, (8) 


the last equality being a consequence of (5) and its con- 
jugate. 

We consider now a certain o-surface, containing the 
points x,---x,. Then we can write 


o(X1° + *X,) 9 alo ](my- + -n,) 


X uni(x1) XK +++ Kun, (x,). (9) 
It is of importance to note that the a{o ](m,- - -n,) coef- 
ficients defined by (9) acquire functional dependence on 
o while passing from one of those surfaces to another, 
for g(x:--x,) does not in general obey the field-free 
Dirac equation. We will try now to build up the state 
vector V[o | of T-Sch. in terms of these coefficients. The 
dependence on the radiation field variables is also con- 
tained in the’ af ](m,---n,) coefficients, as it should be 
if W[o] is to have a proper definition. In order to find 


*F. Bloch, Physik. Z. Sowjetunion 5, 301 (1934). 


GUNTHER 


out what this proper definition will be and what (func- 
tional) differential equations the state vector will 
satisfy, we must first try to get the functional differential 
equations for the coefficients. Our first step will be to 
write down the Dirac equation for a single electron in 
terms of functionals and functional derivatives. We 
start with a development of an (arbitrary at first) 
spinor function ¥(x) in terms of the set of functions 
defined by (5) and (6): 


¥(x) =>, alo ](n)un(x), 


for all points x of o. The coefficients a{o ](m) do not 
change therefore as long as we move the point x along 
the o-surface. Thus, on multiplying (10) from the left 
by a, (x)y* and integrating along o we get 


(10) 


ofo(n)=i f i,(x)y")(x)do,, (11) 


and this gives us a straightforward way to determine the 
coefficients of (10). We now differentiate (11) with 
respect to o at the point x. We use here the definition of 
T-Sch. of a functional derivative. A functional deriva- 
tive of a functional F is given by the expression 


5F[ 0 ]/0(x) = lim {F{o]—Flo’}}/V(o, 0’), (12) 


where o and o’ differ only in the immediate neighbor- 
hood of the point x, V being the four-dimensional 
volume contained between o and o’. This is the volume 
in the x, y, z, cf continuum and is a real number. Thus 
we get 


dala |(m)/d0(x) 


| f aac rrv(eidos'— f ate’rrev(eid,'| 


o 


i lim —— - - - = 


V (o,0’)-+0 V(e, o’) 
| f (a, 
V(e,o" 


ilim — - 
V (oe, o’) 


= 1(0/0x*)[tin(x)y4p(x) ]. 


Ox’) [thn (x’)y*p(x") |d4x’ 


V (¢,e')—0 
(13) 
Owing to (5) and its conjugate we have 

bala |(1)/d0(x) = iti, (x)[y*(0/ 0a") + (mc/h) W(x). (14) 


If we assume now that (x) satisfies the Dirac equation 
for an electron in an electromagnetic field described by 
the potential four-vector A,(x): 
[y*((0/0x") — (ie/ hc) A,(x))+(mc/h) W(x)=0, (15) 
we finally get 
dala }(n) /b0(x) = —(e/he)tin(x)y*A,(x)y(x). (16) 


Using once more the expansion (10) on the right-hand 
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side of (16), this becomes 
bala ](m)/b0(x) = —(e/he)Sm(n| A(x)|m)alo](m), (17) 


where 
(18) 


(n| A(x) | m) = U,(x)y"*Ay(X)Um(x). 
Equation (17) plays an essential part in our considera- 
tions and can easily be generalized for the case of many 
electrons if only all their mutual distances should 
remain space-like. The expansion of the wave function 
of the D.F.P. theory was already been given by (9). By 
an easy generalization of (11) we have 


alo |(n- “1 J)= (1)’ f- ° »f astesdrmx silting 


X tin, (x,y e(41- + -a,)doy""+--do,"*, (19) 


whereas instead of (13) we get 


dba[_o }(m1- + -n,)/do(x) 


= (4)">_, pi ff f vf anew 
ke ni-+-ny e e e 
(k—-1) (k+l 


X tonp—1(Xe—1) Ve—1"*- EX ting) yn *(9/Ox,") + 
+ (mc/h) |X tines s(Xess Veg eX + 


X tin, (4) yo" (KH 1+ Xn Leg’ * My) 


+ day_y"*~'doxss"**! + -do,**. (20) 


Xdo;"'- 


Finally, if g(x---x,) obeys Eqs. (1) of the D.F.P. 
formalism, we get instead of (17) 


dala ](m- + -m,) 


6o(x) 


ais (~)z (| A(x) | me) 


he 


k=l me 


X alo ](my-+-mpymnesrs My), (21) 
where (| A(x)| m) is still given by (18). 

If Fermi-Dirac statistics for the electrons is taken 
into account, Eq. (21) assumes the well-known form 
of the T-Sch. equation of motion for the state vector 
W[o ]. To show this, we observe first that in the case of 
Fermi-Dirac statistics the functionals afo ](m---n,) 
must satisfy the condition 


alo |(m,---n,)=+alo (p(n: --m,)), (22) 
where p denotes any permutation of the numbers 
m,-+-n, and we must use the + or — sign according to 
whether this permutation is even or odd. We introduce 
now the well-known Jordan-Wigner‘ electron creation 


*P. Jordan and E. Wigner, Z. Physik 47, 631 (1928). 
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and annihilation operators* 


a en eC eo 


nth ih 


1 0 0 0 1 0 
wm, emt eG De 
0 -1 1 0 ei 


The symbol X denotes here Kronecker products of the 
matrices, whereas every first row (column) and every 
second row (column) of any of the matrices corresponds 
to there being one or no electrons, respectively, in the 
nth state. The operators satisfy the following commuta- 
tion relations: 


[ an, Om]+=[an*, On” ]4=0, [an*, Gm] = dam 


The components (W[o]| Vi, N2:: 
[oo] can now be defined by® 


alo |(my---n,) =(0- + -O| any: --an,¥[o]), 


(23) 


(24) 


-) of the state vector 


(25) 


where the “‘bra”’ (0---0) or a one-column matrix of the 


form: 
1 1 
(,)*()* 
0 0 


corresponds to the state where there are no electrons 
(not even in negative energy states), whereas the “ket” 

N,, Nz: ++) corresponds to a state where there are .V,, 
N,--- electrons in the states ™, ue, ---, respectively. 
Following a well-known procedure (second quantiza- 


tion), e.g., that given by Dirac,’ we get instead of (21) 
6W[ 0 ]/50(x) = —(e/he) Son Som On*(n| A(x) | man¥(o ], 
(27) 
and this is exactly the most important equation of the 
T-Sch.-theory. It assumes its usual form if we introduce 
the operators 

¥(x)=Son Qnttn(x), V(x) =Yondn*tn (x), 

and the current four-vector operator 
julx) = (tec) p(x) y*p(x). (29) 


(26) 


(28) 


It is then 
(ihc) (6V[o }/b0(x))= — (1/c)j,(x) A, (x) Lo]. 
It is a simple consequence of (5), that 
[-y"(0/dx*) + (me/h) W(x) =0. 
From (24) it then follows that 
C(x), W(x’) 1, = (x), H(x’) J,=0, 
(v(x), W(x’) 4 = Yon Un(x) XG, (2’) = (1/1) S(x— 2”). 


(30) 


(31) 


(32) 


It can be easily shown that the S-function defined by 
(32) is the same as the S-function of the T-Sch.- 
formalism. The (x) Xa,(x’) products which appear 
in (32) are the Kronecker products of the spinors u,(x) 


SP. A. M. Dirac, The Principles of Quantum Mechanics (Clar 
endon Press, Oxford, 1947), pp. 291-297. 
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and d,(x’), their components being all the products of 
all the components of u,(x) by all components of 
ii,(x’). They are therefore of the shape of the Dirac y 
operators, and, as it should be, of the type of the S-func- 
tion of T-Sch. The S-function of the T-Sch. formalism 
can be uniquely defined by the condition, that for any 
function x(x) satisfying the field-free Dirac equation: 

[-y*(0/da*) + (mc/h) ]x(x) =0, (33) 
but arbitrary otherwise, for any space-like surface o and 
for every point x’ not necessarily lying on this surface, 
one should have 


x)= f SQ—2)y-x(ado, (34) 
e 

[his condition is indeed satisfied by the S-function 
defined by (32). Because of (33) x(x) can be developed 
in a series of the type of (10), with all the coefficients 
being constant functionals, i.e., having the same values 
for any space-like o. The nth term of this series is, there- 
fore, apart from a constant factor, simply the u,(x)- 
function, for which, owing to (6), we have 


a(x’) =4 Dom tn(t’) f a(t) day (35) 


and this leads to 
x(x’) = if Yn Un(x’) X tan(x) y4*x(x)do,. (36) 
@ 

The expression i }°, Un(x’) Xu,(x) represents therefore 
the S-function of T-Sch. 

lo complete the derivation of T-Sch. from D.F.P. 
we now turn to the Lorentz condition, expressed within 
the framework of the latter by Eq. (4). On multiplying 
(4) from the left by the Kronecker products of the 
form 

tiny (%1)y"X ++ + K tiny (X) 5", 

and integrating v times over the o-surface, we finally 
get 


. 
ro Ox*) J D(x—x')(1 oleae =o, 
(37) 
and this is again the form which the Lorentz condition 
assumes in the T-Sch. theory. Our derivation of the 
-Sch. theory is thus completed. The equations of the 
r'-Sch. theory are Eq. (30) together with the definition 


of the current four-vector (29), and further, (2), (3), 
(31), (32), and (37). 

We will now go over to the second part of our proof 
of equivalence of the two theories. Namely, we shall 
derive the D.F.P. theory from T-Sch.-formalism. We 
have proved so far that every antisymmetric function 
g(x:--a,) obeying the equations of D.F.P. can be 
expanded in a series (9), and that the coefficients of 
this expansion can be interpreted as the components of 
a state vector V(c). What we are going to prove now 
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will enable us to show that, inversely, the compo- 
nents of every solution of the equations of T-Sch., 
(W[o]|Ni---), are coefficients of an expansion of the 
type (9) of a function which obeys the equations of 
D.F.P. The method developed here will be of immediate 
importance for our further generaliations of the many- 
time formalism. This is because the question it chiefly 
concerns is: ““What are the conditions, which must be 
satisfied by a given infinite set of functionals of the 
space-like surface a, in order that they may be inter- 
preted as the expansion coefficients, of the type of the 
right-hand side of (9), of a function depending only on 
one or more distinct points situated on this surface?” 

It is immediately clear that an arbitrary set of func- 
tionals cannot in general be interpreted as a set of coef- 
ficients of the aforesaid expansion, for the left-hand 
side of (9) will in general change if we change o even 
at points different from those which appear as argu- 
ments of the ,-functions on the right-hand side of (9). 

We show first that the components of W[¢] can 
rightly be interpreted as the expansion coefficients of a 
“pure” function of distinct points. To avoid all un- 
necessary complications we confine ourselves at first 
to the case of two electrons. The generalization for any 
number of them will then be obvious. We start with 
the definition of a functional: 


[0 ](x1, x2) = (1/2) SY [tem (01) X un(%2) 


— Un (X31) X Um(X2) ]X (WLo]|0- ++ Ln Ime); 


and investigate the conditions for its being a “pure” 
function of x;, x2, provided x; and x» lie on the surface o. 
We differentiate (38) with respect to o at the point x, 
which is in general different from x, and x2, and get 


5@Lo](x, x2)/5(x) 
= (1/2)8 SX [ool ts) X thn te) — th (2) X ten (2) ] 


mn<m 


X (6/80 (x)) (WL ]|0---1,°++Ime++). 


(38) 


(39) 


Because V[o] satisfies (29), and taking into account 
(30), (29), (28), (22), we get 


(ihe) (5/60(x))(¥[o]|O---1n- + +1m) 
= — (ie) (W(x) y*Ay(x)W(x)¥Lo]|0-- dns + dn - +) 
= — (ie) n(x) y*A,W(x)¥[o ]/0---1n---) 
+ (ie) (tim (x) y"A,(x)p(x)¥[o]|0---1,---) 
= —(ie) ¥ a,(x)y*A,(x)u.(x)(W[o]|0---1,--- 


as<m 
+ (ie) ¥ ti, (x)y#A,(x)u,(x)(¥Lo]|0--- Ime: 
+ (ie) S tim(x)y*A,(x)u,(x)(W[o}|0-+-1,- ++ 
s<n 


— (ie) > tin(x)y*A,(x)u,(x) 


s>n 


(Wo ]]0-- Ages dye: 
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which amounts to 


(ihc) (60 ](x1, x2)/50(x)) 
= —(ie)>, u,(x1)X ui, (x) yA, (x) bo ](x, x2) 


— (te)>>, u,(x2) X ti, (x) yA, (x) PL ](x1, x), (41) 


or, taking into account (32), 


(thc) (60 ](x1, x2) /b0(x)) 
= —eS;(x,— x) yA, (x) PL o ](*, x2)+ 

—eS2(x2—x) yA, (x) Lo ](x1, x). (42) 
The answer to our question concerning ®{¢ |(x7;, x2) is 
given by the last equation. Indeed, ®[¢ ](x;, x2) can be 
interpreted as a “pure” function of x; and x, only if they 
lie on o and if the latter is (as always assumed) space-like. 
This follows immediately from the well-known proper- 
ties of the S-functions of T-Sch., which vanish for all 
space-like arguments except zero. This means that 


6O[ 0 ](x1, x2) /be(x) =0 (43) 


if all 2), x2, and x lie on o and if x does not coincide with 


x1 OF X». Therefore we can simply put 


Lo |(x1, x2) = oxi, x2) (44) 


af 

if only x; and 2 lie on o, and try to set up a differential 
equation satisfied by g(x, x2). This is easily achieved if 
we differentiate g(x,, x2) with respect to o at a certain 
point x. The functional differntiation of a ‘“‘pure” 
function involved here is explained in the following 
way. A “pure” function (x) is interpreted as a special 
case of a functional whose value does not change when 
any deformation of o outside x is being performed. 
Before carrying out thé functional differentiation we 
shall write 3(x’) in the form 


v()= f S(a’—s)r0(a\da,, (45) 


¢ 


where a well-known property of the S-function has been 
used, namely, that apart from the coefficient ‘ it is 
the Dirac 6-function for the space-like arguments. It is 
assumed therefore that o contains x’. Owing to the fact 
that S satisfies a field free Dirac equation we can also 
write 


d(x’) = f S(x’—x)y"8(x)do, 


+f S(x’—x)[-y*(0/dx")+ (mc/h)]8(x)d*x, (46) 


where ao is another space-like surface prior to a. This 
is just the form most suitable for functional differentia- 
tion. On performing it we get 

(47) 


69(x') éo(x) = S(x’—x)[ -y*(0/ Ax") + (me/h) I(x). 


The same can be done for the two-electron function 
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(1, %2). We get thus 


69(x1, X2)/b0(x) 
= $(x,;— x) Ly 4(0/dx*) + (me/h) ]o(x, x2) 


+$o(x2— x) [y(0/Ax*)+(mce/h) ela, x). (48) 


Comparison of (42) and (48) yields then, owing to (44), 
Py((0/ Ax") — (ieAhc) Ay(x1))+(me/h) \p(x1, x2) =0, 
and 


Py((0/ dx") — (ie/ he) Ay(x2))+ (me/h) |e(x1, x2) =, 
(49) 


and these are again the most important equations of 
D.F.P. 

The results obtained can be easily generalized for any 
number of electrons. Let us define a functional: 


fo |(x1-- «x)= (v4 ye 
| uny(21) ° . 


“tan (Xy) 


(vo ]| -+*Iny- . “Ine: *1n,- diett’ 


lin, (X1)* - * Un, (X,) aan 
(50 


where v is the number of electrons. On differentiating it 
with respect to o at an extra point «x of this surface, and 
taking into account (29), we get instead of (42): 


6®[ o }(x1- + -x,) ’ 
) =—e)> S(x;—x)y#A,(x) 
ba(x) i=! 


(ihe 


X Plo ](x1-- -Xi1, ¥, Minne t,). (SA) 


The conclusion drawn from it is the same as that drawn 
from (42) and yields a definition of a multi-electron 


-wave function, 


fo (xy: + ay) = e(ai- + +a), (52) 


df 
for all points x;---x, lying on ¢. For this function we 
get then, in analogy to (48), 


by(xi---%) : 
————=)> S;(x;—x)[-y#(d/dx*)+ (me/h) 
6a(x) i=t 

XK oly: + Xi1, , Megas My). (53) 
Comparing the left-hand sides of (51) and (53) and 
taking into account (52), we then get system (1) of the 
basic equations of D.F.P. It is a trivial matter to show 
that the Lorentz condition (36) assumes its original form 


0A,(x) , 
———e>> Dis—x) |o(ar -+x,)=0, (4) 


Ox" i=! 


g(x1---x,) being now defined by (50) and (52). 
The equivalence of D.F.P.+Fermi-Dirac statistics 
and T-Sch. is therefore complete. 


ORO, a! IE ero 
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II. A GENERALIZATION OF THE MANY-TIME 
FORMALISM 


Our main purpose now is to extend the definition of 
v(x: + +x) so as to cover all points (each one determined 
jointly by all a, x2---x,) of our 4v-dimensional con- 
figuration space. It is quite obvious that such a function, 
if properly defined, cannot satisfy (1) for all points 
corresponding to any two or more electrons separated 
by time-like distances, this being the consequence of 
incompatibility of (1) for such configurations. On the 
other hand, a generalized g(x,---x,) function must 
simply be equal to that hitherto used [as defined, ¢.g., 
by (50) and (52) } for all space-like electron configura- 
tions and therefore must obey Eqs. (1) for the latter 
type of configurations. This, besides the formal argu- 
ment, is to be demanded, because we want ¢(x,- : -x,) 
to retain its physical meaning as a wave function for all 
space-like electron configurations. The purpose of the 
extension in view will be clear as soon as we are able to 
write down equations (of an integral or integro-differ- 
ential form) which are compatable for all configurations 
whatsoever. It will then be possible to solve such equa- 
tions, approximately at least, by means of ordinary 
methods, which cannot be done when dealing with (1). 
We start with Eq. (53) which we write now in the form 


(ihc)b® o |(x,- + -x,)/bo(x) 


=3C(x; 41°--x,) Lo l(ay---x,), (54) 


where 
K(x; X1° + Xp) e> Si(xi—x) yA, (x)O(x%-x), (55) 
Toa | 


‘ 


and where V(x,;>x) stand for the “argument exchange 


operators,” defined by 


f(x $e~1, B Bisr° 


*X,) 


O(a) f(41> + X51, iy ign, °°). (56) 


Equation (54) can be formally solved by means of the 
Dyson method of chronological products.’ It is well 
known that a solution of the equation of motion of 
T-Sch. (29) can, for instance, be given in the form 

x 


> (1/n')f ine f dig(™... 


ir —@ 


vo 


x f Ay PTH (x™), ---H(x@ 1] 


where 


H(x) 


—(1/c)jy(x)A,(x). 


The chronological product PLH (x, ---H(x)] of 
operators H(x"))---H(x™) denotes the product of 
those operators arranged in the order, reading from 
right to left, in which the points x“, ---x™ > “occur 
in time.” If some of the points x", - - x" lie space-like 
Phys. Rev. 77, 219 (1950). 
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with respect to each other, the phrase in the quotation 
marks has a definite meaning in a given Lorentz frame 
only, unless the operators defined commute for space-like 
distances. This is actually the case for operators defined 
by (58), so that a chronological product PLH(«‘”) 
-++H(x™)] is an invariant’ concept. By the same 
argument we can write now a solution of (54): 


[0 |(x1- + +x,)= | ¥(1/n!)C1 ihe f déx™... 
n=0 = 


xf d4x) PT3C(x™ ; ay, ++ ay), 0° 


XIC(x™; ay, + *)3] x(x1°+-4%,), (59) 


where the chronological products are again invariants 
and are taken with respect to the integration variables 
, > x only. It is important to note that in solving 
(54) we treated x, ---x, as constant parameters. The 
function x(x---2,) in (59) is an analog of W[— © ] in 
(57) and we have 


xO 


@[— © ](xy---x,) = x(a, ++ 345). (60) 


Consequently, x(x, ---x,) satisfies a field-free Dirac 
equation as a function of al] its arguments: 


sex) =0 


32> op, 


Cyet(O/dx.4) + (mc/h) }x(x1, 
(61) 


This is because, owing to (38) or (50), and c=— 
being fixed, P{¢ ](x;---x,) is a linear combination of 
functions satisfying the field-free Dirac equation with 
respect to every x. It is important to note that, because 
of the Q(x;>x) operators, the integration in (59) is also 
performed with respect to the arguments on which 
x(#,-+-+x,) does depend, as is illustrated by 


f K(X; Br, *° 


v—-@ 


x, )d4*xx (xy + + %,) 


om Si(x 


Xx(%1, °° 


—€ i—x)y#A,(x) 


“X51, X, Vin1, °°, )d*x. (62) 


If all x, -- +x, lie space-like with respect to each other, 
then according to (52) we get 


Y(1/m) C1 ihe rf meant: 


g 
x f d4x™ PLI(a™ 5 ay, ey), 


x 


-%,) = 


g(x: 


XH(x™: x, +a] fate oe ¥ 
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where o is now any space-like surface which passes 
through all points 1, ---x, Equation (63) can be 
rewritten in a form where the irrevelant o-dependence is 
made to disappear. This is done with the help of a “re- 
tarded”’ S-function, 


SRet(y— x’) = (x, 2) S(x—2’), (64) 
where 
0 for x’ later than x, 
n(x, x’)= (65) 
1 for x’ sooner than x. 


The retarded S-function is a relativistically invariant 
concept, notwithstanding the fact that (x. x’) is not 
an invariant, since an S-function vanishes for all space- 
like arguments. On introducing an invariant function 
HRt(y; x! ---x,) connected with S®* by means of the 
relation, 
WRet( x; xy, «+x = —e Dd, S;Ret(x,— 2x) yA, (x) 
i=! 

XO(x-—x), (66) 

we can easily verify that, 


o ‘ g 
f dtx(™).. f d4x™ PLIC(x™ ; xy-+ +a), °° 


an —@ 


K(x; ay, ++ +a) Ix (a1, ++ ay) 


«e +2 


-{ dix().. f d4x)) PLICR (x 5 ay, ++ ay), oo 
a —@ 


KICK ay, ++ +a) 1x41, ++ +a). (67) 
Equation (63) then finally reads, 


w 


dix(™)... 


(41, *+* x)= dX (1/n!)[1/ihe]" 


xf d4x) PLICR (xr: x4, ++ +a), 0 


KIB LY; ay, ++ +a) x(a, ++ +a). (68) 
The last equation has been derived on the assumption 
that all 2;, ---x, are space-like, but it is, on the other 
hand, the most natural definition of g(2:---x,) for all 
points of the 4v-dimensional configuration space. This 
definition being adopted, it can be directly verified by 
a straightforward calculation that ¢g(x:---2,) satisfies 
Eqs. (1) of D.F-.P. for all space-like electron configu- 
rations. In order to get the most general equation for 
(x1: --2,) it is convenient to “invert” the relation (68) 
and to express x(x, ---a,) by means of g(x, «--%), 
rather than to work with a somewhat formal expansion 
for g(x, ---x,). This is physically the most advisable 
thing to be done, especially in the case of bound states, 
for the “step by step computation” of g(x, ---x,) by 
means of (68) corresponds to the building up of the 
actual (bound!) state of the system as a result of an 
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infinite series of “elementary mutual scatterings” of the 
electrons (and corresponds to the well-known Feynman- 
Dyson computations of the S-matrix). The “inverted” 
relation (68) reads 


x(x, om) | E(1/n)[—1 inc f d*x™)... 


x f d4x)) PH GCRet (a: vy, ++ ay), 


K ICR (es x1, ++ -ay) |b e(a1, ---%), (69) 
where P![ -- - ] stands for the antichronological product 
of the operators 3C*t(~ ; x,---x,), denoting that now, 
reading from right to left, they should occupy places in 
the order inverse to that in which the points x", - - «x 
occur in time. The transformations (68) and (69) are 
inverse with respect to each other, because, quite 
generally, an inversion to a transformation of the type 


+@ 


r= v1 n!)[1/the rf dix" ++ 


n=0 - 


+“ 


x f dx PCH (x™), ---H(x@ a} 


is 
Q=} Y(1/n!)[-1 ancy f dix")... 


n=0 


+o 


x f dx P'TH(x™), 


“¢ maeyy|r. (71) 
Equation (69) is now the basic equation of our form- 
alism. It is a gain of the form of an expansion in powers 
of the coupling constant, so that seemingly not much has 
been gained over the standard “‘S-matrix”’ methods. One 
should bear in mind, however, that a nonrelativistic 
treatment of the multi-electron problem using only 
Coulomb potentials yields already a very good approxi- 
mation for problems where the bound states are con- 
cerned. This corresponds in our case to terms up to the 
order of e? being taken into account. The usefulness of 
the e-power expansion, as far as the terms in Eq. (69) 
are concerned, seems also to be supported by the fact 
that, for v-electrons, only the first »-terms of (69) 
survive, all the rest being identifically zero. This can 
easily be seen owing to the form of 3CP*(x; x4, «+ +2») 
given by (66) and because the operators A,(x) commute 
outside of each other’s light-cone. This latter property 
of the expansion (69) cannot unforunately be of much 
help in any of the actual calculations, because after the 
virtual processes of the radiation field are eliminated, all 
the infinite number of expansion terms reappear. Our 
multi-electron problem can be also formulated by means 
of a system of v integro-differential equations instead of 
the one integral Eq. (69). Those we get on multiplying 
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69) from the left by the operators [yi“(0/dxx")+(mc/h) ], where k= 1, 2, ---v, and taking into account (61): 


l-yn"(0/ Axx") + (mc/h) } E(1/ni)[—1/ihe} f dix... 


n=0 


x f dx) PIL GCRet (ye (m); 1 + om, «++ HR es ay, ++ -ay) | Ppa, «+a, =0. (72) 
ry k=1, 2, ---». 
--x,) and present a 


The last equations do not explicitly depend on the initial condition expressed by x(x, 


direct generalization of the D.F.P. Eqs. (1). 
Ill. VIRTUAL PROCESSES ELIMINATION METHOD AND THE TWO-ELECTRON PROBLEM 


We shall now turn to the explicit working out of (69) in an approximation where only the terms of order of 


are considered. Owing to (60) and (66) we can write 


e 
ed 


ri x, )+ (e/ihe if d SRet(x;—x)Ai(x) e(41, ++ Xian, X, Xi41, + * %)d4x 


a(x, 


g(x, °° 
—x 


+x 


(e? wel > ave f 


+00 
d4x!§ Ret(y,— x!1)§ Ret(y -— x!) P1(A,(x!4), A,(x")) 


x 
c +2 


XK o(a1, - + X12, -> f ast" | d'x! 


Ie Mens > 2 *ie 
K PHS Ret(¢,— ax )A (xl), SRet(el x) A(x!) oan, °° Xa, X4, Kind |+ 


x 


A,(x)= 7,"A, (x), 


where 


*x,) 


and 
ee ee 


XNA (x!) SRet(xt! — x!) A(x") (mn, - 
for x? later than x!? 


PIS Ret/ x, 
*X,) 


psi" (x, — aA (xl) S Ret(xl! — x) A(x!) p(x, ++ Xia, 2, Xi41, 
for x sooner than x!/ 


|S Ret(x,— a!) A(x) S Ret(x! — 2!) A(x!) o(x1, 09 Xen, WE, ia, ++ Xe) 
because S¥et(y—x’) vanishes for all x’ later than x. On multiplying (73) from the left by the operator 


y."(0/ Ax,")+(me/h) ] and using a well-known formula 


[ -y#(0/dx*)+ (me wif d4x' SRet(x— x’) f(x’) = f(x), 


which is often expressed in the form 
[-y*(0/dx") + (mc/h) |S®*(x—x’) = 6 (x—2’), 


ind from which it follows further that 


x 


(0/Ax“)+(me/h) ] [ SRet(x,— a) A(x) g(a, 6 Xi X, Xin, +t )d4x= A,(4) (X11, Xe) 
* x 
+8 ; 
“(0/Ax")+(mc/h) 1 dix!! dix! § Ret(y—~ x!1)§ Ret(y— x!) P!(A,(x!!), Aj(x!)) 


. x 


ay 


T 


on 


x 


d4x§ ;Ret(y;— x) P1(A,(x,), A (x)) ef N1, °° °X; 
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we finally get 


O=[-ye"(0/ dx") + (me/h) Je(ar, ---x,)—(ie/hc) Ac(xe) e(x1, « 


+s 
— (te/ he 6 @ 
itk 

+2 


—(2/#2)E 


itk J_, 


~(e/he)E T 
itk jek pe 
)¥i 


X [ve"(0/ dan") + (me/h) Je(x1, «+ Xia, 4, Kina, + Xj, 24, yy 


ELECTRON 


SRet(x,— x) A(x) yn4(0/dxg*) + (me/h) Je(x, -- 


S,Ret(x;— x) P!(An(xy), Aix) ela, ++ Xi, %) Xin, 
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* hy) + 


“Minty %, Big, ** * yd 4+ 


-+x,)d*x+ 


+o +o 
ax f dix! § Ret(x;— x!) S(xj;— x!) P!( A(x"), Aj(x")) 
x ~x 


1, Mp) ees. (80) 


By means of an easy “iteration” we can free the right-hand side of (80) from the [-y“(0/ Ax.) +-(mc/h) ] operators, 


getting in the same approximation. 


O=[ yx"((0/ 0x4") + (te/ hc) Ay(x,))+ (mc/h) Je(xr- - -x,) 


(e?/hc)>- 
itk J _» 
The expression [A,(x)Aj(x,)— P!(Ax(ax), Ai(x)) ] van- 
ishes for all x sooner than x or lying space-like with 
respect to x;, for then, either the order of the operators 
in P!(A,(a,), Ai(x)) is the same as in A,(x)A,(x,), or 
else (for space-like distances) they commute. This ex- 
pression may therefore be only different from zero for x 
lying inside of the past-part of a light-cone with the 
apex at x. Thanks to (3) and (74) we have then 
[ A,(x) Ax (x) — P'(Ay (xx), A,(x)) } 
= (thc) D¥®**(x—2,)(yi"ve"), (82) 
where 
Det (x~— x’) = n(x’, x)D(x—2’), (83) 
and where 7(x’, x) is given by (65). Instead of (81) we 
then get 


O=[ye"((0/ 0x4") — (te/hc) Ay (xn) + (me/h) ] 


M (Hy °° Hp—1y iy Fini * Xo) 


+2 


+ (ie?/he)S 


itk J _» 


SPet(x; — x)( ¥ He") DRet(x ai X,) 


XK ola, ++ Xi, X, Kins, «++ %,)d*xty:--. (84) 
For space-like electron configurations the additional 
e’-term vanishes and we are left with the D.F.P. equa- 
tions. This illustrates the general feature of our for- 
malism in the approximation considered. We want now 
to derive equations appropriate for bound state prob- 
lems. This is understood to correspond to the elimina- 
tion of virtual processes of the radiation field. As far as 
the e?-terms are concerned it will correspond to an 
elimination of the first-order processes only, and this is 


easily achieved by elimination of the linear terms in A. 


SPet(x;— x) Aix) Ag (ax) — P!(Axg(xx), Ai(x)) Je(an, - «i 


1 °° *%,)d*x. (81) 


ly VY, Ti+ 


To do this we can write, owing to (69), 


o(x%1, «+ +4) = x(41-- x,) 


+ (ie?/hc)>- f S,Ret(x,— x) A(x) 
. x 


X o(¥1, ++ Xe-1y X, Higa’ y)d*x+---. (85). 
On substituting the right-hand side of (85) into the 


term of (84) containing A we then get 


O=[yu4(0/dx4")+ (mc/h) ]e(x%1- - - x) 
+ (e?/h?c?)>- SRet(x,;— x) P (An (xx), Ai(x)) 
ik 


—2 


XK o(41, ++ X12, X, Xian, + My)d*x 


+2 


+ (e?/h% yf Ax (xy) S, P(x, — x) Ay (x) 


XK o(x1, + < Xeaa, %, Mega, «+, )d*x 


— (ie?/hc) Ax(%e)x(41, «*°%)+°++. (86) 


The only linear term in A which here reappears again 
does not contain g(x, ---x,) but is only connected with 
the state of the system in the remote past, and will not 
enter our final equation for bound states. A bound state 
belongs to a wider class of states which we should call 
stable, the definition of the latter being that no real 
light quantum (at least in the approximation considered) 
should be present in those states throughout the whole 
history of the system. It follows that all those com- 
ponents of the wave function g(x, - --x,) should vanish 
which correspond to the presence of any number of 





\ 
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photons (except zero). This is the case for all space-like 
configurations of the electrons. If we denote by 
g(x, -++a,) and x(x, ---x,) the components of 
-++x,), respectively, correspond- 
-++x,) and 


g(x, °*-x,) and x(x, 
ing to the absence of photons, and by g(x, 
x /)(x;, ---x,) all other components of those functions, 
the sufficient condition for a stable state reads 


t 


GP(x1, +m =xXN(m, ---x,) =O. (87) 


We have then also 
{Ag (xn) x(41, +++ %,)}O=0, (88) 


where { Ax(xx)x(x1, -+:%,)} denotes the components 
of Ay(x,)x(x1, ++-%,) corresponding to there being no 
photons, It is easily seen that the condition, 
x(x, «+ +m) =0, 

is automatically satisfied if only there were no photons 
in the remote past (or on any given space-like surface o, 
prior to the configuration determined by x, ---x,), 
this being the direct consequence of (61) where there is 
no interaction with the radiation field. Because of (87) 
and (88), Eq. (86) can now be rewritten in the form 


0 *(0/dx,*)+ (me/h) eo (x1- + +x) 


ho)> fst Dele) 
itk 
“Lint, X, Lindy °° Ly) a*x 
/he) yet S Ret(x,—x)yn4De(a~— x) 


ra 


‘Xe—-1, Vey Mega, °° °Xy)d*x+---, (89) 


where D(x) denotes the well-known ‘“‘causal D-func- 
tion” introduced by Feynman, which can be defined by 


0! P(A,(x), A,(x’))|0)=theb,,Dr(x—x’), (90) 


and where (0 0) denotes that the vacuum expecta- 

tion value should be taken. Equation (89) is (in the 

approximation considered) the necessary condition for 

v,) to describe a stable state. Since 

v,) only appears in (89), it is desirable to 

express the sufficient condition (87) also by means of 
this function only. This reads then 


/ g(x), £; Xe, £5 ++ -X,, t)| 2d8x,---d*x,=1, (91) 


and must hold for every ¢, or when expressed in the 


invariant notation 


XK 9? (x1, 


Salt te 
‘ ‘ 


-++%,)dou:+-dow=1, (92) 


and must hold for every space-like o. Condition (91) 
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is indeed sufficient for the electromagnetic vacuum to be 
preserved permanently, for it necessitates (87). This 
can easily be seen with the help of the wave function 
normalization condition: 


feo fies (x1, ¢; Xa, t; ++ -X,, ¢)| 2d*x1- > dx, 
+2 Be} o!)(x1, 5 Xe, £5 +++, é) |? 
allf 


X dix,---d4x,=1, (93) 


where, in the most general case, the summation is 
extended on all components of the wave function 
g(x1, «+ *x,) except g(x, ---x,). Equations (89) and 
(92) can now be considered as the relativistic wave 
equations for bound state problems of multi-electron 
systems. It must only be remebered that (92) holds 
unchanged in any approximation regarding virtual 
processes elimination, whereas (89) has to be corrected 
if exchange of two or more light quanta is to be taken 
into account. Elimination of the higher order processes 
of the radiation field proceeds on the same lines as for 
the first-order processes. The procedure is determined 
by the following recursive rule: After the elimination 
of the radiation processes involving m light quanta is 
accomplished, one should again use (85) in all terms of 
order » whose (electromagnetic) vacuum expectation 
value does not vanish. On taking the vacuum expecta- 
tion value again, one then obtains all the stable state 
contributions due to virtual processes involving (7+ 1) 
photons. For reasons to be explained below, however, 
this elimination method is not to be trusted, or else is 
not practically applicable for radiation processes of 
order higher than the first, if the formalism is not 
slightly changed so as to be “adapted” to the “hole- 
theory” and vacuum polarization problems. Equations 
(89) are nevertheless unaffected and yield as an typical 
example the relativistic two-electron problem expressed 
by the equations 

[yi4(0 Oxy"*)+ (me h) eo (x1, x2) 

+00 


aa (ie? ne) f SoRet(xo— x) (¥1" 72") 


X De(x1— x) © (x1, x)d*x=0, 
(94) 


[-y2"(0/dx2")+ (mc/h) }e (x1, x2) 
+a 
+ (ie? me) f S,Ret(x;— x) (y1"¥2") 
n 


X Dr(x2—x) eo (x, x2)d4*x=0, 


and the wave function normalization condition 


wf f ge (%1, Xo)yi yoo 0 (X), X2)dou,do w= 1. (95) 
ao 
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The infinite terms 


+e 
(iet/hc) f re S®(x4— 2)y4"Dp(4—2) 


XK pO (ax, ++ Xess, %) Mera, °° %y)d*x, (96) 


which clearly correspond to the electromagnetic self- 
energy of the electron, have been omitted in (94), and 
this does not spoil the integrability of those equations. 
On applying the [y2(0/dxe)+(mc/h) ] or [yi“(0/dx1") 
+(mc/h)] operators to the first or second of Eqs. (94) 
respectively, one can obtain a single second-order dif- 
ferential equation which, as far as the e*-approximation 
is concerned, can with equal rights with (94) be con- 
sidered as a basic equation for two-electron problem. 
This equation reads? 


Cvi"(0/dx1*)+ (me/h)} 
Xx [-2°(0/dx2")+ (mc/h) |e , (x1, X2) 


+ (ie?/he) (y1"72")De(x1—%2) 9 (x1, %2)=0. (97) 


It is finally clear that for problems where ‘n addition to 
the mutual interactions the electrons are'subjected to 
the influence of an external field (that of a proton for 
instance), the derivatives 


(0/dx#) (98) 


are to be replaced by 
(0/dx#)+ (ie/hc) A,**(x,). 
IV. FINAL REMARKS 


As already mentioned, the formalism developed so 
far, and especially the virtual processes elimination 
“method, is not suitable to handle problems of vacuum 
phenomena of the electron field. This is because of the 
infinite number of electrons occupying states of negative 
energy. The presence of those electrons cannot be 
neglected because of many-body forces which come into 
play (as forces acting between three electrons at least) 
if two or more light quanta are exchanged, giving rise 
? This equation has been recently published for the two-nucleon 


system by H. A. Bethe and E. E. Salpeter, Phys. Rev. 82, 309 
(1951). 
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to the vacuum polarization phenomena, and above all 
because no actual stable states can then exist. On the 
other hand, if they are taken into account, we are left 
with equations for a wave function ¢(x;, ---x,) which 
depends on an infinite number of x-arguments, and this 
makes them useless for any practical application. This 
essential difficulty of the formalism can be overcome 
if we treat the “‘sea”’ of negative energy electrons as an 
additional quantized field indistinguishable to some 
extent from the radiation field, and only treat the addi- 
tional electrons or positrons by means of a configuration 
space, the forces between the latter being transmitted 
both by the radiation field and by the “sea.” The fact 
that the additional electrons or positrons together 
with the “sea” form one physical entity can then be 
expressed by means of certain conditions imposed on 
their wave function. The details will be given in a sub- 
sequent paper concerned with the adaptation of the 
present formalism to Dirac’s “hole-theory.”” Equations 
(94) or (97) account for Coulomb and Breit® interactions 
between two electrons, because they correspond to all 
relativistic effects connected with the exchange of a 
single light quantum. For the same reason all the re- 
tardation corrections to the Breit terms are also taken 
into account. Those terms, if treated with the aid of 
“one-time theory,” appear to be strongly singular, 
whereas in (94) there is no place for singularities 
stronger than 1/r as indicated by the form of the 
integration kernel. This is easily explained by the fact 
that, if one tries to approximate the retardation by 
“static’”’ potentials, one is forced to use essentially an 
expansion of the form 


6(ter/c) = 6()+%(r/c)8'(t)+(1/2)(r/c)?28"(t)+---, 


which clearly leads to the aforementioned fictitious 
singularities. 

I am indebted to the Polish Prime Minister’s Com- 
mittee for the Promotion of Science and Art for granting 
the scholarship enabling me to complete this work. 
I wish also to express my thanks to Professor F. J. 
Dyson, L. Infeld, H. A. Kramers, R. E. Peierls, and 
A. Rubinowicz for their interest and encouragement 
and interesting discussions. 


5G. Breit, Phys. Rev. 34, 553 (1929). 
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The Spontaneous Magnetization of a 
Two-Dimensional Rectangular Ising 
Model 


C. H, CHanGc 
University of Washington, Seattle, Washington 
(Received September 17, 1952) 


HE present letter gives the spontaneous magnetization of a 

two-dimensional rectangular Ising Model. This is obtained 
by the method used in a paper by Yang! which treats the same 
problem except for a square lattice. The only difference in setting 
up the problem for a rectangular lattice is that instead of having 
the same H for both the vertical and the horizontal interactions, 
we have H, and H, (which are Kaufman’s H and H”) for the 
vertical and the horizontal interactions, respectively; i.e., 


Vi=exp{H,* = C,}, V,=exp(H:> 8,741}. 
1 1 


This leads to the condition (x,;+1)(x2+1)<2 for temperatures 
the temperature, where x,=exp(—2H,) and 
v2=exp(—2H,). The spontaneous magnetization J is expressed 
as an off-diagonal matrix element as before and the limiting 
process used there for reducing the calculation of / to an eigenvalue 
problem remains the same. In other words, all the results in 
Sec. I and II? of Yang’s paper are unchanged 

In Sec. III, where an infinite crystal is considered, all the 
analysis remains the same except that H and H® are replaced by 
H, and H,* in Eq. (60), and Eqs. (62) for A and B are replaced by 


t =cothH, cothH,* =(1+22)/x,(1—-»2), 
B=tanhH, cothH,* = (1—2x2)/x:(1+22). 


In consequence, the modulus & in the elliptic integral is given by, 
instead of Eq. (78), 


k=2k_./(1+h_;) =[2x1/(1— 1°) IL 2x2/(1— x2) J 
=1/sinh2H, sinh2H:>. 


In Sec. [V the elliptic transformation (81) is replaced by 
z= —(cnu—ili+k, } snu)(dnu—ilkit+kike }* snu)/(1+, sn®u), 
with 


below critical 


1 ds 1—- 1 
— eae: 
sdu (1+h1)# dnu—[ki(1+he)/(1+2:) }* cnw’ 


where &,;=sinh~*2H, and k2=sinh~*2H>. The essential properties 
of the variable z as a function of u remain the same as in the 
square lattice. There are still two singularities per unit ¢ell 
(4K X 4iK’), although their positions are changed. 

In terms of the variable u, one reduces the integral equation 
(69) again into the integral equation (84). The change in the 
positions of the singularities of z does not affect one important 
property of the kernel J(u’, u) relevant in our calculation, namely, 
that J(u’, «) has only one simple pole inside a unit cell (4K X 41K’). 
This can be shown by examining the zeros of the factors I and III 
in J(u’, u). The remainder of Sec. V is unchanged except for 


Eq. (95) which is now 
2x, 2x2 yy 
1—x1—x,/ J 


ye 4-, 4 of 
= )R1— +a —K? oa 
ny (K(k) P(1—&) RV 1 
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The spontaneous magnetization J of a rectangular lattice is 
therefore 
2x2 


2x; yy" 
[=kh'*=(1—#2)!8=— -( od : 
a [: 1—x; 1—x? 


which is the same result as obtained by Kaugman and Onsager‘ 
for the long range order of the rectangular lattice using a different 
method. It reduces to the expression (96) for a square lattice. 

Near the critical temperature the spontaneous magnetization 
varies proportionally to (7-—T)'/*. It is perhaps noteworthy 
that the exponent } does not change with varying ratios of the 
vertical and horizontal interactions. One is tempted to conclude 
that the exponen* is dependent only on the dimensionality of the 
lattice and not on the number of nearest neighbors. 

In Fig. 1, 7 is plotted against 7/7, for various n’s, where n is 
the ratio J2/J,; and 7, is the critical temperature for a square 
lattice with J=J;. 

The writer wishes to express his deep gratitude to Dr. C. N. 
Yang for suggesting this problem and for his guidance throughout 
this work. 

iC. N. Yang, Phys. Rev. 85, 808 (1952 

2 B. Kaufman, Phys. Rev. 76, 1232 (1949) 


All the section and equation numbers refer to Yang's paper 
4L. Onsager, Nuovo cimento VI, Suppl. p. 261 (1949 


The Nuclides Ba'’’, Ba'**, and Cs'** 
M. LINDNER AND R. N. OSBORNE 
California Research and Development Company, Livermore, California 
(Received October 6, 1952) 


N the course of study of radioactive nuclides in the region of 
barium which decay through the electron capture process, 
a previously unreported isotope of barium was encountered. In 
addition, further studies were made on the decay characteristics 
of the isobaric chain 
Ba"8 2.4 days Cs'*8 3.1 min Xe", 
—__—_»> —_-—> 
with which 3.0-Mev positrons are reported to be associated.!? 

A barium fraction was removed from a cesium nitrate target 
which had been bombarded with 190-Mev deuterons. The short- 
lived Cs* daughter was separated from the parent-barium by the 
addition of chilled absolute alcohol to a previously fumed and 
chilled perchloric acid solution of the barium to which cesium 
carrier had been added. The resultant precipitate of cesium per- 
chlorate was collected in a sintered glass filter and washed with 
alcohol. The time interval from se aration to counting could be 
made less than a minute. In three independent determinations 
half-life values of 3.80, 3.75, and 3.80 minutes were obtained. No 
other activity was detectable when decay was followed through 
five half-lives. The cesium daughter accounted for at least 90 
percent ‘of the activity present in the barium fraction, as deter- 
mined on an end-window argon-alcohol-filled counter. This figure 
does not include the loss of cesium sustained during its chemical 
separation. Thus, essentially all the activity in the 2.4-day decay 
is due to Cs"*. In addition, the curve for growth of the 3.8-minute 
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cesium into a rapidly purified sample of barium followed that to 
be expected for the growth of a positron emitter into a parent 
which contained too small a quantity of particulate radiation to 
be detected with the end-window counter employed in the ex- 
periment. From these two facts it appears that Ba'** must decay 
principally by electron capture, since the equilibrium mixture of 
isobars contained the positrons reported by Fink and Templeton.' 
K-x-radiation was also found to be associated with the 3.8-minute 
cesium daughter as determined on a single-channel scintillation 
pulse analyzer. If these x-rays be due to electron capture rather 
than conversion of gamma-radiation, it would appear that 25 
percent of the Cs'* decayed through electron capture. A barium 
sample was investigated for gamma-radiation on the pulse ana- 
lyzer, but interference because of Compton recoils from the 
annihilation radiation rendered results inconclusive. 

A barium isotope of 12-minute half-life was found whose radia- 
tions were not directly characterized. However, positron emission 
is probable since electromagnetic radiation seemed to comprise 
no more than five percent of the total activity detectable on an 
end-window counter. By four rapid chemical separations made at 
ten-minute intervals a cesium activity was obtained from the 
barium whose half-life and radiation characteristics agree with 
those reported for Cs!?’.4 Furthermore, the yield of this nuclide 
diminished roughly by a factor of two in each of the four successive 

, separations. The 12-minute barium activity is thus Ba’. 
1R. W. Fink and D. H Me are J. Am. Chem. Soc. 72, 2818 (1950). 
L 


2? R. W. Fink and E. O. ig, J. Am. Chem. Soc. 73, 2365 (1951) 
* Fink, Reynolds, and Templeton, Phys. Rev. 77, 614 (1950) 


The Cottrell-Bilby Theory of Yielding of Iron 


TAKEO YOKOBORI 
Institute of Science and Technology, University of Tokyo, 
Komaba-machi, Meguro-ku, Tokyo, Japan 
(Received September 29, 1952) 


LTHOUGH ‘he mechanism of yielding of iron by Cottrell 

and Bilby' (C-B theory) is the best one that has been pro- 

posed, there seem to be ambiguities concerning the method of 

deriving the equation of temperature and strain rate dependence. 

It may be much more reasonable to derive it from the following 
equation : 

dm/dt=m’, (1) 

in which m denotes the transition probability. Equation (1) was 

previously developed by the author,’ considering the yield phe- 
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Fic, 1. The activation energy as a function of a/as 
(from data of Cottrell and Bilby) 
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Fic. 2. The dependence of yield stress on temperature 

(from data of McAdam and Mebs). 


nomenon as a Markoff process. In the C-B theory, m refers to the 
probability that a dislocation is released from the carbon atmos- 
phere by an external stress, and it is given by 


m= B exp[ —U(a/e0)/kT ). (2) 
Hence, substituting the value of m from Eq. (2) into Eq. (1), we 
find 

’ log(v/ BRT) +log(—dU/ /de) =—U/kT, (3) 

in which »=do/dt=stress velocity. The change of T involved in 

log(1/T) may be neglected compared with that involved in U/kT. 

Only when the term log(—dU/da) is negligible, does Eq. (3) 
become 

BkT =v exp(U/kT), (4) 


which is the same formula as in the C-B theory.! 

Corresponding to each four series of U-o/eo curves in the C-B 
paper, the curves of U/a(2AWp)* versus ¢/ao were drawn as solid 
lines (as shown in Fig. 1), which approximate the curves in the 
C-B paper. In Fig. 1 the a’s are suitably chosen constants, which 
are different for each four series, respectively ; and a(2A Wp)? has 
such a unit that the ordinates become dimensionless. It is found 
that these curves are approximately equivalent to the curve of 
—log(e¢/eo), as shown by the dashed line in Fig. 1. That is, 

U+=—(1/n)log(e/eo), (5) 
where 1/n=a(2A Wp)?. Substituting U = —(1/n)log(e/eo) in Eq. 
(3) gives 

log(v/nBkTo) = (1/nkT+ 1)log(a/ao). (6) 


Since 1/nkT was found to be much larger than unity in the cases 
corresponding to these four series of U-o/ao curves, Eq. (6) 
becomes 

nkT log(e/nBkT ao) = log(a/a (7) 


Thus, the logarithm of yield stress should be proportional to the 
absolute temperature. The experimental results* are in good agree 
ment with Eq. (7), as shown in Fig. 2. 

It is interesting that from Eq. (7) the dependence of yield stress 
on strain rate é is given by the power law: 


ox eet. (8) 


If one uses the parameters corresponding to the No. 2 curve in 
the C-B paper,’ then the exponent at room temperature is 


nkT =0.022, 


which is in good agreement with the value 0.020 obtained in 
Deutler’s experiments‘ upon mild steel. 


1A. H. Cottrell and B. A. Bilby, Proc 
(1949). 
2 T. Yokobori, J. Phys. Soc. Japan 7, 44 (1952). 
*D. J. McAdam, Jr. and R. W. Mebs, Proc. Am. Soc. Testing Materials 
43, 661 (1943). 
~. Zener and J. H. Hollomon, J. Appl. Phys. 15, 22 (1944). 


Phys. Soc. (London) 62A, 49 
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Lifetimes of the y -Meson Stopped in Li, Be, and C 


W. E. Bevt* ano E. P. Hincxs 
Atomic Energy of Canada Limited, Chalk River Laboratories, 
Chalk River, Ontario, Canada 
Received October 30, 1952) 


Physics Divtsion 


HE time distributions of delays between the stopping of 
cosmic-ray w-mesons in several light elements and the emis- 
sion of decay electrons have been determined with the apparatus 
previously used! for a measurement of the «*-meson lifetime. The 
measurements reported here were obtained by substituting, in 
turn, absorbers of pure lithium, beryllium, and carbon to stop 
u-mesons of the sea-level mixture, in place of the iron used previ- 
ously. Details of the absorbers are given in Table I 
For each element about 30,000 meson decays, with delays in 
the range 1 to 11 ysec, were counted. After making the appropriate 
corrections! the decay curve for each of the three absorbers, when 
plotted, appears to be a single exponential. The contribution to 
each curve from yw*-decays was estimated by computing the rela- 
tive number of u*-mesons stopped in the absorber, brass counter 
walls, and iron supports, (assuming a sea-level positive excess of 
20 percent for momenta of 500-1000 Mev/c) and attributing to 
the u*-meson a mean life, r* = 2.2240.02 ysec.' Figure 1 shows the 
measured composite (ut+m™) decay curve for carbon, together 
with the yw -decay curve obtained by subtracting the yt- 
component 
In Table I are given values, for each absorber, of the fraction 
f~ of the total initial electron emission rate estimated as being 


due to u~-mesons, the apparent mean life r’ from the composite 
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TABLE I. Details of the absorbers and results.* 











Mass P 


Physical Tr 
(kg) f (usec) 


A 
Absorber form (sec) (104 sec™) 





Lithium 2.15+0.09 <3.5 


Metal cast in 6.5 0.27 2.20+0.02 
thin-walled 

steel box 

Metal bricks 12 
Graphite 25 
block 


2.05 +0.06 
1.98 +0.00' 


15+0.02 


Beryllium 2 
2 12+0.02 


04 
Carbon 04 


4 
4 


* Preliminary results with a sodium fluoride absorber give r~Nay =1.4 
+0.2 usec, in agreement with Ticho's value 1.28 +0.12 psec (see reference 3). 

> H. A. Morewitz and M. H. Shamos [Phys. Rev. 87, 241 (1952)] have 
recently reported a measurement of r~ for carbon which is slightly lower 
than that given here 
curve, the mean life r~ for the w~-meson, and the inferred nuclear 
capture rate A for the u~-meson 

The difference (r*—r~ i) = +0.07+0.09 usec indicates that the 
u* and yw decay lifetimes are equal within the experimental error. 
The effect of nuclear capture by the Li nucleus is expected to be 
small, the correction to be added to ry to get T decay being 
Axi(r-1i)? if ALiK1/r decay. By using the relation A « Z* proposed 
by Wheeler? to extrapolate from results** obtained at higher 
atomic number (Z), where capture predominates over decay, we 
estimate that A,j~0.3X10' sec, and, therefore, Axi(r~1i)? 
~0.01 psec. On this basis the difference (r*—1T decay) is equal to 
+0.06+0.09 psec; it could only differ significantly from zero 
(becoming negative) should the above estimate of A1i be too low 
by a factor >10. 

The nuclear capture rates A were calculated from the relation 





i 
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Pi 
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T= 1.98 psec. 


NUMBER OF DECAYS 


1 1 


. T22.22 psec 
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Fic. 1. Differential decay curves obtained with a carbon absorber 


for 
r =2.22 wsec is shown for comparison 


The upper curve is for the («* +m”) mixture, and the lower one is the corrected curve 
mesons only. The errors shown are standard deviations, and the best straight lines were determined by least squares fit. The dashed curve with 
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A=1/r~—1/r decay, assuming that rdeeay is, in fact, equal to 
2.22+0.02 usec. They do not depart significantly from the values 
obtained by extrapolating with a Z* dependence the results of 
previous measurements*‘ for Z>7. Our experimental value of A 
for carbon may be compared with the values calculated by Preston 
and Duret® assuming a charge-exchange reaction with a coupling 
constant equal to that determined from the neutron 6-decay. 
The comparison indicates that the coupling constants for p- 
capture and §-decay are equal to within about 30 percent, 
strengthening the argument for a universal interaction between 
pairs of fermions. 


Jerome, Aelpen, 


* Now with Newmont Exploration Ltd., 
3 (1951), 


'W. E, Bell and E. P. Hincks, Phys. Rev. 84, 124: 

2 J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949). 

4H. K. Ticho, Phys. Rev. 74, 1337 (1948). 

‘ An account of existing data, with references, may be found — B. Rossi, 
High Energy Particles (Prentice-Hall, Inc., New York, 1952), Sec. 4.9. 
(19say A. Preston and M. F. Duret, following Letter [Phys. Rev. 88, 1425 
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The Coupling Constant of the Nucleon- y-Meson 
Interaction 
M. A, Preston AND M, F. Duret* 
Physics Department, University of Toronto, Toronto, Ontario, Canada 
(Received October 31, 1952) 


N the hypothesis of a “universal” interaction for particles 
of spin $h, w-capture (P+p-—N+y) and 8-decay will be 
described by interaction Hamiltonians containing the same five 
coupling constants gx, K=S, V, T, A, P. We write gs*+gv" 
=(l—x)g*, gr?+ga2=xg*, G?=(1+2x)g*. Recent B-decay. evi- 
dence' suggests }x5#. The decay of the neutron gives Gg 
= (3.12+0.4) X 10- erg cm’. From y-capture data, Tiomno and 
Wheeler have estimated G,~10~ erg cm’. 

More recently, Kennedy has used a shell model to study the 
experimental results with heavy elements* and finds Gy~3 
x 10~* erg cm’. We have attempted to obtain a more reliable 
value of G, based on the y-capture rate in C™, since this has been 
measured and considerable information about the momentum 
distribution in this nucleus is now available. 

We have expressed A, the transition probability for s-meson 
capture, in terms of the nucleon momentum distribution. With a 
“gas’”’ model approximation, we have 


m o 
dq af pW (pp) L1—W( pw) lvdy. 
J ° 


Here pp, py, and q are proton, neutron and neutrino momenta, 
cgo=uet—A, y=|ppXaq/q|, and wct=cqg+A+(py?—pr*)/2M, 
where A=mass of B® atom—mass of C” atom+meson binding 
energy+mce?, The momentum distribution is pW(p), where p is a 
density of order (nuclear dimensions/h)* determined explicitly by 
the normalization of the momentum distribution and W(p) is the 
probability that a nucleon with momentum p is in one of the 
states which is occupied in the initial nucleus. The average over 
the nucleus of the K-shell meson probability density is ¥*. 

High energy (n,d),4 (p, p),* and (p, x)* experiments on C® 
agree with a momentum distribution represented by (a) a Gaussian 
of average energy 14-19 Mev or (b) the Chew-Goldberger 
(a?+ p*)~ distribution cutoff at 72 Mev. Taking G,=3.12< 10~* 
erg cm, we find for A the values in the second column of Table I. 


= MiG, 


Tasie !. Calculated transition probabilities and the values of Gy. 





A(104 sec™) 


Model G,,(10-@ erg cm*) 





Gaussian: E =18 Mev 
Chew-Goldberger-Temmer 
Shell: x =0. 

Shell: x =0.5 

Shell: x =0.8 

Shell: x =0.5 
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We have also made calculations using the shell model. Here we 
would expect the results to be reliable for transitions to low-lying 
bound states only. We use spherical potential wells to represent 
the nuclei. Their depths are found from the known separation 
energies of the 1p protons of C and 1p neutrons of B". On this 
model there are then no higher bound single particle states in 
B®, and the matrix elements required are those from the various 
sy and py states of C to the pj states of B'. Using the above value 
for Gy, we obtain for the transition probability to the bound 
states: 

(1+ 2x)“[3.62(1 — x) +4.76(3.x) ]X 10* sec™ 


Some of these states, which are bound on the shell model, 
have excitations of ~11 Mev. Since the shell model is not reliable 
in these cases, we have also shown the transition probabilities ex- 
cluding these states. (These values are labelled with an asterisk 
in Table I.) 

Comparing the calculated values in the second column of 
Table I with the value A =5.541.5X10* sec™ determined by 
Bell and Hincks,’ we find the values of G, given in column three. 
We may safely conclude that G, lies in the range (2.5 to 5.0) 
x 10- erg cm’, and for reasons discussed in a fuller account 
(to be submitted to the Canadian Journal of Physics), we feel 
that the most likely value of G, is about 3.2 10- erg cm’. 

* Holder of a National Research Council of Canada Studentship. 

1 O. Kofoed-Hanson and A. Winther, Phys. Rev. 86, 428 (1952); R Nataf 
and R. Bouchez, Phys. Rev. 87, 155 (1952); J. M. Blatt, unpublished. 

J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153 (1949). 

3 Keuffel, Harrison, Godfrey, and Reynolds, Phys. Rev. 87, 942 (1952); 
J. M. Kennedy, Phys. Rev. 87, 953 (1952). 

4G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 

’G. M. Temmer, Phys. Rev. 83, 1067 (1951); Cladis, Hess, and Moyer, 
Phys. Rev. 87, 425 (1952); P. A. Wolff, Phys. Rev. 87, 434 (1952). 

M. , ar and R. H. Huddlestone, Phys. Rev. 82, 754 (1951). 


. Bell and E. P. Hincks, preceding Letter (Phys. Rev. 88, 1424 


The g Factor of Ferrites 


Tosta1ko OKAMURA, YOSIHARU TORIZUKA, AND Yuzo Kojima 
Research Institute for Scientific Measurements, 
Tohoku University, Sendai, Japan 
Received October 16, 1952) 


HE microwave resonance in Ni ferrite and Mn ferrite was 
observed in polycrystalline specimens at several frequencies 
from 9450 Mc/sec to 47,000 Mc/sec, and it was found that the 
frequency dependence of the apparent g factors could be explained 
in relation to the anisotropic internal field in the material. 
Many spherical specimens whose diameter varied from about 
3 mm to 0.3 mm were polished from a sintered block, and after 
studying the size effect! on the g factor at each frequency, the 
resonance fields H, were determined by extrapolating to zero 
diameter. These are shown in Table I. The g factor at each fre- 
quency, designated g* in the table, was calculated by Kittei’s 
formula,” 
v=(y*/2n)H,, (1) 


where y*=g*e/2mc. This g factor was found to depend on the 
frequency, approaching the value of g* = 2 at shorter wavelengths. 

As Landé’s factor is a materially constant factor, it should 
have the same value at any frequency. We, therefore, substituted 


TABLE I. g* calculated by Kittles’ formula » =(y*/2")H.. 








Resonance field 
Hi, (oersteds) 


2780 
5930 


‘ Frequency 
Material Mc/sec 


NiOFe10; 9450 
18,400 
23,500 
47,000 


9450 
18,400 
23,500 
47,000 


% 





mie 
NONwW 


7660 
15,870 
3120 
6320 
8190 
16,620 


MnOFe10; 
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Tauce Ll. g values calculated by » =(7/2")(H.+Hi) 








Frequency 
(Mc/sec) 


9450 


Material 





NiOFesOs 


MnOFexO: 


S253 EEEI- 





in Kittel’s formula as follows: 

v= (7/2x)(H.+4Hi), (2) 
where y = ge/2mc, and H, denote the internal field in the material, 
which must be independent of frequency. 

By use of the resonance data in Table I, the most probable 
values of H; were calculated by the method of least squares to be 
507 oersteds for Ni ferrite and 278 oersteds for Mn ferrite. Sub- 
stituting these values in Eq. (2), we obtained for both ferrites 
the g values shown in the last column of Table II. These g values 
are independent of the frequency within the limits of experimental 
error. It should be noted that the g factor of Mn ferrite calculated 
from Eq. (2) agrees with the theoretical value of 2, showing good 
evidence for quenching of the orbital contribution of the Mn** ion. 

H, may be the internal field?~* caused by the magnetocrystalline 
anisotropic energy, and seems to be equal to the internal field 
discussed by Rado et al.;* they reported that the internal field 
in Ferramic A would contribute to the resonance by domain 
rotation in the material 

This work will be reported in detail in the near future. 
and Guillaud, Phys. Rev. 81, 477 (1951); T. Okamura 
and Y. Kojima, Phys. Rev. 86, 1040 (1952). Our data which were reported 
in Phys. Rev. 80, 910 (1950) cannot be used in connection with the present 
discussion, because they were obtained without taking into consideration 
the size effect 
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Ferroelectricity in Oxides of Fluorite Structure 
W. R. Cook, Jr. anpD HANS JAFFE 
The Brush Development Company, Cleveland, Ohio 
(Received October 31, 1952) 


HIGH dielectric constant with a strong negative tempera 
ture coefficient recently has been reported for the new 
cadmium niobate composition Cd:Nb2O; by Bousky' and by 
Wainer and Wentworth.? These authors do not describe the crystal 
structure of this compound, but their discussion implies it to be 
a peroyv skite 
We have made powder x-ray diffraction patterns of this com 
prepared at 1150°C and found, not a perovskite structure, 
but a face-centered cubic structure of lattice constant 5.185 
+0.,003A. The pattern is very sharp and shows no evidence of 
splitting in the back reflection lines, nor any indication of a super- 
lattice. The relative intensities of the diffraction lines are very 
similar to those of cerium dioxide, which has the calcium fluoride 


pound, 


structure 

This pattern can be accounted for by an arrangement of one 
molecule of Cd,Nb,O;, with oxygens occupying statistically seven 
out of the eight anionic positions, and niobium and cadmium dis- 
over the cationic positions of the fluorite 
alternation 


tributed statistically 
of cadmium and niobium, or 
oxygen and vacant positions, are not compatible with the face- 
centered cubic structure. The O 2.59A, is unusually 
small, probably because of the absence of } of the oxygen atoms. 
The density calculated from the lattice constant is 6.24. Direct 
measurement on a ceramic body gave 5.89 


structure. Periodic 


O distance, 
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The high dielectric constant reported by Bousky! and by Wainer 
and Wentworth? was confirmed. A disk of the material fired to 
1300°C shows a relative dielectric constant of 450 at room tem- 
perature. This rises to a peak of 2850 at — 103°C, the Curie point. 
Hysteresis loops taken at —196°C show it to be ferroelectric 
below its Curie point. 

We have also studied the analogous compound Pb:;Nb20;, not 
previously described in the literature. We find a dielectric con- 
stant of 110 and a dielectric loss factor of 0.004 at 100 kc/sec, 
measured at room temperature. The dielectric constant rises with 
falling temperature from a value of 80 at 400°C to 245 at — 196°C, 
the limit of measurement, with indications of a Curie point at 
somewhat lower temperatures. 

The x-ray diffraction pattern of Pb:Nb2O; shows a distorted 
fluorite structure of rhombohedral symmetry. The lattice pa- 
rameters are do= 5.285+0.003A and a=89°15’. Again there is no 
indication of any superstructure. 

These results are significant in that they show ferroelectricity 
in a simple structure type where it was previously not suspected. 

We thank E. J. Brajer for preparation of the samples and G. N 
Cotton for the dielectric measurements which established the 
Curie point of Cd;Nb20r. 


‘S. Bousky, U. S. Patent No. 2,584,324, February 5, 1952 
1 E. Wainer and C. Wentworth, J. Am. Ceram. Soc. 35, 207 (1952) 


The Ratio of Positive to Negative ~-Meson 
Production from Deuterium 
J. CarotHers anv C. G. ANDRE 
Radiation Laboratory, Department of Physics, University of California 
Berkeley, California 
Received October 28, 1952) 


HE ratio of positive to negative r-meson production from 

deuterium at 0° to the 340-Mev proton beam of the Berkeley 
cyclotron has been measured by a method which permits a direct 
comparison of the positive and negative production. The mesons 
were separated from the proton background by using a double 
magnet arrangement as shown in Fig. 1. Double coincidences were 
made between photomultiplier signals 1 and 2, and 3 and 4 in 
diode bridge type coincidence circuits which had resolving times 
of about 5X10~* second. The outputs of the two bridges were 
combined in a slow mixer (about 10~* second resolving time), and 
the resulting triple coincidences were taken as being due to par- 
ticles that had traveled the trajectory laid out. Several checks 
were made to assure that this was so. Turning off either magnet 
reduced the triples counting rate to about one percent of the rate 
with the fields on. This was the same as the accidental rate meas- 
ured by inserting a time delay equal to one rf cycle (~6X 10~* sec) 
in the signal lines from photomultipliers 1 and 3. The number of 
negative particles counted when the target was filled with hydro- 
gen was the same as that from the empty target. Range curves 
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Fic. 1. Arrangement of the experimental apparatus. 
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TABLE I. #* to «~ ratio as a function of the laboratory meson energy. 








s*/a~ ratio 


$.82+2.5 
7.4241.7 
21.648.9 
22.143.5 
20.8 +7.1 
36.5 +6.2 


Ey, 





indicated a less than 5 percent contamination of particles with 
ranges greater than the expected meson ranges. 

The target used was a high pressure gas target 24 in. long, which 
contained deuterium at 1400 psi at liquid nitrogen temperature. 
This placed 3.3 grams per square centimeter of deuterium in the 
beam, and since the end windows of the target contained only 
1.7 grams per square centimeter of stainless steel, the production 
from the deuterium was greater than that from the target windows. 
Magnetic shielding was placed around the target to prevent the 
fringe fields of the first magnet from effecting the paths of the 
mesons produced in the far end of the target. 

The ratios observed were obtained by measuring the meson 
production from the container plus gas at a series of energies, re- 
versing the fields in both magnets, and measuring the mesons pro- 
duced at the same energies. The gas was then removed from the 
container and similar measurements were made for the production 
from the end windows of the target. The values of the field 
strengths corresponding to various meson energies were obtained 
by using a current carrying wire to give the trajectories of the 
mesons of various energies. The fields were adjusted so the tra- 
jectory for each energy was the same. Use of the wire showed that 
reversing the magnetic fields delivered particles of the same energy 
but of opposite sign to the same position on the rear counters. 

Checks of the counter efficiency were made using a Co” source, 
and reversal of the magnetic fields was found to effect the counting 
rate in counters 1 and 3 by less than one percent. Counters 2 and 
4 could not be tested in this manner, but the measured magnetic 
field at these counters was less than that at the position of counters 
1 and 3. 

The values of the x* to x~ ratio obtained for deuterium are 
given in Table I. Errors shown are standard deviations. Values are 
not shown for 108 and 126 Mev because no negative mesons were 
found at these energies. The ratios shown are those obtained by 
simply reversing the magnetic fields at a particular meson energy. 
The production curves are being corrected at the present time for 
the energy resolution of the apparatus, and any changes in the 
results will be published in a forthcoming article which will also 
include the results obtained for He, Be, C, and Pb. 

The results that were obtained agree with the previous work on 
deuterium! in that they show a value higher than expected. Previ- 
ous theoretical work? indicated that a ratio of about 8 might be 
expected. Some theoretical implication of these results are dis- 
cussed in the following letter. 


! Passman, Block, and Havens, Phys. Rev. 85, 370 (1952). 
7H. P. Noyes, Phys. Rev. 81, 924 (1951). 


The x* to x~ Ratio from Proton Bombardment 
of Deuterium* 


Matvin A. RuDERMANT 


Physics Department, Radiation Laboratory, University of California, 
Berkeley, California 


(Received October 28, 1952) 


OYES! has calculated the expected ratio of negative to 
positive x-mesons in the forward direction when deuterium 
is bombarded by 345-Mev protons. Most of the mesons in colli- 
sions with free target nucleons have 60-Mev to 70-Mev energy 
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in the laboratory system. To obtain x-mesons in this energy range 
from p—d collisions, the production must come mostly when the 
internal momentum of the deuteron is small. For these cases, when 
the proton and neutron are far apart, the uncertainties in the 
deuteron wave function are minimized and Noyes’ assumptions 
are most likely to be valid. He finds a #* to x~ ratio of 8.2+0.8 at 
60 Mev if the $+ p—>x* cross section differs from p+-n—+>x~ only 
in a factor of two for the two protons and in the different inter- 
actions between the final nucleons. The final proton and neutron 
after x* production are taken to be in a #S state. Any admixture of 
singlet lessens the ratio. The matrix elements are assumed to be 
energy independent. If they vary like the square root of the meson 
center of mass kinetic energy, the ratio is a few percent smaller. 

The experimental* value of the forward x* to x~ ratio at 60 
Mev is about three times larger than predicted, implying that 
the p+n-—+7 matrix element is suppressed relative to p+ p—x*. 
This also seems to be true at 90°.* 

If isotopic spin is conserved in meson production and the x 
meson is emitted predominantly into a p-state, the initial p—n 
system is *S or *D and therefore has isotopic spin zero. Then in the 
final state of a x~ meson and two protons, the #~ and either proton 
must be in a state of isotopic spin one-half. To the extent that the 
interaction is strong only when leading to x~-proton states of iso- 
topic spin 4, the x~ production will be forbidden.‘ It is interesting 
to note that while isotopic spin does not contribute a selection 
rule for p+ p—»x*, the angular distribution indicates that the final 
state is one in which the r* and either nucleon have angular 
momentum 3.5 

* This work was performed under the auspices of the AEC. 

t Now at Columbia University, New York, New York. 


1H. P. Noyes, Phys. Rev. 81, 924 (1951). 
‘ ‘Jj. aan and C. G. André, preceding Letter [Phys. Rev. 88, 1426 
1952)}. 

* Passman, Block and Havens, Phys. Rev. 85, 370 (1952). 

* This would not necessarily imply that, at these energies, the scattering 
of -mesons in hydrogen should be strong only in isotopic spin 3/2 states, 
since the scattering could involve matrix elements which cannot contribute 
to single meson proceer viz., a meson e coupling (J. V. Lepore, 
Phys. Rev. 88, 750 (1952); G. Wentzel, Phys. Rev. 86, 802 (1952)]}. 

*K. Brueckner and K. M. Watson, Phys. Rev. 86, 923 (1952). 


Optical and Infrared Reflectivity of Metals 
at Low Temperatures 


T. Horstemn 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
(Received November 3, 1952) 


HE theory of the anomalous skin effect in metals was de- 
veloped by Reuter and Sondheimer! to cover the case, often 
encountered at low temperatures, in which the electron mean free 
path is comparable to, or larger than the skin depth, as computed 
from the conventional theory.2 Under such conditions explicit 
account must be taken of the motion of electrons in a spatially 
inhomogeneous electric field, with the result that the standard 


relation,* 
j(r) =0(w) E(r) = (ne*r/m) (1+ iwr)E(r), (1) 


between the current density and electric field must be replaced by 
a more general expression of the form: 


i(r) = f Gir, e) Bea’. 


With regard to the “relaxation” region w>>1/r with which we 
are primarily concerned here, Reuter and Sondheimer make the 
plausible statement that, when the skin depth 


5>0/w, (3) 


e., when the skin depth is large compared to the distance trav- 
ersed by an electron in a period of electromagnetic oscillation, the 
conventional theory based upon (1) should apply. Nevertheless, 
their results (reference 1, Fig. 4) on metallic absorptivity in the 
optical and near infrared regions, in which (3) is valid, are gener- 
ally in disagreement with the prediction of this theory. In the 


(2) 
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present note, we explain the disagreement in terms of a mechanism 
of electromagnetic loss which operates eveh when the relaxation 
time r is infinite. 

In our treatment, we assume that the validity of Eq. (3) per- 
mits us to consider the electromagnetic field to be essentially that 
associated with a stationary but otherwise free electron gas—the 
model provided by Eq. (1) with r=. For the case of normal 
incidence of a plane electromagnetic wave upon a plane-parallel 
metallic surface, one readily obtains 


= E,-*!*/ cos(wt+a), (4) 
where 

6, = (4ane*/mc?)-* (5) 
and 

E, = (2iwb;/c) Ey. (6) 
(EZ; is the amplitude of the incident field, a an arbitrary phase 
angle, and x the coordinate perpendicular to the surface.) 

In the approximation of a stationary free-electron gas there is 
no loss of electromagnetic energy. However, when account is taken 
of the motion of the electrons to and from the metallic surface, 
one obtains a finite transfer of energy from the electromagnetic 
field to the electrons. The computation of this transfer will now be 
sketched briefly. 

For the case in which an electron is specularly reflected, its 
terminal velocity v, which it possesses upon leaving the boundary 
region in which the field is effectively contained is given by 


P wow 
v= V+(e m) | e(i)dt, 


where e(/), the field seen by the electron, is obtained from Eq. 
(4) by substitutingt x=2|f| cos#. The energy AF,, transferred 
to the electron is then readily seen to be 


Eo = (| (e mf “eoa]'y,., 


the average® being taken with respect to the arbitrary phase 


angle a 


reflection at ‘he metallic surface, the 
“randomized” at #=0; as a result, the energy 


gain AF, turns out to be 


AEs ~{ co/ms| (f° eat) +( feat) | >. (8) 


One obtains the rate of energy transfer per unit surface by 
multiplying (7) or (8) by the differential current,*® 


dl =nv(sin@ coséd0/2)(3v*dv/2°), (9) 


In the case of diffuse 


electron velocity is 


and integrating over all angles of incidence and all velocities from 
zero to vo. Upon dividing the result by the incident flux per unit 
surface cE;*/8r, one obtains the absorptivity, which may be 
written in the general form 


2rne’ 


where ? is the fraction of electrons incident on the metallic sur- 
face which are specularly reflected, the remainder being diffusely 
reflected. 
In the case of specular reflection (p=1), Eq. (10) gives 
A gp = (2ene®/mu*)(09°/c*), 

which agrees substantially with the graphical result of Reuter 
and Sondheimer in the optical and near infrared regions (reference 
1, Fig. 4). However, the diffuse absorptivity Ag=jv0/c, in con- 
trast to the other cases treated by Reuter and Sondheimer, 
(w>1/r), may exceed A,, by orders of magnitude. Namely, from 
Eqs. (5) and (3), we have 


{4 -> 


=: 
14, "2 dene 2 


me 


We may finally report an observation of Pippard’ that in the 
case of copper, if we assume one free electron per atom, we have 
?9~1.5X108 cm/sec, which gives 4¢~0.4 percent, in order of 
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magnitude agreement with the experimental result, 0.62 percent, 
obtained by Ramanathan.* 

A more complete report of this work will be presented at a 
later date, 


E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. (London) 
A195. 336 (1948). 

* See, e.g., A. H. Wilson, The ye igh 4 Metals (Cambridge University 
Press, Cambridge, 1936), Chap. V, Sec. 

§In Eq. (3), is the circular Brnoedoat ‘of the incident field and r the 
relaxation time for attainment of thermal equilibrium between electrons 
and lattice. 

* Here vj is the initial random velocity and @ the angle of incidence (and 
reflection). We may without loss of generality take the origin of time to be 
the instant the electron strikes the surface. 

‘In this averaging operation, the cross term in the square of the right- 
hand side of (7) vanishes. 

fe assume isotropically, directed velocities with magnitudes varying 
from 0 to m» =(h/m)(3n/8x)* according to the Fermi distribution at abso- 
lute zero. 

7A. B. Pippard, private communicatio: 

*K. G. Ramanathan, Proc. Phys. Soc. "case A65, 532 (1952). 


Dependence of Gamma-Radiation Lifetimes 
on Nucleon Configurations 
R. D, Hitt 
Physics Department, University of Illinois, Urbana, [Uinois 
(Received November 3, 1952) 


T has been pointed out! that the gamma-radiation lifetimes of 
M4 transitions deviate by less than 30 percent from the mean 
lifetime ry, given by a simple empirical formula of the Weisskopf 
type.? For other multipole radiations there is no such good agree- 
ment with empirical formulas. In particular, it has been observed! 
for £3 transitions that the squares of the matrix element, | /|?, 
defined as r,(theoretical)/r,(experimental), vary by as much as 
10% from a median value 
In connection with an investigation of a 14-hour isomeric decay 
of Os'", an extremely slow £3 transition has recently been ob- 
served.’ Since one of the states involved in this transition was 
identified as having a complex nucleon configuration, it seemed 
of interest to investigate whether there existed other evidence of a 


16" 














Fic. 1. Variation of the matrix element, | M|?, for 3 transitions of the 

‘2+ type, with complexity n of the 7/2+nucleon configuration. 
Fal circle points refer to even Z-odd N isomeric transitions. Open circle 
points refer to odd Z-even N is ymeric transitions. 
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dependence of gamma-transition lifetime on nucleon configuration. 
The data presented in Fig. 1 show that there is, in fact, some evi- 
dence to this effect. 

In Fig. 1, the values of the matrix elements |_M|? for all the 
evaluable £3 transitions of the 7/2+ =, type are plotted against 
a number n, representing the complexity of the nucleon configura- 
tion, For odd-proton nuclei (open circle points), m is the number of 
protons coupling to form the 7/2+state, and for odd-neutron 
nuclei (full circle points) m is the number of neutron holes in the 
configuration forming the 7/2+state. Reasonable estimates of n 
can be arrived at in the case of gy2 proton and neutron configura- 
tions by consideration of the energy systematics of the 7/2 
+levels.* For the cases of Os'", W'*, and W'*5, however, the n- 
values for the i,3/2 holes can be regarded as no more than judicious 
shell-theory guesses. It is apparent from the plot that | M/|* in- 
creases steeply with m and at approximately the same rate for odd 
protons of the go/z shell, and for odd neutrons of both the go/z 
and ij3/2 sub-shells. To indicate the odd-proton variation, the 
Rh! and Ag’®’ points have been joined by a line because these 
isomers have equal neutron numbers. There appears to be some 
evidence from the plot that there is a systematic effect of adding 
pairs of neutrons and protons. The departure of Kr’® from the 
general trend may be due to experimental inaccuracy. 

Since the factors involved in the estimates? of transition proba- 
bilities are the same for both odd-proton and odd-neutron transi- 
tions. and since the single nucleon /; states are common to all 
transitions, the differences of |M|* should be attributed to the 
differences of nucleon electric moment of the 7/2+states. It is 
not surprising that the electric moment of the odd-proton 7/2 
states should increase with increasing numbers of protons in the 
outer-shell configurations. It is also reasonable to expect that an 
increasing number of neutrons in the outer shell configurations 
should tend to crowd protons into the core, thus affecting the 
electric moment in an inverse manner to the odd-proton states. 
This is equivalent to saying that for odd-neutron states the elec- 
tric moment should increase with the number of neutron holes in 
the configuration. 

If the argument for the variation of | M|? with configuration 
complexity be accepted for the £3 transitions, it may be conversely 
argued that the constancy of |M|* for the M4 transitions also 
indicates relatively pure configurations. Analysis of the M4 cases 
makes this indeed appear so, for there are only two cases (Ag"® 
and In"*) which have ||? values departing significantly from 
the mean, and these configurations are, in fact, the only ones 
which are not describable in terms of a single nucleon. It may well 
be, therefore, that large departures of | 4 |? values from the mean 
value for a particular multipole transition are associated either 
with departures of one or both of the states from single nucleon 
configurations or alternatively with actual mixing of multipole 
radiations as, for example, in the case of M1 and £2 transitions. 

1M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

2J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952) 

. B. Swan and R. D. Hill, Phys. Rev 


5. Ww Mihelich (to be published). 
4M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 (1952). 


88, 831 (1952); R. D. Hill and 


The Inherent Half-Width of K-Conversion Lines 
HILDING SLATIS AND GUNNAR LinDstRéM 
Nobel Institute of Physics, Stockholm, Sweden 
(Received October 21, 1952) 


N 1951, one of us! found that the well-known F line (which 
is a K-conversion line) in the heta-spectrum of ThB was 
broader than the / line (Ly line). The half-widths in momentum 
were 0.14 and 0.10 percent. respectively. The observation was 
made in the semicircular beta-spectrometer constructed by Lind- 
strém and confirmed with the double focusing spectrometer. 
Later, one of us measured the broadening effect in his per- 
manent magnet beta-ray spectrometer of high resolving power* 
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KG 
(half-width of the J, line, which is an Ly line, only 1.2 parts in 
10,000). The difference in half-width between the K and L lines 
was now found to be 3 parts in 10,000. In addition, the G and H 
lines, which also are K lines, were found to be 3 parts in 10,000 
broader than the /, line (Fig. 1). This broadening effect in mo- 
mentum corresponds to about 80 ev in energy, and seems to be 
the same for all observed K-conversion lines in the 8-spectrum 
of ThB. 

Professor Kai Siegbahn has suggested the following explanation 
of the observed inherent line width of conversion lines: The fact 
that all the K-conversion lines investigated so far in the ThB 
spectrum have the same width indicates that the line broadening 
is essentially independent of the particular nuclear configuration 
of the states between which the transition takes place. The re- 
filling of the empty place in the K shell, which occurs within a 
time which is very short compared to the life-time of the nuclear 
state, is accompanied mainly by. the emission of Ka-radiation. 
The width of this radiation must, therefore, be expected to show 
up also in the width of the emitted K-electron line. An inspection 
of existing data’ on Ka-line widths gives quantitative support 
to this view. For Z=20 to 40 the Ka-line widths increase from 
1.7 td 6.8 ev. At Z=74 (W) the Ka-line width is already 42.5 ev, 
and a reasonable extrapolation to Z=83 yields here a line width 
of 70+5 ev, in remarkably good agreement with the widths of the 
K-conversion lines reported above. The widths of the L-conversion 
lines should be expected to be about 10 ev, which is just too small 
to be observed at present. 

The authors are indebted to Professor K. Siegbahn and Pro- 
fessor L. Hulthén for valuable discussions. 
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Fic. 1. Broadening effect 
of the K lines in the beta- 
spectrum of ThB. The re- 
lative half-widths are given 
in parts per thousand. 
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1G. Lindstrém, Arkiv Fysik 4, No. 1 (1952). 

2H. Slatis, Arkiv Fysik (to be publishe). 

3A. H. Compton and S. K. Allison, X-Rays in Theory and Experiment 
(D. Van Nostrand and Company, New York, 1935). 


Activation Energy for Fission* 


GLENN T. SEABORG 
Radiation Laboratory and Department of Chemistry, 
University of California, Berkeley, California 
(Received November 3, 1952) 


HE rate of spontaneous fission for even-even nuclides has a 

simple exponential dependence '~* on Z*/A, and a plot of 
the logarithm of the “half-life” for this process vs Z*/A (Fig. 1 
of references 1 and 3) yields the relationship 


T = 10 X 10!78-3-7527/4 sec, (1) 


It is the purpose of this note to point out how this information 
can be related to the activation energy for fission and, hence, be 
correlated with the known information on slow neutron and photo- 
fission of heavy nuclides 
The barrier penetration probability for spontaneous fission has 
been shown to have the general form 10-*4", where AE is the 
energy deficit at the saddle point.*® In particular Frankel and 
Metropolis* have derived for the liquid drop model the rela- 
tionship 
(2) 


where AE is in Mev. On the assumption that their treatment for 
the rate process is essentially correct so that the general form of 
(2) is valid, even though the calculation of AE is not, as evidenced 
from the failure to account for experimental spontaneous fission 


T= 10 X 107-84 sec, 
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Tas_e I. Correlation of slow neutron fissionability with potential barrier 
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rates,’ we can relate (1) and (2) and obtain 


T = 107 X 10)7-85(22.7-0.47727/ 4) sec, (3) 


where 


AE=(22.7—0.477Z?/A) Mev. (4) 


However, (2) actually applies only to U8 (Z?/A =35.56) of dif- 
ferent degrees of excitation, and extension to different values of 
Z*/A leads to a somewhat more complicated expression. When 
this is related to (1), we find that AZ can be approximately repre 
sented over a limited range of Z*/A by 

AE =(19.0—0.36Z?/A) Mev. (5) 
When AE is calculated using (5) and compared with the binding 
energy (NBE) of the added neutron® for each of the nuclides 
whose slow neutron fission cross sections’ or upper limits are 
known, remarkable agreement is observed as shown in the last 
two columns of Table I. Something approaching a quantitative 
correlation is attained if the individual values of NBE—AE are 
compared with the corresponding values of o;/o, (¢;= fission, 
o,=n, y cross section for slow neutrons) for each nuclide; since 
the probability for gamma-emission might be approximately the 
same forall these nuclides, the ratio os/o, may give a good measure 
of the relative probability for fission® and, hence, can be used to 
better advantage for comparative purposes than o,; alone. Such a 
plot is shown in Fig. 1 where the available points, perhaps for- 
tuitously, are rather well represented by a straight line with 
some exceptions discussed below. 

Perhaps all of the presently available data on three types of 
fission (spontaneous, slow neutron, photo) are consistent with the 
view that an odd nucleon has the effect of slowing the fission 
process (possibly due to larger radii than corresponding even-even 
nuclides, giving smaller values of Z?/r? which Z*/A is meant to 
represent). In the spontaneous fission case, nuclides with odd 
nucleons have rates up to some 10° times slower than correspond- 
ing even-even nuclides (Fig. 1 in reference 1). In the case of photo 
fission,® odd nucleon nuclides like U, U5, and Pu®* have thresh- 
olds 0.4~-0.5 Mev nearer the top of the barrier than U** and Th 
corresponding to rates some 10*-10* times slower than those of 
U™* or Th®, indicating that the slowing effect of an odd nucleon 
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is operative even at excitation to near the top of the barrier. 
However, the probability for gamma re-emission may be less for 
the even-even nuclides, because of a larger level spacing, which 
means that fission is relatively favored and would occur at lower 
excitation relative to the barrier height; thus, the odd nucleon 
may slow the photofission process. (1) in a manner analogous to 
the effect in spontaneous fission or (2) relative to gamma-emission 
owing to its effect on level spacing and, therefore, on the proba- 
bility for competitive gamma-emission. If we apply these con- 
siderations to slow neutron fission, we must think in terms of the 
intermediate fissioning nucleus which is formed upon capture of 
the neutron. Thus, it would be interesting to see if even-odd 
nuclides (even protons, odd neutrons), where the intermediate 
fissioning nuclei are of the even-even type, undergo slow neutron 
induced fission with greater probability than other nuclear types 
at comparable excitation energy. Unfortunately, there are no 
presently known cases of the ratio oy/or for nuclides with NBE 
—AE<0 but only for nuclides which are apparently excited above 
the barrier in the slow neutron fission process; those that form in- 
termediates with an odd nucleon (see especially Cm™*) seem to be 
slower in undergoing this process; again either of the two mecha- 
nisms for the slowing effect of an odd nucleon may be operative. 
The variation in the positions of the points for the even-odd 
nuclides in the region above the barrier (VBE—AE>0) may 
perhaps be explained by a small nonuniform variation in the 
probability for gamma-emission. 

The empirical relationship (1) depends, of course, upon how the 
line is drawn through the points representing the measured spon- 
taneous fission rates of the even-even nuclides. In order to ex- 
amine this point further, other possibilities were examined; for 
example, a line drawn somewhat higher with a steeper slope gives 
more weight to the point® for U* and passes somewhat above 
such points as those for Cm™, U**, and Th*® as it might do if 
these latter nuclides have slightly shrunken radii because of 
proximity to closed subshells. Such considerations lead to some- 
what different constants in relation (5) but do not change per- 


19! 


©Np237 


ots 
/ 


wall o 
-0.5 0 

NBE - AE (Mev) 

Fic. 1. Plot of comparative slow neutron fissionability. ¢7/e, denotes 
ratio of slow neutron fission to n, y-cross section (Q signifies upper limit), 


NBE—AE denotes difference between neutron binding energy and po- 
tential barrier. 








-5 i 
fe 1.0 


1 
0.5 


1 
-1.0 





LETTERS TO 


ceptibly the results in the correlations presented in Table I and 
Fig. 1. 

It is a pleasure to acknowledge helpful discussions with J. O. 
Rasmussen, Jr., J. M. Hollander, D. R. Inglis, and G. Friedlander, 
and the help of M. J. Hollander with a number of the calculations. 

* This work was ag under the auspices of the AEC 
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The Vapor Pressure of He*— He‘ Mixtures* 


Raymonp A. NELSont AND WILLIAM BanD 
Department of Physics, State College of Washington, Pullman, Washington 
(Received October 27, 1952) 


HE saturated vapor pressure of helium isotopes and mix- 

tures of the helium isotopes can be discussed on the basis 
of the clustering avalanche theory of condensation applied to 
quantum degenerate gases.' The saturated vapor pressure is ex- 
pressed in this theory in terms of the surface energy of small 
clusters. We calculated the surface energy per atom in clusters in 
pure He* and in pure He? to fit the theory to o'yserved vapor 
pressures of the pure isotopes.2* We then tentatively adopted an 
interpolation formula in an attempt to predict the vapor pressure 
of mixtures of the two isotopes. This formula was linear in the 
concentration; in other words, it assumed the same average con- 
centration of He’ in the surface of the clusters as in the vapor. 
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Fic. 1. Saturated vapor pressure as a function of He* concentration. 
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The results of these calculations were given in detail in a tech- 
nical report to the Office of Naval Research dated June 16th, 
1952. Since then the experimental data of Sommers‘ have become 
available. Figure 1 shows the theoretical curves we found at 2°K 
and 1°K compared with the ideal solution theory curves and 
smoothed curves for 2° and 1.55°K taken from Sommers’ data. 
Clearly, although the theoretical curves lie appreciably lower than 
those of an idea! solution, the experimental curves are very con- 
siderably lower still. 

This can be accounted for in theory if we use another interpola- 
tion formula that is nonlinear in the concentration, and is such as 
to decrease the average concentration of He* in the surface of 
clusters compared with that in the vapor. A long and tedious 
computation, however, is needed to find the best formula, and 
we plan to complete this before publishing a full report. 

Sommers analyzed the relation between his saturated vapor 
pressures and the relative concentrations in the liquid phase, 
and noted that it was quite doubtful whether there was any 
significant effect resulting from the lambda-transition in the liquid. 
Our point of view coincides with this in that the liquid phase does 
not enter our analysis as such: saturation is an effect of clustering 
in the vapor. However, we do find that an anomalous decrease 
of He? in the surfaces of clusters is required to explain the data at 
2°K. Whether this anomaly is connected with the similar anomaly 
that exists in the liquid phase below the lambda-point is an open 
question. It can perhaps be decided after we find whether or not 
the same anomaly in the clusters is required to explain the vapor 
pressure curves above as below the lambda-transition. 

* Supported in part by the ONR. * 
+ Now at Sell Telephone Laboratories, Murray Hill, New Jersey. 
om Band, Phys. Rev. 79, 871 (1950). 
H. Keesom, Helium (Elsevier, New York, 194 


2). 
’ pL Osborne, and Weinstock, Phys. Rev. 80, 366 (1950). 
*H. S. Sommers, Jr., Phys. Rev. 88, 113 (1952). 


Multiple Coulomb Scattering of High Energy Pions 
in Photographic Emulsions* 


Meera Backus, J. J. Lorp, anp Marcet SCHEIN 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received October 9, 1952) 


HE small angle scattering in photographic plates of negative 

pions from the Chicago cyclotron’ has been measured by 

the saggitta method. The measurements were undertaken in order 

to provide information on the multiple scattering of high energy 

pions over very long cell lengths which is of great importance in 
numerous cosmic-ray studies. 

This investigation was made by methods similar to those 
initiated by Goldschmidt-Clermont et al.2 and Fowler* which were 
worked out in considerable detail by others.*4 Negative pions of 
226+7 Mev energy were allowed to pass through two Ilford GS 
plates 200 microns in thickness with surfaces nearly parallel to 
the pion beam. The microscope and techniques were identical to 
those described by Berger ef al.‘ The lateral displacement of the 
tracks y; were measured at equal distances ¢ (cell length) along 
a straight line defined by the rectilinear motion of the precision 
microscope stage.‘ The set of second differences of these lateral 
displacements A*y;=y,;,2—2yj;41+9; obtained from the tracks 
provides a measure of the multiple scattering of the pions. The 89 
tracks which were measured were selected along a line 2 cm from 
the edge of the plate. Then only tracks nearly parallel to the sur- 
face were selected and measurements made until they were 5 
microns from the surface. The energy of the pion beam before 
entering the plates was 227+7 Mev from previous calibrations.' 
When corrections were made for energy loss in the plates and 
wrapping material, the average energy of the pions used in this 
experiment was 218+11 Mev. The average measured length of 
the tracks in this investigation was 8000 microns and only 10 
percent were shorter than 5600 microns. No measured length of 
track shorter than 3500 microns was found by the above selection 
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Frequency distribution of 2nd differences for 218+11 Mev 
using a 250-micron cell length. One unit of the abscissa 
Second differences greater than 4 times the mean 
The solid curve is the theoretical curve calcu- 
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negative 
equals 0 0693 micron 
absolute value are shaded. 
lated from theory. 


pions, 


scheme. This serves to indicate that the finite thickness of the 
emulsion (200 microns) had little tendency to bias the data in 
favor of tracks with small scattering. The influence of emulsion 
distortion was tested by a statistical analysis of the distribution of 
the algebraic signs of the observed successive second coordinate 
differences (run test) and found to be negligible within statistical 
fluctuations. 

The measurements were made in a temperature controlled room 
with a special precision stage‘ described previously. Evaluation 
of the noise level was first determined from cosmic-ray tracks of 
extreme energy® (>15 Bev) for which the average value of the 
second differences is only the result of “noise” and in this case 
(| A*y|)y=0.06 micron. Since each measurement of the co- 
ordinate y, is a length averaged over about a 10-micron section of 
the track, it is to be expected that the noise level would be de- 
pendent upon the degree of scattering of the track. This was de- 
termined by making 10 successive measurements of relatively 
strongly scattered tracks (pions and protons of energies from 200 
to 400 Mev) at 30 positions. A statistical analysis then showed 
that the noise level for the tracks measured in this experiment was 

A?y| ay =0.21 micron. 

The relation of the measure of multiple scattering to cell length, 
and type of the scattered particle is given by: 


K“2(t/100)* 
po 


energy, 


Yaw = {| A?y| )w57.3/8= 
where (\a@!\a is the mean angle in degrees between successive 
chords through the points dividing the track into cells of length 
tin microns. Z, p, and v are the charge, momentum, and velocity 
of the scattered particle with po expressed in Mev. The scattering 
factor K,¢ is only slightly dependent upon Z, 2, and ¢; and in 
accordance with convention (| A*y])a and ({a@!)ay refer here to 
averages based only on those values less than 4 times the experi- 
mental mean, A histogram of the frequency distribution of A?y is 


TaB_e I. Summary of multiple scattering data. 
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Fic. 2. Variation with cell length of the average absolute value of the 
second difference computed with quantities 4 times the calculated mean 
excluded. The solid curve is from theory (Moliére). One unit of the ordinate 
is equal to 0.0693 micron. 


given in Fig. 1 for cell lengths of 250 microns. The curve drawn 
through the histogram and normalized to equal area is calculated 
for convenience from the theory of Moliére,* although the agree- 
ment with experiments would be quite as satisfactory for other 
theories.’ In Table I a summary is given of the average second 
differences and scattering factors for the pions as well as for 
previous measurements with protons‘ and carbon nuclei.* In the 
last column of Table I comparison is made with the Moliére* 
theory, which is in general agreement with the other theories.’ 
Figure 2 gives the variation of the average second difference with 
cell length, and it is to be noticed that this variation with cell 
length is slightly less than that predicted from theory. This slight 
difference from theory was also present in the previous scattering 
data for protons.‘ By using cell lengths of 2000 microns and longer, 
it might be of interest to further investigate this dependency of 
scattering upon cell length. 

We wish to thank Professor H. L. Anderson and the cyclotron 
group for extending to us the facilities of the Chicago cyclotron, 
and Dr. M. J. Berger for valuable discussions. 

* Assisted by the joint program of the ONR and AEC. 
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Polarized y-Rays from Nuclei Aligned at Low 
Temperatures 


G. R. remo J. M. Danrets,* G. Go_pscumipt,t H. 
Kurti, AND F. N. H. Rosinsont 
Gases Laboratory, Oxford, England 
(Received November 3, 1952) 


HALBAN, 


HE jy-radiations from aligned nuclei, besides exhibiting an 
anisotropic polar diagram which depends on the multipole 

order of the transition, should also be polarized in a manner which 
depends on the parity change. The technique for aligning cobalt 
nuclei has already been established. We have used this method 
to produce an assembly of aligned nuclei and have observed that 
the radiations are in fact polarized. We have investigated both 
Co and Co**; our result for Co® is in agreement with the well- 
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1. (a) Polarization of y-rays from Co®; (b) Polarization 
of y-rays from Co*. 


Fic. 
established fact** that the transitions are both £2; for Co® we 
find the transition to be £2 also. 

The source in each case was a stack of single crystals of the 
composition (1 percent Co, 12 percent Cu, 87 percent Zn) Rb2(SO,)2 
-6H,O mounted in a demagnetization cryostat with the } axis 
and the K, axis both horizontal. (K, is the direction of maximum 
susceptibility for the Co** ions in this salt.) There are two axes 
of alignment in these crystals each making an angle of 53° to 
the 5 axis. For complete alignment, the radiation emitted along 
the } axis should be elliptically polarized (see Condon and Short- 
ley’) with the major axis of the ellipse described by the electric 
vector vertical or horizontal, corresponding to E2 or M2 transi- 
tions, respectively. 

The radiations emitted along the b axis were observed using a 
polarimeter, which relies on the fact that the differential cross 
section for Compton scattering is dependent on the polarization 
of the initial y-ray. Radiation is collimated on to a liquid scin- 
tillator (4 percent terphenyl in toluene) where it is scattered. 
Radiation scattered through 90° in the horizontal and vertical 
directions is detected by two Nal crystals, which are screened 
from the direct radiations of the source by the collimator. The 
coincidence counting rates between each Nal crystal and the 
liquid scintillator give the number of y-rays scattered by the 
scintillator in each direction. For unpolarized y-rays these count- 
ing rates are the same, except for small geometrical differences. 
Polarized y-rays are preferentially scattered in a direction per- 
pendicular to the electric vector, and thus the ratio of the coin- 
cidence counting rates is in general different from unity. For 
partially polarized y-radiation, the coincidence counting rate 
ratio has a value intermediate between unity and the value for 
plane polarized radiation. A detailed calculation by Steenberg‘ and 
Tolhoek and Cox’ shows that the counting ratio increases from 
unity to its limiting value as the nuclear alignment becomes more 
and more complete. The limiting value for complete alignment is 
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greatest for radiation emitted along the 5 axis (along which we 
observed). 

The salt containing radioactive cobalt was cooled by adiabatic 
demagnetization to a temperature of approximately 0.01°K, and 
as the salt warmed up to 1°K the coincidence rates were observed 
for 15-second intervals. Simultaneously the temperature of the 
salt was obtained by measuring its magnetic susceptibility. The 
ratio of coincidence rates normalized to the ratio at 1°K is plotted 
in Fig. 1 as a function of 1/7* (7* is the temperature found ac- 
cording to Curie’s Law from the susceptibility). Each point is an 
average obtained from several demagnetizations and the errors 
indicated are the standard deviations. Frequent tests demon- 
strated that the counters were stable and that the counting rates 
observed follow the usual Gaussian curve. 

In Co® two £2 7-rays are emitted in a 4-2-0 cascade; the elec- 
tric vectors of the two y-rays are therefore parallel at all corre- 
sponding positions on each polar diagram. Our results [Fig. 1(a)] 
are consistent with this scheme. In consequence of imperfect 
screening, some of the coincidences observed are the result of the 
cascade -rays. The coincidence rate resulting from this cause is 
temperature dependent and would give a ratio mistakable for an 
M2 transition. However, calculation and experimental data show 
that the coincidence ratio is not changed by more than 2 percent 

The decay of Co by K capture (85.5 percent) and 6 (14.5 
percent) branching leads to the 805-kev excited level of Fe. The 
observed coincidence ratio [Fig. 1(b)] is of the same nature as 
that found for Cc indicating that the transition to the ground 
state of Fe® is electric. Previous measurement of the polar dia- 
gram! of the emitted radiation establishes the transition as ‘quad- 
rupole. There are some coincidences resulting from the annihila- 
tion radiation produced by the positrons, which can bring the 
coincidence ratio cleser to unity but cannot alter the nature of the 
result. An £2 transition from the first excited state of the even- 
even nucleus Fe® is expected from shell model considerations.*® 

We wish to thank Professor F. E. Simon for his continued in- 
terest and encouragement and Dr. P. F. D. Shaw of this Labora- 
tory for his help in the preparation of the crystals. 

* Imperial Chemical Industries Research Fellow. 

+ Nuffield Research Fellow. 
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Angular Dependence of Inelastic Scattering 
of Protons on Be*t 


K. E. Davis 
Reed College, Portland, Oregon 
(Received October 28, 1952) 


HE fact that the 2.4-Mev level in Be® was apparently quite 
sharp and clearly separated from any neighbors'~’ made it 

an appropriate subject for studying the angular dependence of 
inelastic scattering of protons. A modified form of a camera origi- 
nally developed by Wilkins* (Fig. 1) was used to obtain intensities 
for scattering angles between 20° and 160° at ten-degree intervals. 
Eastman NTB plates (1 in.X3 in.) were used and were inclined 
at about 4° to the scattered protons. Al stopping foils of appro- 
priate thickness were interposed between the target and the vari- 
ous detector plates so as to reduce the track length and resultant 
background of elastically scattered protons, while at the same 
time making the tracks of inelastically scattered protons shorter 
and more easily recognized. The University of Rochester 26-inch 
cyclotron was used as the source of the 7.1-Mev incident protons, 
with an appropriate slit system in the fringing field of the cyclo- 
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Fic. 1. Seattering camera with 7.1-Mev protons incident from right. 
tron. The magnetic flux density in the camera proper was nowhere 
found to be greater than 40 gauss and at the target was determined 
to be less than 30 gauss. In view of these measurements, curvature 
of the proton paths in the camera was extremely small, and all 
trajectories were taken as straight lines without serious distortion 
of scattering angles. A control run in the absence of a rarget foil 
showed the background owing to slit edge scattering and similar 
sources to be negligible. The early apparent narrowness of the 
2.4-Mev level has been confirmed in refined measurements by 
later observers® and is of particular interest since the level is a 
virtual one, being more than 780 kev above the dissociation 
energy. 

The experimental results are given in Fig. 2. It can be seen that 
the scattering is essentially isotropic over the range 60° to 160° 
but then rises to more than three times this value by the time it 
reaches 20°. It is clear that the counts at the smaller angles cannot 
be attributed to elastically scattered protons since the distinction 
in length was easily and clearly made. Longmire® has calculated 
the expected angular distribution on the basis of the simplified 
model of a neutron and Be® previously used by Caldirola. His 
results gave either (a) isotropic scattering (for n—p force com- 
pletely exchange) or (b) average predominance of forward and 
backward compared to 90° scattering as 3 to 1 (n—p force of 
ordinary, nonexchange, type). If the sharp increase in scattering 
observed in the forward direction is interpreted as inelastic 
Coulomb scattering, one secures general agreement with (a) i.e., 
a pure exchange force between m and p since the theoretical 
calculations did not include the Coulomb force on the proton.'® 
It would seem that the rise is too fast for nuclear scattering. If 








(arB. UNITS) 











INTENSITY 


SCATTERING ANGLE (aa. sys) 


it A = dived rae 


3 S 


o 30" 60 90 1200 «150—St«80" 


Fic. 2. Angular distribution of inelastically scattered protons 
rom Be® (2.4-Mev level). 











information could be secured at angles as small as 10°, a con- 
tinued steep rise would tend to bear out this hypothesis. Longmire 
properly points out that the model used is a highly simplified one 
and conclusions based on it cannot be made in fine detail: 

The author is deeply indebted to Dr. S. W. Barnes, Dr. G. B 
Collins, and Dr. R. E. Marshak for their help and advice in under- 
taking this problem. He gratefully acknowledges the skilled 
assistance of Margaret Harris and Molly Hungate in scanning the 
plates and J. R. Graham and W. Harris in making the exposures. 
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Color Centers Generated in Sodium Chloride 
by Electrolysis 


Henry F. Ivey 
Skiatron Electronics and Television Corporation, New York, New York 


—— and Groetzinger' have recently reported the 
existence in sodium chloride crystals subjected to elec- 
trolysis of two ultraviolet absorption bands lying at 2260A and 
2850A. These writers do not speculate on the origin of these bands. 
It is of interest to note, however, that a band identified as V2 
has been observed in NaCl colored by x-rays at 2226A by Casler, 
Pringsheim, and Yuster.? This V-band is attributed to trapping 
of “holes.’’ Furthermore, Uchida, Ueta, and Nakai* have reported 
a band, designated K, at 2900-2950A in NaCl colored by elec- 
trolysis. It appears likely that these are the two bands observed 
by Hacskaylo and Groetzinger. 
1M. Hacskaylo and G. Groetzinger, Phys. Rev. 87, e (1952). 


2 Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 1564 (195) 
* Uchida, Ueta, and Nakai, J. Phys. Soc. Japan 4, 57 tio4s): 6, 107 M1951). 


Errata 








Similarity Properties of the Two-Fluid Model of Super- 
conductivity, E. Maxwe_t [Phys. Rev. 87, 1126 (1952)]. 
Through an oversight a minus sign was omitted in Eq. (2). The 
first part of Eq. (2) should read: Fg= —$y7*x*. 


Optical Focusing in Constant Radius Accelerators, Davip 
C. pePacku [Phys. Rev. 86, 433 (1952)]. It has come to the 
attention of the writer that Widerée! published the idea for se- 
quential focusing by magnetic lenses in 1947. It would appear 
that all work subsequent to that time on sequential focusing in 
constant radius accelerators, including the writer’s, must admit 
this prior claim, and the writer regrets his not having encountered 
reference 1 before his own publication. 


1R. Widerde, Schweiz. Arch. angew. Wiss. u. Tech. 8, 10 (1947). 

Interaction between Electron and One-Dimensional Elec- 
tromagnetic Field, NATHAN Rosen [Phys. Rev. 87, 940 
(1952) ]. Equation (14) is incorrect in the general case and corre- 
sponds to the assumption that the electromagnetic field is moving 
in the positive direction of the Z axis. For consistency with this 
assumption further changes in the calculations are necessary, 
including the deletion of Eq. (22a). The final result remains essen- 
tially unchanged, but is subject to the restriction of this as- 
sumption, 
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Faraday Rotation of Guided Waves, H. Sunt anp L. R. 
WALKER [Phys. Rev. 86, 122 (1952)]. In the expression for a, 
in case (1) (ferrite case), the suffix zero should be shifted from the 
second #* to the first. Thus a, should read as follows: 


a= (xa/$2) [Be —6*+ 2¢,RpHo—4R HE). 


Dielectric Constant and Permeability of Various Ferrites 
in the Microwave Region, Tostniko OkamMuRA, TaDAo Fuyi- 
MURA, AND Muneyuk! Date [Phys. Rev. 85, 1041 (1952) ]. The 
values of w: in Table I were incorrectly calculated. They are as 
follows: 


#1 (correct) 
0.80 
—0.84 
0.06 
0.62 
0.43 
0.10 
0.26 
0.53 
—0.31 


w (incorrect) 


The values of.tané, in the last column of Table I should be deleted. 


The Theory of Spin Waves in Ferromagnetic Media, 
Conyers Herrinc AND CuHar.ks Kirtret [Phys. Rev. 81, 869 
(1951) ]. The last 8 in Eq. (25) should be 28. This error was per- 
petuated in the preparation of Fig. 1: the quantities (BH)#8 and 
HB on the left of the figure should be 2(BH)'8 and 2/8, respec- 
tively, and the middle curve should run parallel to the lower 
parabola. Also, the ¢¢ on the left of Eq. (25) should be ¢&. In two 
places the equations, though written for a general system of units, 
are valid only in special units: The statement following Eq. (12) 


should be changed to say that A+P, is canonically conjugate to 
WtQ,. Equation (34) and the equation preceding it should each 
have the Bohr magneton @ inserted in the denominator of the 
last fraction written; similarly 6* should be inserted in the last 
denominators of (35) and (36). 


The Solidification Curve of Helium II, B. M. CwiLoneG 
[Phys. Rev. 88, 135 (1952) ]. During further work on the solid- 
liquid interface of helium IT an experiment was performed with 
an intention to compare the blocked capillary results with the 
results with the bellows.’ For the U-tube a copper capillary 0.5- 
mm i.d. was employed, 40 cm of the U were immersed in the 
helium bath. A carbon resistance thermometer and its copper 
container formed the bottom of the U. Two 6-inch Bourdon gauges 
served for pressure measurement. No absolute pressure measure- 
ments were attempted. To the thermometer, a piezometer as 
described in (1) was attached. The thermometer was calibrated 
against the vapor pressure of the helium bath, with the U-tube 
evacuated. 

No significant temperature difference could be detected when 
helium was introduced into the U-tube, at various pressures, up 
to solidification of helium. Also no significant difference in pres- 
sure could be observed between the blocking of the capillary and 
jamming of the magnetic needles in the piezometer. The melting 
curve obtained has the same gradient as that of Swenson.? 

In view of these facts the author considers his contention as to 
the heat leakage through “helium IT wire” to be invalid. It seems 
that previous results were the result of some spring effect of the 
bellows, probably an excessive friction owing to buckling of the 
bellows and solidification of helium within the bellows. The co- 
incidence of this with the author’s contention made him fairly 
confident of the results. He regrets the erroneous conclusions. He 
also thanks Dr. Swenson and Professor Simon for their interest 
and helpful correspondence. 

However, in consequence of this error, in the meantime, a visual 
technique in the magnetic region of cooling was developed in this 


THE EDITOR 1435 


laboratory. The cavitation effect* was observed and is under 
investigation. Also a volume decrease in liquid helium, when 
cooled from 0.8 to 0.4°K was observed—a most interesting fact, 
which is also under investigation now. 

= M. Cwilong, Phys. Rev. 88, 135 sreaa). 


. A. Swenson, Phys. Rev. 86, 870 (1952) 
* Culley Lees, and Manchester, Phys. Rev. 88, 138 (1952). 


High Energy Electron-Electron Scattering, Water H. 
Barkas, Rosert W. Devutscu, F. C. GrtBert AND CHARLEs E. 
Viotet [Phys. Rev. 86, 59 (1952)]. In the above article it was 
noted that in two cases tracks of 185-Mev particles rather mysteri- 
ously stopped abruptly in the emulsion. In our opinion the events 
were real, and we could not disregard them. The behavior was 
considered anomalous because there was good reason to believe 
that the electrons being studied were negative. The direction of 
the analyzing magnetic field had been carefully established by 
the direction of the force on a current carrying conductor. 

Since it is obviously important to understand the process in 
question, we have followed up the original study with a further 
investigation of this behavior. These additional observations now 
satisfy us that we were mistaken regarding the sign of the 
particles studied. 

With the original plates a number of other plates were exposed 
simultaneously to electrons of various energies of the same and 
the opposite signs. On scanning' some of these plates we have 
obtained the following results: 


1. Particles of ~36 Mev and of the same sign as those which 
were found to disappear were studied. Six disappearances 
were found when 185 cm of track was scanned. 

. Particles of ~36 Mev and of the opposite sign were then 
studied. In scanning 171 cm of track no disappearances were 
found. 

. Particles of ~185 Mev of the opposite sign were also studied. 
In scanning 53 cm of track no disappearances were observed. 


Apparently particles of the same sign as those in the original 
experiment disappear, but particles of the opposite sign do not. 
This is the anticipated behavior if the original particles were 
positive electrons which annihilate in flight. That they actually 
are positive must be concluded from another experiment? carried 
out by one of us in collaboration with Dr. S. A. Colgate who 
suggested the investigation. This experiment utilized the same 
equipment as before, but the particle disappearances were de- 
tected by counters. The signs of the particles were established 
with certainty, and positive particles were found to be lost from 
the beam in traversing matter much more frequently than nega- 
tive particles in accordance with the theory of Dirac. All the 
observations were consistent if we assume that between the time 
the direction of the magnetic field was established and the time 
the original plates were exposed the position of the reversing 
switch in the magnet circuit was (unexplainably) altered. The 
scattering experiment should be then interpreted as a study of the 
scattering of positive electrons by negative electrons. No observ- 
able difference between positron-electron and electron-electron 
scattering in the region investigated is to be expected. 

It is believed that this is the first time that the annihilation in 
flight of high energy positrons has been directly observed, although 
the effect is well known from studies of the annihilation photons. 
We have looked for electron pairs from photons produced when the 
tracks terminate, but have found none. However, we estimate 
that the probability of a pair being found in the volume of emul- 
sion which could be searched beyond the termini of the tracks 
is only 0.1. 

In the above article on page 61, line 36 a typographical error 
should also be corrected. For “relative humidity was maintained 
at 10 percent” read “relative humidity was maintained at 100 
percent.” 

1 We are greatly indebted to Mr. P. C. Giles who did much of the addi- 


tional microscope work necessary for this queten. 
*F.C Gilbert and Stirling A. Colgate, Phys. Rev. 88, 164 (1952). 
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Low temperature phenomena (continued) Theory of spin waves in ferromagnetic media, erratum, 
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Nuclear spectra (continued) 
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